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Abstract: Let BH be a fractional Brownian motion with He (0, 1) and g be a deterministic
function. We study the asymptotic behaviour of the tail probability as for fixed x and as for
fixed T. Our results partially generalise those obtained by Prakasa Rao in [1].
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1. Introduction

Let B" =(B),., be a standard fractional Brownian motion (fBm) with Hurst index , i.e. BH is a
centered Gaussian process with covariance function given by

R, (t, s)= E[B'BI"] = % (" + s —Jt—9")t,s >0,

We refer the readers to the monograph [2] for a short survey of properties of fBm. When H > %

the following limit theorems were proved by Prakasa Rao in [1].

Theorem 1.1. Let g(t)=at“+a,t“"+ .. +at bea polynomial of degree k with a. > 0. Then, for
any T > 0and k > 2 we have
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log P(sup (B" +g(t)) > x)

lim e S

X0 X2 _2T2H )
Theorem 1.2. Let g(t)=at“+a_t"+ .. +at be a polynomial of degree k with a, >0. Then, for
any x > 0 and k > 1 we have

log P(sup (B;" +g(t)) <x)
te[0, T]

< -
T 2k—-2H

N |$’N

limsup

T

It is known that when H :% , BIH reduces to a standard Brownian motion. In this case, Prakasa Rao's

results reduce to those established previously by Jiao [3]. Naturally, one would like to ask the
following questions:

Qa: Are Theorems 1.1 and 1.2 still true when H < %?
Q2: Can we remove the polynomial structure of the drift g(t)?

The aim of this paper is to provide an affirmative answer to Qi and Q.. Our method is different
from Prakasa Rao's where he mainly uses the classical Slepian's lemma. In the present paper, we
employ the techniques of Malliavin calculus which lead us to a shorter proof for more general results.

The rest of the paper is organized as follows. In Section 2, we recall some fundamental concepts of
Malliavin calculus. The main results of the paper are stated and proved in Section 3.

2. Preliminaries

It is well known that BtH admits the so-called Volterra representation (see, e.g. [4])
t
B =[K(ts)dB, ,te[0;T], 2.1)
0
where (Bt)o is a standard Brownian motion, K(t, s) = 0 for s >t and

1 3
t 75 H—E 1 tuH7§ H_l
K(t,s)=C, | —=(t-9) 2—(H——)j —(u-s) 2du|s<t
SH—E 2 sSH_E
where C,, = I 7H(2H -1)

\IF(Z—ZH)F(H +%)Zsin(7r(H —%))'

Our proofs will be strongly based on techniques of Malliavin calculus. For the reader's convenience,
let us recall the definition of Malliavin derivative with respect to Brownian motion B, where B is used
to present B¢ as in (2.1).

We suppose that (Bl')jo7, is defined on the complete probability space (€,7,P), where
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F — (%), I8 & Natural filter generated by the Brownian motion B. For he L*[0,T] we denote by
B(h) the Wiener integral

Let S denote the dense subset of L* (€, F,P) consisting of smooth random variables of the form

F=1(B(h)...B(h)), (22)
where neN, f eC(R"), hy, ..., ha € L [0, T]. If F has the form (2.2), we define its Malliavin
derivative as the process DF :={D,F;t [0;T]} given by

D,F :i%(B(hl),..., B(h,))h, (t).

k=1

We will denote by )12 the space of Malliavin differentiable random variables, it is the closure of S
with respect to the norm

]
|||:||f‘2 =E|F[ +E[I|DtF|2 dt}.
0

The next Proposition is a concrete version of Corollary 4.7.4 in [5].
Proposition 2.1. Let F be in )12, Assume that

.
I(D(,F)zdﬁgﬂ as. (2.3)
0
for some > 0. Then, for all x > 0, we have
X2
P(F -E(F)>x)<exp| — |. 2.4
(F-E(F)=X) Xp[Zﬂ] (2.4)

Remark 2.1. The random variable -F also satisfies the conditions of Proposition 2.1. We therefore
obtain the same bound for the left tail

P(F -E(F)<-x)=P(-F -E(F)>x) sexp(—%j, x> 0. (2.5)

3. The main results

We firstly establish the following technical result which plays a key role in this paper.
Proposition 3.1. Suppose that f is a continuously differentiable function on R with bounded derivative

and g is a continuous function on [0, T]. Let B{" be afBmwith H €(0, 1), it holds that
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P(sup (B! +g(t))2stexp _ xeg) X>c,  (3.1)
]

tel0, T 2sup| f '(x)|2T2H
XxeR
and
P(sup(BtH +g(t))£xj£exp - (X_CT)ZZ 0<x<c, (3.2)
tef0, T] 2sup|f ') T

where ¢, = E[sup (f(Bt“)+ g(t))}.
te[0,T]
Proof. If sup| f '(x)| =0, then the estimates (3.1) and (3.2) are trivial. Hence, we can and will assume
xelR

that sup| f '(x)|> 0.

