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Abstract: Measurements of electrical conductivity have been used for the geological material
characterizations due to their sensitivity to various parameters of porous materials. It is one of the
most used geophysical methods in geological, geotechnical, and environmental issues. In this study,
we develop a theoretical model for predicting the electrical conductivity of porous media under water-
saturated conditions using a similarly skewed pore size distribution. The proposed model is related
to the electrical conductivity of the pore fluid, the specific electrical conductance and the
microstructural parameters of a porous medium. The model predictions are successfully compared
with published experimental data as well as another model available in literature. The model opens up
new possibilities for prediction of the electrical conductivity of porous materials.
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1. Introduction

Measuring electrical conductivity of fluid saturated porous media is very important in geological,
geotechnical, environmental applications and in oil and mineral exploration [1, 2]. The reason is due to its
sensitivity to various parameters of porous materials such as porosity, water content or fluid composition.
Since the electrical resistivity of minerals in porous media (e.g., quartz and silica minerals) is normally very high
and their skeleton plays the role of an isolator. Electrical conduction in water saturated porous media mainly
occurs through the voids filled with water by movement of ions. Additionally, that can also take place in the
vicinity of solid mineral surfaces in contact with water and that is characterized by the surface conductance [3].
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In most porous and clay-free materials, the electrical conductivity o (S/m) of the saturated material for negligible
surface conductivity is described by an empirical relationship as [4]:

c=0,4" 1)

where ¢ is the porosity of porous material, o is the electrical conductivity of the pore water and m is
the cementation exponent that is supposed to be constant for a certain type of rock.

In addition, there exist many models in literature to predict o from oy with the knowledge of porous material
properties using different approaches such as the effective medium theory, the percolation theory, the cylindrical
tube model [5, 6]. Recently, fractal theory in porous media has been proven to be an effective means for studying
the transport phenomenon and analyzing the macroscopic transport properties of porous media. It has been
applied to derive electrical conductivity models but without consideration of the surface electrical conductivity
[7]. Therefore, the electrical conductivity models may not succeed to reproduce experimental data when the
electrical conductivity of water is low. Very recently, Thanh et al., (2019) used a bundle of capillary tubes model
with the fractal pore size distribution to obtain the electrical conductivity model for water saturated porous media
[8]. In addition, the surface conductivity has been taken into account in their model. The model predictions
were successfully compared with published experimental data. However, besides the fractal
pore size distribution, there are also other distributions for porous media in literature [9]. For example, the
similarly skewed pore size distribution (SPSD) was shown to be valid and successfully applied to obtain the
streaming potential coupling coefficient for porous media [10-12].

Therefore, in this work, we propose an electrical conductivity model of water saturated porous media based
on the SPSD. The proposed model is expressed in terms of electrical conductivity of the pore fluid, specific
electrical conductance and the microstructural parameters of a porous medium. The model’s sensitivity is firstly
checked. Then, the model prediction is compared with experimental data in the literature.

2. Model Development

In order to obtain the electrical conductivity at macroscale, we consider a representative elementary volume
(REV) as a cube with the length of L and the cross sectional area of the REV perpendicular to the flow direction
of Arev (Figure 1). The REV is conceptualized as a bundle of capillary tubes with the SPSD and the pore
structure with radii varying from a minimum pore radius rmin to @ maximum pore radius rmax. The number of
pores with radii between r and r + dr is given by [10, 11].

r—r

n(r)dr = D(—”“’X) 2
Finin — Fmax

where D and c are constants. For ¢ = 0, the capillary radii are uniformly distributed between rmi, and
rmax. When c increases, the pore distribution becomes skewed towards smaller capillary radii [10, 11].

If a capillary of a porous medium with the radius r and the length L. is filled with water, then the electrical
resistance R of the capillary is given by [13]:

2
1 _=#ro, 4 27rey 3)
R(r) L, L
where o is the electrical conductivity of the water and X is the specific surface conductance at the

interface between water and the solid surface of the capillary. As demonstrated in Figure 1, the length
of the capillary L. is always greater than the length L of the REV and related to L by [14]:

L, =z.L (4)

where z is the tortuosity of the porous medium.
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Figure 1. Porous media conceptualized as a bundle of capillary tubes.

