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Abstract: Let {Xn ,N € ¥ }be a sequence of negatively superadditive dependent random vectors
taking values in a real separable Hilbert space. This paper presents some results on weak laws of
large numbers for weighted sums (with or without random indices) of {Xn ,ne¥}.
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1. Introduction

The weak laws of large numbers for weighted sums (with or without random indices) for random
variables are studied by many authors (see, e.g., [1-5]). Recently, Hien and Thanh [6] obtained the weak
law of large numbers for sums of negatively associated random vectors in Hilbert spaces. Dung et al.
[7] established the weak laws of large numbers for weighted pairwise negative quadrant dependent
random vectors in Hilbert spaces. In this paper, we investigate weak laws of large numbers for randomly
weighted sums (with or without random indices) of sequences of negatively superadditive dependent
random vectors in Hilbert spaces. We start with the definitions of negatively associated random variables
and negatively superadditive dependent (NSD) random variables.

Let us consider a sequence{X, ,n>1}of random variables defined on a probability space
(Q,F,P). A finite family {X,,..., X} is said to be negatively associated (NA) if for any disjoint

subsets A, B of {1,...,n} and any real coordinate-wise nondecreasing functions f on ; ', g on ; '®,

*Corresponding author.
Email address: khanhhang.bui@gmail.com

https//doi.org/ 10.25073/2588-1124/vnumap.4571
84



T.M. Cuong et al. / VNU Journal of Science: Mathematics — Physics, Vol. 37, No. 2 (2021) 84-92 85

Cov(f(X;,ieA)g(X;,jeB))<0
whenever the covariance exists, where | A| denotes the cardinality of A.

Afunction ®:; " — ; is called superadditive if
DXV Y)+D(XAY)>D(X)+D(y)

forall x,ye | ", wherev is for componentwise maximum and A is for componentwise minimum.

The concept of negatively superadditive dependent random variables was introduced by Hu [8]
based on the class of superadditive functions. A random vector X = (X, X,,..., X) is said to be NSD

random variables if
ED(X,, X,,..., X,) SED(X], X;,..., X)) (1)

where X/, X;,..., X, areindependent with X; and X, having the same distribution for each i, and @
is a superadditive function such that the expectations in (1) exist. A sequence {X,,n>1} of random
variables is said to be NSD if for every n>1, (X,, X,,..., X)) is NSD.

Son et al. [9] gave the concept of NSD random vectors with values in Hilbert spaces. Now we
recall the concept of NSD random vectors taking values in Hilbert spaces. Let H be a real separable
Hilbert space with the norm Il .l generated by an inner product (-,-) and let {e ,k >1} be an
orthonormal basis inH .

Definition 1.1 A sequence {X,,n>1}of H -valued random vectors is said to be NSD if for any j € B

, the sequence of random variables {(X,e;),n>1} is NSD.

The following lemma plays an essential role in our main results.
Lemma 1.2. Let {X,,n>1} be a sequence of H -valued NSD random vectors with mean 0 and finite
second moments. Then there exists a positive constant C such that for eachn >1,

2 n
}SCZEII X; 12,
i=1

k

2%

i=1

E ( maXlSkSn

2. The Main Results

Let {u,,n>1} and {a,,n>1} be sequences of positive real numbers. Let {a,,1<i<u }be a
bounded array of positive numbers.
Theorem 2.1 Let {X,n >1} be a sequence of NSD random vectors with mean 0 such that

SSP(X/ >a,)>0asn >, @)
i=l jeB
ipzn:amZHXi" IP—>0asn— oo ©)

n i=1 jEB
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Then
1 Un P
—> a;(X; —EY,;)>0asn— oo,
Ny
_ J i j
where 1< p<2,Y, —Z:YmeJ and Y ==l ko, X

jeB
Proof. Let o be an arbitrary positive number. We have

[ }:%xx EY,) >2§]3P£-—§:%(x -Y) >6J+P[é%§i%(ﬁﬂ—Eﬁﬁ >o}

Therefore, we have to prove that each term in the right-hand side tends to 0 asn — co. Indeed,

