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Investigation of Magneto-phonon Resonance
in Graphene Monolayers
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Abstract: In this work, utilising the linear response theory we calculate the magneto conductivity
(MC) in graphene monolayers, subjected to a static perpendicular magnetic field. The interaction
of Dirac fermions with optical phonon via deformation potential is taken into account at high
temperature. The dependence of the MC on the magnetic field shows resonant peaks that describe
transitions of electrons between Landau levels via the resonant scattering with optical phonons.
The effect of temperature on the MC is also obtained and discussed.
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1. Introduction

Magnetophonon resonance (MPR) arises from resonant phonon emission and absorption by
electrons in semiconductors in high magnetic field [1-4]. The condition for the MPR has been obtained
in bulk and conventional low-dimensional semiconductors as

@y, =Ma,, @

where M = 1,2,3,..., o, and e, are, respectively, the optical phonon and cyclotron frequency.

MPR provides detailed information on carrier effective mass and phonon frequency at higher
temperatures, typically between liquid nitrogen and room temperature. Since the first discovery [5],
graphene has attracted numerous interest because of its unique properties that make graphene a
promising candidate for future electronics devices. Electrons in graphene can move with a very high
speed which leads to relativistic description of their dynamics, their behavior is described by the two-
dimensional Dirac equation for massless fermions. The energy dispersion in graphene is linear near
the Dirac points. In particular, electronic structure of graphene in magnetic field shows unusual
behaviors. Unlike conventional low-dimensional semiconductors where electron Landau levels (LL)
are proportional to magnetic field and equally spaced, the LLs in graphene are proportional to the
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square root of magnetic field and their spacing depends on the indices of LLs. This unusual energy
spectrum of electrons in graphene in magnetic field has been expected to result in many exceptional
and fascinating physical properties, including magneto-transport properties. For example, the MPR
condition in graphene may be fairly different from Eq. (1). In this work, utilising the linear response
theory we calculate the magnetoconductivity (MC) in graphene monolayers subjected to a static
perpendicular magnetic field. We only consider the scattering of electrons and optical phonons at K
points and take account of arbitrary transitions between the energy levels. In the next section, we
introduce basic formulae of calculation. Numerical results and discussion are presented in Sec. 3.
Finally, concluding remarks are given briefly in Sec. 4.

2. Basic formulation

For a many body system, let us consider the Hamiltonian [6]

H=H, + AV — AF(t), 2

where Hy is the largest part of H which can be diagonalized (analytically), AV is a binary-type
interaction, assumed nondiagonal and small compared to H,, and -A.F(t) is the external field
Hamiltonian with A being an operator and F(t) a generalized force. Based on this Hamiltonian , K.
Van Vliet and co-workers developed a general expression for the conductivity tensor in linear
response theory using projection operator technique of Zwanzig [7] in which the conductivity was split

into the diagonal and nondiagonal parts. The magneto-conductivity (MC) tensor can be calculated by
relating it to the transition probability electron as

02#(0):6/_34550]5 >eq (1_<n¢' >eq )Wé':' (ZM ~Xu )2’ )

where V is the normalization volume of the system, g =1/k,T with k; being Boltzmann constant
and T the temperature, W, is the binary transition rate, given by the Fermi “golden rule" and <n¢>eq

is the Fermi-Dirac distribution function. For the electron-phonon interaction, the transition rate W,
takes the form

W, 2[ (£.d—<)(N q.>eq+Q(§—>§’,G)(1+<Nq>eq)} @)
where
Qc.a—¢)=Zle(@f (¢ [¢)f 8z -z + 4oy, ©)

Q¢ > ¢a)=2Te (@) (¢ | (e ~e - hay). ®

with Q(£,d—¢"), Q(¢ —¢".q) correspond to absorption and emission of a phonon with wave

vector ¢, and energy Zw,, respectively, and <Nq>eq is the equilibrium distribution function of

phonons.

We now apply the above expression of the MC to a graphene sheet placed in the (x-y) plane,
subjected to an uniform static magnetic field with strength B oriented along the z-direction. The
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normalized wave function and the corresponding energy for a carrier (electron and hole) in the Landau
gauge for the vector potential A = (Bx, 0) are written as [8]

~ _& —ixy/1? Snﬁn\—l(x_x)
Wn(r)_\/te |: ﬁn‘(X—X) y (7)
gnzsnﬁa)B\/H , )
where
(1+50) 1 for (n=0)
Co= Tm: L for (n=0)’ ©)
2
1 for (n>0)
S,=410 for (n=0), (10)
-1 for (n<0)