XeK

Consider a countable and dense subset S, ={t,, n >1}of [0, T]. Define
M, = sup{X,, X, , ... X }

where X, = f(B/") +g(t). Because f is continuous differential with bounded derivative, we know
from Proposition 1.2.3 in [4] that X, e D*?and

D, X, =f'(B")D,B' = f(B" )K(t,0), O< t.

It is known from Proposition 2.1.10 in [4] that M, € D> and M, converges in L) to sup X, . In

te[0,T]
order to evaluate the Malliavin derivative of My, we introduce the following sets:

A ={M,=X.},

By the local property of the operator D; on the set A« the derivatives of the random variables M, and
X, coincide. Hence, we can write

D,M, ZZI’* f'(B!')D,X, ZZI’*‘ f'(BI')K(t.0)1, -

Consequently,

(D,M,)? =Zn:(f '(By ))2 K2(t,, 01, -

k=1

And hence,

T t,
[ (OM,)7do=("(D,M,)do
. (3.3)
<sup|f '(x)| jo Y K2(t,0)1,d0  as.
xeR k=1

Denote by F(t, .) the antiderivative of K (t, .). Since K(t, 0) = 0 for 6 >t we can obtain
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j;"kzn:Kz(tk,H)IAde
=1

~ [ KA1, 40+ [ Y K, )1, 0+t [ S KA(,.0)1,d0
k=1 1 k=l

k=1

=[F(t,t) - Ft. 0], +..+[F(t,.t,)-F(,.0]I,
=E[B"[ 1, +.+E[B[ 1,
=t 2, ST (3.4)
Combining (3.3) and (3.4) yields

T 2 2T 2H

J'O (D,M,)2do <sup|f'(x)| T*",as. (3.5)

xelR

The inequalitiy (3.5) shows that the random variable M, satisfies the condition (2.3) of Proposition 2.1.
Consequently, we can get

XZ

2sup|f '(x)|2TZH

Xek

P(M,—E[M,]>x)<exp| —

Then, by Fatou's lemma we deduce

P( sup (B +g(t)) ¢, 2xj£!irginf P(M,-E[M,]>x)

tel0, T]

X — 2
<exp| - ( CT)2 _
2sup| f'(x)|'T

which gives us (3.1). Similarly, we can obtain (3.2) by using the estimate (2.5).
So the proof of Proposition is complete.
Remark 3.1. We state Proposition 3.1 in a general form because it can be useful for the other
researches. Let us give here an example. Consider the fractional stochastic differential equation
X =%, + [, o(x,)dB! ,t €[0T,

Under suitable assumptions on ¢ and H, the Doss-Sussmann representation of x; is given by (see, e.g.
[6, 71)

X = f (BtH )’
where f (X) solves the ordinary differential equation:

f'(x) = o(f(x)),f(0) = x,.

Thus f (x) will satisfy the condition of Proposition 3.1 if o(x) is continuous and bounded on R.

We now are in a position to formulate and prove the first main result which generalises and improves
Theorem 1.1.
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Theorem 3.1. Let BtH be a fBm with H € (0, 1). Fixed T > 0, let g be a continuous function on [0, T].

It holds that

log P(sup (B! +g(t)) > x)

lim ———<.1 S

X300 X2 2T2H )

Proof. Obviously, we have

P(E[‘J%(Bt“ +9()= sz P((Br' +9(M)=x)=P (B 2x—g(T)).

. H . . . . .
Since B, is a normal random variable with mean zero and variance T, we can obtain

P[ sup (B +g(t)) = sz P(Z Z&H(T)j
tefo, T T

x—-g(T)
TH

where Z has a standard normal distribution. Since

Lemma 1 in [2] to get
_(x=g(T)?

