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Abstract: Effect of dopant on structural and electrical properties of samarium-doped ceria (SDC) 

electrolyte  was investigated using statistical moment method. Our results showed the lattice 

expansion due to doping and local distortion resulting from preferential distribution of oxygen 

vacancies around dopants. The ionic conductivity of SDC crystals is in more than three orders of 

magnitude larger than that of pure ceria. However, the presence of dopant in cation edge and the 

first nearest neighbor positions around migrating vacancy gives rise to the blocking and trapping 

effects on the vacancy transport. The maximum value of the ionic conductivity was found for the 

samples with  the dopant concentration x = 0.15. These results can be compared to the one of the 

published data of boththe  theoretical and experimental investigations 
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1. Introduction  

Solid oxide fuel cells (SOFCs) is an electrochemical conversion device that produces electricity 

directly from the oxidation of hydrogen or hydrogen-rich fuels in environmentally benign way [1, 2]. 

SOFCs provide the clean energy with high efficiency, notably fuel flexibility and therefore become 

one of the most promising technologies for future applications related to energy conversion and 
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storage. For efficient performance, SOFCs require electrolytes with a large oxygen ion conductivity. 

For the traditional SOFCs with 8 mol% yttria-stabilized zirconia (YSZ) as a standard electrolyte 

material, to fulfill the requirement of oxygen ion conduction, the operation temperature can be as large 

as around 1000oC [3]. However, the high operating temperature will lead to thermal degradation, 

thermal expansion mismatch, and reaction between the cell components and thus lower useful lifetime 

of SOFCs [4]. So far, ceria doped with rare earth elements like Sm, Nd, Gd, etc. as alternative solid 

electrolytes for YSZ has a large ionic conductivity at the low and intermediate temperatures [5]. 

Among the ceria-based electrolytes, samarium-doped ceria (SDC) was reported to have the  largest 

conductivity at the same dopant concentration [6]. 

 Experimentally, the structural and electrical properties of SDC crystals were determined at a wide 

range of temperatures and the various dopant concentrations using X-ray diffraction combined with 

conventional d.c. four-probe measurements [7], open circuit voltage [8], direct current polarization 

[10], and impedance spectroscopy [9, 11] measurements with strikingly different results. The lattice 

constant increased sharply with the dopant concentration x [8,11] and the solubility limit of samarium 

in a fluorite lattice was found as 0.4 < x < 0.6 [7]. The dependences of the ionic conductivity on the 

temperature, dopant content [7, 8, 11], oxygen partial pressure [10], elastic lattice strain [9], and the 

role of the grain boundary conductivity were evaluated in detail [11, 12]. The ionic conductivity was 

measured as a nonlinear function of the dopant concentration and the maximum value obtained at x = 

0.2 [7], x = 0.15 [8], x = 0.1 [9, 12], x = 0.07 [11] in the temperature range of 400 oC-900 oC. These 

results were scattered widely because they were highly dependent on the synthesis preparation of 

samples and measurement techniques. On the computational side, the electrical property of SDC 

crystals was investigated basing on two contributions on ionic conductivity: i) The vacancy migration 

energy across the common edge of two adjacent tetrahedra containing cations; and ii) The association 

energy between oxygen vacancy and dopant [13-15]. Combining Metropolis and Kinetic Monte Carlo 

(KMC) simulations, Grieshammer et al., [13] suggested an increase in the migration energy with the 

increasing number of Sm3+ ions in the common cation edge of two adjacent tetrahedra. Using the 

density functional theory (DFT), Fu et al., [14] showed that the samarium concentration could play an 

important role in the activity of vacancy migration and the association between oxygen vacancy and 

dopant. Nevertheless, employing simulations and DFT method require heavy computational 

workloads. Using extrapolation method, the calculated lattice parameter had some errors due to 

linearly fitting the apparent lattice parameter and 2
cos   [16]. Furthermore, the trapping effect for the 

vacancy migration has not been fully evaluated to understand the existence of maximum value in ionic 

conductivity of SDC crystals. 

Lately, the statistical moment method (SMM) has been developed to gain insight into the diffusion 

and electrical properties of yttria-doped ceria (YDC) and yttria-stabilized zirconia (YSZ with fluorite 

structure [17, 18]. The explicitly analytic expressions of the vacancy migration and dopant-vacancy 

association energies were derived from the Helmholtz free energy. In this study, we consider the 

structural property of SDC crystals related to the lattice strain resulting from Sm-doping and the 

association between oxygen vacancy and dopant. The role of dopant on the electrical property of SDC 

crystals is highlighted through the blocking and trapping effects for the vacancy hopping. The dopant 

concentration dependence of the ionic conductivity is evaluated in detail. This study provides more 

insight into the atomistic level picture of the influence of dopant on the structural and electrical 

properties of SDC crystals. 