‘n‘ 2
i 1(x X
X (x):—exp{——(—j }Hn (—j (12)
i J2" 17 21 |
with n=0,+1,£2,... being the Landau index, Hn(x/l) is the n-th order Hermite polynomial, x
being the coordinate of the center of the carrier orbit, Zaw, =\Ey/l is the effective magnetic energy
with y:(ﬁ/z )ay, being the band parameter, and a = 0.246 nm being the lattice constant. The

electronic states for a carrier are specified by the set of a = (n,X ) . To calculate the component o,, of
the MC from Eq. (3), we need following matrix elements [9]

e =(¢HE) =1k, (12)

X =(SXS7) =Pk, (13)

‘<é/, eiiqf §>‘2 - Jnn' (U)|2 5ky ky=ay ! (14)
2 2m—! —uil i m+j i

‘]nn’(u)| _CnCn’ (m+ J)Ie u |:Lm (u)+SnSn’ m Lml(u):| ! (15)

where LJ(u) is an associated Laguerre polynomial, u=1°¢*/2, q¢*=q]+q?,

m=min(|n |n]) , j=||n|—|n|. The MC tensor in graphene monolayers is written as [9]

o :ﬁe z<n§>eq(1_<n§'>eq)w§§'(lx§_ZXC’)Z’ (16)

XX
So ¢.g’

where S, is the normalization acreage of system, W,,.. is given by [10]

W = gsguzg(gk,k')[Q(f,q —>C')<Nq‘>eq +Q(¢ _>§',q)(l+<Nq>eq )} 47
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with g, =2 and g, =2 are the valley and spin degeneracy, respectively, g(6)=(1+cos8)/2 is
the overlap integral of spinor wave functions, Q(¢,G —¢”) and Q(¢ —¢”.q) are given by Egs. (5)
and (6).

Graphene has two atoms per unit cell, so it has four optical phonon modes. Because the

contributions of K- and 7" - optical phonons are equivalent, so we consider only scattering of electrons
with K-optical phonons. For the deformation potential scattering mechanism, we have

o | 7D},

B 2w,

where Dy, is the deformation potential constant, p is the areal massdensity, o, is the K-optical
phonon frequency.

(18)

Substituting Eq. (17) into Eq. (16) and using the notation (n, >eq = f,, , we have

27zﬂe ID?

o, = °pZZZ(1+cose)fnk (2= g ) (W)
,0 o nk nk q Y
{N S, 5(gn—gn,+/mK)(ky—k;)2+ (19)

(14 No )3, 4o o, 8 (& — & = A0 ) (K, K] )2},

y y

Inserting Eq. (15) into Eqg. (19) and peforming the integral over G,
expression of the transverse MC in graphene monolayers:

ﬂeDzm f,)CiC

2 pay|

x{(2m+ j+1)- 25,8, \m(m+ ) + 5757 (2m+ 1) (20)

x{Nyd (&, =&, + 703 ) +(1+ Ny ) S (&, — &, — vy )}

we obtain the following

XX

The delta functions in Eq. (20) are divergent as their arguments equals to zero. To avoid this, we
replace them phenomenology by Lorentzians as [10]
I
ole)=———, (21)
=)
where I = /@y W, is the level width, W, = 4°DZ /87py* /i, is the dimensionless parameter
characterizing the scattering strength.

3. Numerical results and discussion

We have obtained analytic expression of the transverse MC in graphene monolayers when carriers
are scattered by K-optical phonons. The above result will now be applied to numerically investigate
physical behavoiurs of the transverse MC. The parameters used in computational calculations are as
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follows [10, 11]: ky =1.3807x10* J/K, a = 0.246 nm, y,=3.03 eV, D, =14x10° eV/cm,
p=1.7x10"° glcm?, /iwy, = sy, =162 meV, N=—4+4, n'=—4+4,
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Figure 1. The dependence of the magnetoconductivity on the magnetic field. Here, T = 180 K.

Figure 1 shows the dependence of the transverse MC on the magnetic field B at T = 180 K. It can
be seen that there are 5 maximum peaks of the MC. By computational analysis, we can deduce their
physical meanings as follows.

- Peak (1) appears at B = 1.789 T satisfying the condition

(12 - ()[4} 7@, ~ 719 =0, (22)

it describes electron transition between LLs n = 2 and »n’ = -4 accompanied by emitting an optical
phonon of energy %, , or the condition

(114 - (-0 [-2} #@, — 70 =0, (23)

describes electron transition between LLs n = 4 and n’ = -2 accompanied by emitting an optical
phonon of energy %, , or the condition

(02 - 14} 2, + 219, =, (24)

describes electron transition between LLs n = -2 and »’ = 4 accompanied by absorbing an optical
phonon, or the condition

(-0 -12]) 70, + 10, =0, (25)

describes electron transition between LLs n = -4 and »’ = 2 accompanied by absorbing an optical
phonon.
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Figure 2. The MC as a function of the magnetic field for the transitions contributing to the resonance peak (1) in
Figure 1. Figures a, b, c, d correspond to the possible transitions analyzed above, respectively.