The total resistance of the water-saturated REV (all water-filled capillaries in parallel) can be
obtained as:

— = I n(r)dr (5)

Combining eq. (2), eq. (3), eqgs (4) and 5) ylelds

i:r"jﬂ* rrio, +27zr25 of N~ o Cdr
Ro Tin Lr(r) Lr(r) r-min - rmax
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Lz (@+c)(2+c)(3+¢)
In addition, the total resistance R, can be written as
L
R, = 7
e Agey "

where ¢ is the electrical conductivity of the water saturated REV.
The porosity of the REV is defined as [12]:

VP
¢ = (8)
VREV
where V, is the total pore volume and Vrgev is the total volume of the REV. Hence, the porosity is
calculated as

I;zrzL,n(r)dr

§=" 9)
AREV L

Combining eq. (2) eqs (4) and (9) yields
j 2L, (r)(=dN)

Tmin
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Consequently, the following is obtained
7D r..—r.
Ay, = max__min 2r2 +2r 1+c)+r2 (1+c)(2+c 11
REV ¢ (1+C)(2+C)(3+C)[ max mm max( ) mln( )( )] ( )
Combining eq. (6), egs (7) and (11) yields
oy 290 M (3+C)+2r,,,(d+c)3+c
oo 0% 205 T (8+0)+ 2y (L4 OE+0) )
T t?o2r +2r v (L+c)+rZ (L+c)(2+¢c)

Eqg. (12) shows that the electrical conductivity of porous media under water saturated conditions
depends on the electrical conductivity of the pore water ow, the specific surface conductivity Xs and the
microstructural parameters of the porous medium (g, Fmin, max, C). EQ. (12) can be rewritten as
o po, N 22, 1 (3+c)+2a(l+c)(3+c) 13)
7’ 2 r_ 2+2al+c)+a’(@+c)(2+c)
where a is the ratio of the minimum pore radius to the maximum pore radius (o = I o/ Fmax)-
If the pore size distribution is unknown, the maximum radius r,,, can be estimated from the mean

grain diameter d of unconsolidated porous materials [8, 15] as

o = N12¢¢ Jliﬁf\/ 4(17i¢)_1} -

Additionally, tortuosity = can be estimated from porosity ¢ of porous media by [16]
7=1+0.51-¢). (15)

3. Results and Discussion
3.1. Model Sensitivity

To estimate the electrical conductivity of saturated porous materials based on eq. (13), one needs
to know the parameters o, ¢, 7, ¢, 'max, ow and 2s. Value a = 0.01 is normally used for granular materials
such as sand packs [8, 12]. Therefore, we use that value in this work. Values of ¢ and z are normally
given for a specific porous material. VValue of ¢ was reported to be 28 for granular materials [12]. The
maximum radius rmax can be estimated via eq. (14) with the knowledge of material properties (d and
#). The tortuosity is determined from eq. (15). The electrical conductivity of water saturated porous
materials is then determined from eq. (13) for given values of o and 2.

Figure 2 shows the variation of & with the rmax predicted from eq. (13) for representative values of
o = 0.01, ow=3.0x10"° Sm?, Zi= 0.5x10°° S and ¢ = 0.4. Note that tortuosity z is estimated from eq.
(15) with ¢ = 0.4. It can be seen that the electrical conductivity of porous media decreases with
increasing maximum pore radius and approaches the constant value when rmax exceeds a certain value.
The reason is that the surface electrical conductivity is negligible for large value of rmax and therefore,
the electrical conductivity of porous media does not depend on rmax as shown by eq. (13).



N.V. Nghia et al. / VNU Journal of Science: Mathematics — Physics, Vol. 37, No. 2 (2021) 13-21 17

Yy
ol

ity
ol

-
ol
w

Rock electrical conductivity (S/m)

10

10 10 10°

Maximum pore radius (m)

L
5

10 10

Figure 2. The variation of the electrical conductivity of a porous material with the maximum pore
radius predicted from eq. (13) for a = 0.01, gw= 3.0x10° Sm, X;= 0.5%10° S and ¢ = 0.4. Tortuosity t is
estimated from eq. (15).

