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Abstract: In this study, statistical moment method (SMM) was applied in combination with 

Lindemann melting criterion to investigate pressure effects on melting temperature of iron. Melting 

curves of   phase with body-centered cubicstructure and  phase with face-centered 

cubicstructure of iron were derived up to pressure 13 GPa and 90 GPa, respectively. The study 

results show that melting curves of these two phases of iron increased functions of pressure, and the 

higher the pressure was the lower the slopes of melting curves were. The results were compared 

with the available experimental data to verify the developed theory. The efficiency of the SMM on 

the investigation of melting temperatures of   and  phases of iron suggests that the present SMM 

scheme can be developed extensively to determine melting temperatures of other phases of iron as 

well as other materials. 
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1. Introduction 

Earth’s solid inner core is mainly composed of iron [1]. Iron has four main polymorphs including 

  phase with body-centered cubic (BCC) structure,   phase with face-centered cubic (FCC) structure, 

  phase with hexagonal close-packed (HCP) structure, and   phase with BCC structure at high 

temperature [2-4]. Moreover, Andrault et al. experimentally showed the persistence of the fifth phase - 

  phase of iron at high temperature and pressure [5]. Melting curves of iron in different structural 
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phases at high pressure provide essential information to investigate complex seismic structures inside 

the Earth's core [6-7]. The investigation of melting of iron under high pressure has been performed by 

different theoretical methods (ab initio calculations [8], molecular dynamic simulations [9], empirical 

approach [10-12]) and experimental measurements (laser-heated diamond-anvil cell [13-15], shock 

compression [16]). However, up to now, the results obtained from different methods are still not unified. 

In this work, by developing the statistical moment method (SMM) in statistical mechanics, we 

investigate the pressure dependence of  melting temperatures of α and γ phases of iron. The slopes of 

melting curves have also been derived. Our numerical calculations are compared with those of previous 

theoretical and empirical works to verify the research approach. 

2. Theoretical approach 

The melting temperature of iron, in present work, is derived based on the Lindemann melting 

criterion which was proposed that [17-19]: “Melting of a material is going to occur when the so-called 

Lindemann ratio  
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   reaches a threshold value”, where 
2

u  is the atomic mean-square 

displacement (MSD) and  ,a P T  is the nearest-neighbor distance (NND) between two intermediate 

atoms. 

In order to derive the melting point of iron at different pressures, we propose an assumption that the 

Lindemann ratio remains constant for all range of studied pressure [20], i.e.: 
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   is the Lindemann ratio at ambient pressure and at melting point 

temperature of the material. This assumption can be seen as an expansion of Lindemann criterion. This 

comes from a truth that when pressure increases, both MSD and NND quantities will be reduced due to 

the limitation of atomic vibrations. Below we present a method to determine the NND  ,a P T  and 

MSD 
2

u  of atoms. 

2.1. Nearest-neighbor distance 

In SMM approach, the NND  ,a P T  was derived as [21] 

                                                          0 00a P,T a P, y P,T  ,                               (2) 

where  0 0a P,  is NND at 0 K,  0
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  is the thermally induced lattice expansion at 

pressure P and temperature T, Bk T   with Bk
 
is the Boltzmann constant, k and γ are the harmonic 

and anharmonic parameters, respectively. 
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The parameters A, k, and γ were defined as follows [21] 
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where 1 2 3 4 5 6a ,a ,a ,a ,a ,a  were defined as in Ref. [21], io is the interaction potential between the 

ith and the 0th particles, 0m  is the atomic mass. 

 The NND  0 0a P, can be calculated from the SMM equation-of-state (EOS) as [21] 
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where v  is the atomic volume, 
0
U  is the total potential energy of system, and 
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At ambient temperature, the Eq. (5) is reduced to a simple form 
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 In order to perform numerical calculations, we assume the interaction potential between 

two intermediate atoms could be described by the Lennard–Jones potential as 
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where D  describes the dissociation energy, 0r  is the equilibrium value of a, and ,n m  are 

determined by fitting experimental data. 

 Using the coordination sphere method, we derive the total potential energy of system as [22] 
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where N is the total number of particles in the crystal.  

 Substituting  r  of the Lennard-Jones potential into Eqs. (3) and (4), the parameters k  and 


 
are then derived [21] 
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where
2 2
ix ixa a

n m m nA ,A ,A ,A ,... are the structural sums of the given crystal [21,22]. 

The EOS of crystal at zero temperature is obtained as [21] 
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 This equation can be re-written in a simpler form 
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By numerically solving Eq. (12), we can determine the value of NND  0 0a P, .  

2.2. Atomic mean-square displacement 

The MSD function can be derived from the second order moment of SMM method as [23] 
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3. Results and discussion 

In this section, numerical calculations will be performed to evaluate the pressure-dependent melting 

temperatures of α and γ phases of iron. The Lennard-Jones potential parameters of iron metal are m = 

3.54, n = 6.45, r0 = 2.48 Å, D = 12576.7 kB [23]. With the assumption that the interatomic potential 

does not depend on the structure of iron, the above potential could be used for numerical calculations of 

these two phases of iron. 

In order to determine the melting curves of  α (in the pressure range 0–13 GPa) and  γ (in the pressure 

range 13–90 GPa) phases of iron, we calculate firstly the Lindemann ratio at zero pressure and at melting 

point ( 0 1811mT   K). The Lindemann ratios of two phases are obtained, respectively, as 0.0589046   

and 0.0525603  for α-Fe and  -Fe. From these results and from our assumption (the pressure 

independence of Lindemann criterion) we derive the melting temperatures of iron at different pressures. 

Our melting curves of α  and γ phases of iron are shown in Fig. 1. 

 

Fig. 1. Melting curves of α and γ phases of iron. Our results (solid lines) are compared with those of 

measurements performed by Anderson [3], Ahrens et al. [24], Komabayashi et al. [25], Jackson et al. [26], and 

Sinmyo et al. [27]. 



𝛼 
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As observed from Fig. 1, the melting curves of α and γ phases of iron are increasing functions of 

pressure. Our calculations of melting temperatures of iron are reasonably consistent with most of those 

of previous works but they overestimate the measurements performed by Komabayashi et al. [25]. The 

maximum difference between our predictions and previous works is about 11.68% at 52 GPa. 

Especially, it should be noted that our theoretical melting curves are in good agreement with the most 

recently published data measured by Sinmyo et al. [27]. 

We make a futher step by considering the slopes of melting curves of α and γ phases of iron. The 

slopes of these two melting curves are presented in Fig. 2. As it can be seen from this figure that the 

higher the pressure is the lower the slopes of melting are. Interestingly, at the pressure of structural phase 

transition, we can observe the apparent break between two melting curves. The difference between the 

slopes of two melting curves at pressure 13 GPa is about 2.2 K/GPa. This break behavior can be applied 

for the investigation of the structural phase transition of materials under pressure.  

 

Fig. 2. The slopes of the melting curves of α and γ  phases of iron. 

4. Conclusions 

In this work, we have studied the melting curves of α and γ phases of iron by using the combination 

of SMM with modified Lindemann criterion of melting. The slopes of melting curves of these two 

phases of iron have also been derived. Our numerical calculations show that the SMM melting 

temperatures of these two phases of iron are in reasonable agreement with the available experimental 

data. This confirms that our approach has a potential to study pressure effects on melting curves of other 

phases of iron as well as other materials. 
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