Thus, peak (1) is contributed by four transitions of electrons in which two transitions with phonon
absorption and two others with phonon emission, as shown in Figure. 2.

- Peak (2) located at B = 5.167 T is the contribution of the condition

(1t = (1)1 ) 2@, 75 =0, (26)

describing electron transition between LLs n = 1 and »’ = -1 accompanied by emitting an optical
phonon of energy %, , and the condition

((—1)ﬁ SN[ ) Jwo + fhao, =0, 7)

describing electron transition between LLs n = -1 and »’ = 1 accompanied by absorbing an optical
phonon.

- Peak (3) appears at B = 6.856 T satisfying the condition

(243l -0yfo]} 2, ~ 73, =0, (28)

it describes electron transition between LLs n = 3 and »” = 0 accompanied by emitting an optical
phonon of energy %, , or the condition

(040l - (~2)[-3]) 2@, 719, =, (29)
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describes electron transition between LLs n = 0 and n’ = -3 accompanied by emitting an optical
phonon of energy Zew, , or the condition

()3l -0yfol) 7, + s, =0, (30)

describes electron transition between LLs n = -3 and n” = 0 accompanied by absorbing an optical
phonon, or the condition

(oﬂ SNE] )mB + s, =0, (31)

describes electron transition between LLs n = 0 and n’ = 3 accompanied by absorbing an optical
phonon.

Thus, peak (3) arises from the contributions of the above four transitions of electrons in which two
transitions with phonon absorption and two others with phonon emission.

- Peak (4) appears at B = 10.44 T satisfying the condition

(242 -0l ) 2@, 73, =0, (32)

it describes electron transition between LLs n = 2 and n’ = 0 accompanied by emitting an optical
phonon of energy %, , or the condition

(oyfol - (-1)y[-2]) e, - 110, =0, (33)

describes electron transition between LLs n = 0 and n’ = -2 accompanied by emitting an optical
phonon of energy %, , or the condition

((—1)ﬁ ~0,flof )mB + s, =0, (34)

describes electron transition between LLs n = -2 and n” = 0 accompanied by absorbing an optical
phonon, or the condition

CNEE=NE )mB + i =0, (35)

describes electron transition between LLs n = 0 and n’ = 2 accompanied by absorbing an optical
phonon.

Thus, peak (4) arises from the contributions of the above four transitions of electrons in which
two transitions with phonon absorption and two others with phonon emission

- Peak (5) appears at B = 20.79 T satisfying the condition

(14 -0yfo]) 7@, — 719 =0, (36)

it describes electron transitions between LLs n = 1 and n’ = 0 accompanied by emitting an optical
phonon of energy %, , or the condition

(oﬂ -0 ) Jwo, — hw, =0, (37)

describes electron transition between LLs n = 0 and n” = -1 accompanied by emitting an optical
phonon of energy %, , or the condition
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(-0 -0\o]) 7, + 79 =0, (38)

describes electron transition between LLs n = -1 and n” = 0 accompanied by absorbing an optical
phonon, or the condition

(oﬂ SN ) Jaog + o, =0, (39)

describes electron transition between LLs n = 0 and n’ = 1 accompanied by absorbing an optical
phonon.

Thus, peak (5) arises from the contributions of the above four transitions of electrons in which
two transitions with phonon absorption and two others with phonon emission.

From the above results it can be deduced that the general condition for the maxima of the
transverse MC is

&, —&y 0, =0, (40)
where & —¢, = (Snﬂ— S, \ﬁ)ﬁ% , (+#a, ) is for phonon absorption, (%, ) is for phonon

emission. This condition is called the MPR condition in graphene monolayers. Also, it is possible to
devide electron transitions into three types as follows:

The principal transitions are between n =0 and n'=+1,4#2,... (or n’ =0 and n=+1,+2,...), in this
case the condition (40) becomes, respectively

=S Iy  fra5, =0, (41)
or

S, \[n|/a £ siax, =O0. (42)
The symmetric transitions are between nand »” = -n, in this case the condition (40) becomes

28, \[n|@, 402, =O0. (43)

The asymmetric transitions are all other transitions, then the condition (40) becomes

;(\/’H+\/m)/§a)8 + /iy =0. (44)

The above conditions for MPR in graphene monolayers are consistent with the ones obtained
previously by Mori N. and Ando T. [11] using Kubo formula in which the authors only considered the
phonon absorption term in the conductivity. In this calculation, we consider both the phonon
absorption and phonon emission.

In Figure 4 the MC is plotted versus temperature T at different values of the magnetic field. We
can see that the MC decreases as the temperature increases and reaches saturation when the
temperature is very high. This can be explained by the increase of the probability of electron-phonon
scattering with increasing the temperature, resulting in the decrease of the conductivity. This behavior
is consistent with the temperature dependence of the conductivity in graphene obtained by S. V.
Kryuchkov and co-workers in the work [12], in which the authors used the Boltzmann equation to
calculate the MC and the Hall conductance for electron - optical phonon and electron — acoustic
phonon interactions.
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Figure 4. The magnetoconductivity verus temperature at different values of the magnetic field.