P( sup (B +g(t)) > x for sufficiently large x.

e 2T2H
>
te[0, T] ] 6(x—-9(T))
TH

As a consequence,

logP(sup (B + 9> x>~ X~ 8T _iog(ex—69(1) +logT".
tel0, T

and hence,
log P(sup (B{" +g(t)) > x)
H H tel0, T] 1
1m|nf v 2_2T2H .
On the other hand, we obtain from Proposition 3.1 that

P( sup (B +g(t)) > Xj < exp[_w}

te[0, T] 2721

which gives us
log P(sup (B +g(t)) > x)

tef0, 7] o (x=c)’
x? T2
Notice that ¢, =E[sup (B + g(t))] is finite
te[0,T]

c; <E[sup B'1+ sup [g(t)]=E[sup B'IT™ + sup [g(t)].
] te[0,T] te[0,1]

te[0,T te[0,T]
Taking the limit x—o0 we get
log P(sup (B +g(t)) > x)
Tl

. 1
limsu L0, <— .
X—>0 P X2 2T2H

So we can finish the proof by combining (3.8) and (3.9). m

(3.7)

>1 for sufficiently large x, we can apply

(3.8)

because

(3.9)
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The second main result of this paper is the following theorem.

Theorem 3.2. Let BtH be a fBm with H € (0, 1) and g be a continuous function on [0, 1). Assume
that there exists a positive constant k > H such that

o, =lim 9(T) >0.

T>o Tk

Then, for any x > 0 we have

logP(sup (B +g(t)<x) .

limsup LB, T_]I_ZHH < —7k. (3.10)
and

__IwH%%W+mmzw o

liminf ' T 2—?k. (3.12)

Proof. Itis clear that ¢ = E(sup B + g(t)=EB! + g(T)=g(T) > 8 T—0,
te[0,T]

Hence x < cr for sufficiently large T. Once again, we apply Proposition 3.1 to get
log P(sup (B +g(t)) <x)
1

te[0, T
2k-2H
T

2
<-— (XZ_TZTK) for sufficiently large T,

which leads us to the following
log P(sup (B;" +9(t)) <x)

: te[0, T] .G
T|I£]OSUp T22H S_E(T“*TOTTJ (3.12)
Since TIim;:T—szlim gTq) =, > 0. This, together with (3.12), yields

log P(sup (B +g(t)) < x)
tel0, T]

2
< _ Tk
k—2H - )
T2

fimsup
Thus the estimate (3.10) was proved.

x—g(T)

TH

The remaining of the proof is to show (3.11). Because ax > 0 and k > H, we have TIim =—00

for any x>0. Hence,
p(z zmjzlz p(z - 9(M-—x (')—Xj
TH 2 TH

for sufficiently large T. Recalling (3.7) and using Lemma 1 in [3], we have
(9(M)-x)?

2T2H
Pl sup (B" + g(t)) > x |>—— for sufficiently large T.
(te[o,%( v+ et) j CIOED)

T H
We therefore obtain
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log P(sup (B +g(t))>x)>— (g(;?z—Hx)z —log(6g(T)—6x) +logT"
te[o, T]
and
log P(sup (B" +9(t)) > x) 2
liminf — <01 __ z—i(nm gq)J __ %
T—o T 2\To0 T 2

The proof of Theorem is complete.
We end up this paper with a remark.

Remark 3.2. The method used in the paper can be applied to a larger class of Gaussian processes of
form

Y, = [ k(t,s)dB,,t €[0,T],
where the Volterra kernel K(t, s) is continuous and satisfies the function ¢ E|y,|* = jt k2(t, s)ds is
0

non-decreasing. Here we note that the non-decreasing property of E|Yt|2 is used to prove the inequality
(3.5).

T —A(t-s)

For example, when Y, = J.O e dB, is an Ornstein-Uhlenbeck process we have

log P(sup (Y, +9(t))=>x) 1 1
limsu 0. 7] =—
p 2

X—»%0 X ZJ-OT kZ(T,S)dS 1_e—2/1T '

3. Conclusion

Thus, we have generalized Rao's studies of fractional Brownian motion with continuous drift, H €
(0, 1). And we got the answers to question 1 one and question 2 who are the two issues raised in the
introduction. In these proofs we also use images of the Malliavin’s calculus, which are quite different
from Rao’s.
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