( zam(x Yni) >(‘)JSUZHP(XI ¢Yni)

n i=1 i=1

—ZZWW¢W

i=1l jeB

=iZP(| X! |>a,) > 0asn— .

i=l jeB
Since {a, (Y, — EY.;)}is a sequence of NSD random vectors with mean 0, by Lemma 2, we get
( z anl (Ynl EYnl) > OJ
n i=1
2.2 ni\'ni — EYni)
2 &, 2
< a ENY, —EY,
aﬁ(‘)z ZL: ni ni ni
2 &G 2 2 &G in2
Y arENY, IP=—= > a2 > ENY,] I
20 i nO izl jeB
6 .2 2 ' i 2
- a2(\)2 Zzllanl;[anp(l XiJ |> an) + E | XiJ | I{|xij|gan}i|
6 < i 2
O2 leezB[(am n) P(| % Xij |> B n) tE | i Xi] | I{lanixij|53nian}]'
Using (3) and the following inequality
E X lgg +0'POX BB <20 7E X " @

we obtain
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Zanl(Ynl EYnl) >0 |< 2 2 ZZ(ama )2 PElamXJ |P
a, o Pa, o i jes
12 & i o
=——= D> D aEIX/P>0an—>w.
pa O i=1l jeB

Thus, the proof of Theorem (3) is completed.
The following result is a random index version of Theorem 3.

Theorem 2.2 If the conditions in Theorem 3 hold and {z,,,n >1} is a sequence of positive integer-valued
random variables such that lim P(z, >u_) =0, then

P
—Zam(x EY, )—>0asn— oo, (5)
n i=1
Proof. For an arbitraryo >0,
P( LS, 0%, —EY,)| > zon P( 158, X,-Y,) ><‘>]+ P( LS e, (v, —EY,) >oj
a, i a, ‘i a, ‘i
=A +B,.

Therefore, we need to prove that A, and B, tend to 0 when n — co.
For A, by (2) and (5),

A sp(@(xi ¢Ym)j

< P[O(Xi # Yo Ty £un)]+ P(z, >u,)

U,

IA

P(X,#Y,)+P(z,>u,)

=

IA

Z (Xij iYng)-i- P(Tn >un)

=

ZP(| XJ|>a)+P(zr, >u)—0asn— o
i=1 jeB

From Lemma 2 and (5), we have
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P( > OJ
P{( >0 m(rnSUn)}+ P(z, >u,)

= P{un { iZk:ani (Yni - EYni) >6’Tn :k]}+ P(Tn >un)

=1\ || @ =

Zam (Ynl EYm)

n i=1

IN

z anl (Ym EYni )

n i=1

Kk
< |:)[maxk<u" iZ:ani (Yni - EYni) >6J+ P(Tn >un)

an i=1

1
< E| max
(‘)28.5 k<u,

k
Zani (Yni - EYni)
i=1

J+ P(z,>u,)

2 S aZENY, —EY, 17 +P(z, >U,) >0 asn >

T 2,2
n i=1

Hence, the proof is completed.
Theorem 2.3 Let {k,,n >1} be a sequence of positive integer numbers and {a,,n >1} be a sequence
of positive real numbers such that k, —ccas n — coand

lim <2~ 0. ©)
n—oo an
2
Suppose that g :[0,+o) — ; " is a nondecreasing function such that % is bounded and
limg(a) =0 igz 1w )
a—0 ! - J '
+l
sup Zg *(j ) g (J) @®)
n>1 an j=1
If
supsup->" 3" aP( X/ > g(@)) <o ©
a>0 nx1 K, =1 jeB
and
Ilmsupk—ZZan X > g(a)) =0, (10)
a—o0 n>1

n i=l jeB
then
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P
—>0ash— oo,

1|
=[S (x, -EY,
an Z( I nl)

i=1

_ i j
Where Y, = > Yle;, Y} = IR s g T IR g + X g

jeB
Proof. For an arbitraryo>0,

p(i Zn:(xi -EY,;) >2<‘>]s P(i Zn(xi =Yu) >6J+P[i Yo —EYa) >6J
an i=1 an i=1 aﬂ
=A +B,.