Figure 3 shows the comparison between the Archie model given by eq. (1) and the proposed
model given by eq. (13) for a sample of glass beads in which ¢ and m are stated to be 0.4 and 1.5,
respectively [17, 18]. Since the Archie model does not take into account the surface electrical
conductivity, we set 25 = 0 in eq. (13) for the comparison. It is seen that the proposed model provides a
very good agreement with the Archie model.
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Figure 3. The variation of the electrical conductivity of a saturated porous material o with fluid electrical
conductivity ow predicted from the Archie model and the proposed model.
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3.2. Effect of the Pore Water Electrical Conductivity
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Figure 4. Electrical conductivity of different packs of glass bead versus the electrical
conductivity of the pore fluid. The symbols are obtained from [17]. The solid lines are
from the proposed model presented by eq. (13) with parameters given in Table 1.

Figure 4 shows the dependence of the electrical conductivity of saturated porous rocks as a
function of the pore fluid electrical conductivity for six glass bead packs of different grain diameters
experimentally obtained from [17] (see symbols) and the prediction from the model presented by eq.
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(13) (see solid lines). Mean grain size of six glass bead packs denoted by S1, S2, S3, S4, S5 and S6 are
56, 93, 181, 256, 512 and, 3000 um, respectively. The measured porosity of the packs was reported to
be ¢ = 0.40 irrespective of the size of the glass beads (Boléve et al.) [17]. By fitting the experimental
data shown in Figure 4, the surface conductance is found to be 2 = 0.5x10 S for all samples, which is
in the range reported in literature [8] for glass-water systems. Table 1 sumarizes the sample properties
and parameters for the prediction. The results show that the model prediction is in very good agreement
with the experimental data. As seen in Figure 4, at high fluid electrical conductivity there is a linear
dependence of o on ow. The reason is that at high fluid electrical conductivity or large grain size, the
surface electrical conductivity is negligible as indicated by eq. (13). Therefore, the electrical
conductivity of saturated porous samples o is linearly related to the fluid electrical conductivity ow.

Table 1. The parameters used in the proposed model to compare experimental data from different sources.
Symbols of d (um), ¢ (no units), a (N0 units), cw (SM™) X5 (S) and ¢ stand for the grain diameter, porosity, ratio of
minimum and maximum radius, fluid electrical conductivity, specific surface conductance and a constant in eq.
(2), respectively.

Sample d (um) ) (no | a (no units) | ow (SM?) | 2 (S) c (no | Source
units) units)
S1 56 04 0.01 10%t00.1 | 0.5x10° 28 [17]
S2 93 04 0.01 10%t00.1 | 0.5x10° 28 [17]
S3 181 04 0.01 10%t00.1 | 0.5x10° 28 [17]
S4 256 04 0.01 10%t00.1 | 0.5x10° 28 [17]
S5 512 04 0.01 10%t00.1 | 0.5x10° 28 [17]
S6 300 04 0.01 10%t00.1 | 0.5x10° 28 [17]
sSw 106 0.34 0.01 10*to1 1.0x10° 28 [19]
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Figure 5. Electrical conductivity of a porous sample versus the electrical conductivity of the fluid. The symbols
are obtained from [19]. The solid line is predicted from the proposed model indicated by eq. (13) with parameters
givenin Table 1.

The variation of o with a, for another saturated sand pack (denoted by SW) obtained from [19] is
also shown in Figure 5 (see, symbols). The solid line is predicted from the proposed model with the

parameters given in Table 1 in which the mean diameter of grains of a sand pack was deduced from
[20].
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d = 20/8kF (16)

where 6 is the theta transform (unitless) and equal to 3.436 for spherical grain samples, k and F are the
permeability and formation factor of porous samples, respectively (k = 6.16x10*2 m? and F = 4.9 for
the sample SW as reported in [19]). Therefore, d is calculated to be 106 um. It is seen that the model
also provides a good agreement with the experimental data reported by [19].

4. Conclusion

In this work, a theoretical model for estimation of electrical conductivity of saturated porous materials has
been developed. The model is derived assuming that the porous media can be represented by a bundle of tortuous
capillaries with the similarly skewed pore size distribution. The proposed model is related to electrical
conductivity of the pore fluid, specific electrical conductance and the microstructural parameters of a porous
medium (d, ¢, a, ¢). The model’s sensitivity is firstly checked. It is then compared with the Archie model and
experimental data available in literature. It is seen that there is a very good agreement between them. This simple
analytical model opens-up new possibilities for prediction of the electrical conductivity of porous materials.
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