4. Conclusions

So far, we have calculated the transverse MC in monolayer graphene subjected to a perpendicupar
magnetic field. The electron-optical phonon interaction is taken into account at high temperatures. The
dependence of the transverse MC on the magnetic field shows MPR effect that arises from transitions
of electrons between LLs via resonant scattering with optical phonons. The MPR conditions in the
present calculation show the unsusual behaviour of Dirac fermions in graphene in comparison with the
carriers in conventional semiconductors. Numerical results also show that the transverse MC decreases
with increasing the temperature and reaches saturation at high temperature.
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Appendix

In this appendix, we present the detailed calculation to obtain Eq. (20) from Eqg. (19). Let us
rewrite again Eq. (19) as

Zﬂﬂe ID?

Ou="0 °p222(1+cose)fnk( n,_;) o)
nk,n'k; g
x{Noﬁky,kMyé‘(an—8n,+/§a)K)(ky—k;) n (A1)

HL+ NGNS, 4o 0 (8, — 80— 20 ) (K, —K] )2}.

Firstly, taking the summation over k!, we have
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erﬂe I DO,O 2
Oy = (1+cos0) f, (1—f,)[J, (u
s, 2 oo 1) (a2
{Noé‘(gn—gn,Jr/?wK) (1+ N0)5(5n—gn,—/§a)K )}q§
Because the x and y directions are symmetric, so we also have

Zﬂﬂe 1“D?

Oy = > > > (L 080) , (1= £, ) (u)]

p o nke n'oq (A3)
{Noé‘(gn—gn,+/%a),<) (1+N0)5(8n—5n,—/§a),<)}qf.

Then, we can write

o, =2 % (A4)
2
Inserting (A.2) and (A.3) into (A.4), we have
o, ”ﬁEI D‘mZZZ(Hcose fn,).]m,(u)|2
a’o o nk, 0 g
{N, 5( — &y + A ) +(1+ Ny )5 (&, — &, — Ao ) }(Af +07) (A5)
ﬂﬁel D°”zzz 1+c0s0) f, (1- f,)|3, (u )|2

p a)o 0o nky n" g
(NS (&, — &y + A ) +(1+ Ny )3 (&, — &, — /o )} 0P

Transforming the summations over g and k, to integrals as follows

Sy
=0 ["qdqg, A.6
)) o=, ada (A6)
I S N I
%—)ﬁ{{mzdky!de ﬂI;jde, (A7)
the expression (A.5) becomes
ﬂe | DOp 2
= f(1- f 1+c039 do J d
On = Z f fq [0 (u)] g (A8)
x{Nyo ( n—gn,mwK) (1+ N0)5(gn—gn,—/2a)K)}.
We will calculate integrals in (A.8) as follows
A=[(1+cos0)do = . (A.9)
0
For the integral over g
B=.|‘q3 Jnn,(u)|2dq, (A.10)
0

setting
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1°g? 2u du
u=— :>q2_|2 :>qdq—|—
we have

2
« 20 du , ml! il m+ j

B= 0 |2 |2 C C me UJ|:|_:H(U)+SHSn m L:nl(u):|

2C;Co e ml T o fm+j i m+ j i 2
== jo G qu{[Ljn(u)] +2L) (u)S,S, T|_:ﬂfl(u)+Ts§s§,[L:M(u)] }du

zzclicfr{(mﬂ ["eu L (o )]zdu}

2Cr12Cr$ m! m+J ® —up Ly j
25,5, {(mﬂ_)! / — [ eyl L:n(u)L;_l(u)du}

2C ’C? Cup e 2
z S2S; {m+1— j etu L, ]du}. (A.11)

Using following formulae [13]

m! 2 .

B = etut| L du=2m+j+1,
1 (m+J)-[ [ )]

m+ —u,  j+1 H

LJ du = :

e ] e T NP ey
Bs_(rn(JrT)Io e"‘u‘*l[LJ ()] du=2(m-1)+j+1=2m+j-1,
we arrive at
—I%c Ci{(2m+ j+1)-25,,fm(m+ ) + 5757 (2m+ j-1)} . (A12)

Finally, inserting (A.9) and (A.12) into (A.8) we obtain the explicit expression for the
magnetoconductivity as

ﬁeDZfl f.)CiC]

2 pay

x{(2m+ j+1)-28,5,Jm(m-+ ) + 5757 (2m + j -1} (A.13)

x{NoS(&, =&, + 70, ) +(1+ N, )5 (&, — £, — /4, )}

XX
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