For A , by (10) witha=Kk_ , we get

AKZP(X ¢Yn.)<ZZP(XJ £Y.1)

i=1 jeB

:ZZ P( X/ > g(k,)) —»0asn— .

Since {Y; —EY,,i>L} isa sequei:c;E(B)f NSD random vectors with mean 0, by Lemma 2,
BngﬁE Wi —EYa)
Sao Zl:EIIY —EY, I”
< aﬁlo Iu"l ENY, 2= a102 Z:JZB:E Y02

Moreover, we have

i2 2 j i
ElYni | S3g (kn)P(lxl |>g(kn))+3E|X| | I{\Xij|Sg(kn)}.

It follows that

B, ZZZZQ (k)PU X! > g(k,) + ZZZZElx‘l X/ 120 (k,)}

a i=1l jeB n i=1l jeB

=C,+D,.
9( ")

n

C = g;k) LSSk PIX/! b g(k,)) > 0asn o

n n i=l jeB

By the boundedness of

and (10) with a=Kk ,

To prove the rest of Theorem 5, we need to show that D, — 0 as n — . Observe that

o ZZElXJ [ xicoan + 2 ZZZElXJ f ! g0 mapiisonn

i=1l jeB n i=l jeB 1=2

2

3
—Z(Mn+Nn).
(0)

89

(11)
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For M, , we have

a—lnz ZE;ZE X G eacy
sainzgzs)zlg P [g(ﬁ)ﬂxﬂs g(%)}
<335 e 2)- ) {10
<z_:2i|[ ) g()} {Z‘,ZB: P(IX‘I>9( )ﬂ

QD

Sk—z(g (1)+Zg G )J SUpSUp{k ZZaP(|xii > g(a))}

a>0 nx1 n i=l jeB

We have k—Z—)O as N — oo by (6), gz(1)+292(%)<00 by (7) and

n
supsup{ ZZaP( | XJ > g(a))} o, by(9).
a>0 nx>1 n i=1 jeB

Hence, M, - 0as n — 0.

We will show that N, — oo as N — coin the rest of this proof. We have

229 OP[a0-) <X/ [<g()]

1 jeB I=2

ZZ PIIX/>9@]

i=1l jeB

1Un k,—1

+—5 222 [0 (+D-g* M PO X! - 9(1)
s K 1 i
=g m;ﬁ{E; EBP('X |>g(1))}

+i2k 1M{22|p0 XJ > g(|))}

i=1l jeB

<g (1) K, supsup ” ZZaP[l X > g(a)}

a>0 n21 Ky =1 jeB

Z_: (|+1) g (D{ ZZIPGXJ > g(l))}

an = nl—ljeB

Since k—”2 — 0 as n — oo by (6), Supsupizn“ZaP[l X > g(a)] <o by (9) and

n a>0 n21 K, =1 j<B
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Zg ('+1) 9 (')[k > S IR(X; |>g(l))}ao

by (8), (10) and by the Toeplitz lemma, N, —0as n — o0,

Thus, the result is proved.
Remark. It is difficult to check the condition (8). By the same argument as in Proposition 1 of D.
H. Hong et al. in [4], we can prove the sufficient condition for (8) given as follows:

Ky 2 2
g;k“ —o@and Y glz(') _ O(i—”). (12)
1=1 n

n

1
Take g(t) = tT and a, = krf” . It is easy to check that the conditions (6) and (7) hold. By the inequality

kn

D12 < Ck2", it follows that (12) holds. Therefore, the condition (8) holds and we have the
1=1

following corollary.

Corollary 2.4 If

su?sgPiiZan XJ|">a) <o, (13)

and T
!@SEP ZZan X)|">a)=0, (14)

then s JEB
kl” Z(X EY,) —)0 asn— oo, (15)

3. Conclusion

Thus, we have stated and proved the weak laws of large numbers for randomly weighted sums (with
or without random indices) of sequences of negatively superadditive dependent random vectors in
Hilbert spaces.
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