2. Theory 

 Pure ceria CeO2 itself is not a good ionic conductor. Doping of CeO2 with Sm2O3 generates the 
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numerous oxygen vacancy to satisfy the charge neutrality of the crystalline lattice. The oxygen 

vacancy formation in SDC crystals is described in Kröger-Vink notation as follows [13] 
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where , ,x y  or z , iu   denotes  -Cartesian component of the ionic displacement of ith ion, 
Ce

io


(or 
Sm

io
  or 

O

io
 ) is the interaction potential between 0th and ith Ce4+ (or Sm3+, or O2-) ions, and m is the 

average atomic mass. 

       The thermal expansion of Ce1-xSmxO2-x/2 crystal is determined through the average nearest-

neighbor distance (NND)  1
r T  between two intermediate ions at the temperature T 
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with  1
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from the equilibrium position. Using the SMM, one can determine these displacements taking into 

account the anharmonic effects of the lattice vibrations by 

                        
2

0 3

2

3

Ce Ce

Ce

Ce

y T A
k

 
 ,           

2

0 3

2
,

3

Sm Sm

Sm

Sm

y T A
k

 
                                            (7)  



D. T. Hai et al. / VNU Journal of Science: Mathematics – Physics, Vol. 38, No. 1 (2022) 65-75 68 

   
2 2 2 2

0 3 4 2

2 61 1 2
1 1

3 3 3 3 27

O O O O

O O

O O O O O

y T A X
k K K k k

      

 
      

  
   
   

,                     (8) 

with the parameters ,
Ce Sm

A A  and 
O

A  are determined as Ref. [21]. 

Because Ce1-xSmxO2-x/2 crystal is built by substituting 
Sm

N  ions Sm3+ into the positions of Ce4+ ions 

of CeO2-x/2 crystal, the Helmholtz free energy of Ce1-xSmxO2-x/2 crystal has an approximate form as  
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with 
2 /2xCeO 

 is the total Helmholtz free energy of CeO2-x/2 crystal that is determined through the 

Helmholtz free energies of Ce4+ and O2- ions [19-21], 
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  is the Helmholtz free energy of Sm3+ ions 

in Ce1-xSmxO2-x/2 crystal, and 
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S  is the configuration entropy. Based on the moment expansion analysis 

in quantum statistical physics [19,21], the Helmholtz free energies of Ce4+ and O2- ions in CeO2-x/2 

crystal, and the Helmholtz free energy of Sm3+ ions in Ce1-xSmxO2-x/2  crystal are given by  
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here, 
B

k  is Boltzmann constant, 
0
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U , 

0
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U , 

0

O
U  are the total interaction potentials of Ce4+, Sm3+, and 

O2- ions at the equilibrium position, respectively. The total interaction potentials of Ce4+ and O2- ions in 

CeO2-x/2 crystal including the presence of oxygen vacancies can be determined as [18] 
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The total interaction potential of Sm3+ ions is strongly impacted by the distribution of oxygen 

vacancies around Sm3+ ions in Ce1-xSmxO2-x/2 crystal. Due to the association between oxygen vacancy 

and dopant [13,14], the oxygen vacancies are preferentially located at the first nearest neighbor (1NN) 

or the second nearest neighbor (2NN) sites relative to Sm3+ ions. Based on probability theory, we find 

the expressions of total interaction potentials of Sm3+ ions in Ce1-xSmxO2-x/2 crystal in these two 

situation as: 
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2.2. Ionic Conductivity 

      The ionic conduction of Ce1-xSmxO2-x/2 crystal with fluorite structure is explained due to the oxygen 

vacancy-oxygen ion exchange occurred at the vacant sites on anion sub-lattice. The ionic conductivity 

can be straightforwardly computed by [18]: 
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where the pre-exponential factor 
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where 
1
r  is the nearest distance between two lattice sites containing O2- ions, 

1
n  is the number of O2- 

ions at the 1NN positions to the oxygen vacancy, f  the correlation factor, 
O

  is oscillation frequency 

of O2- ions around their equilibrium position, 
f

v
S  is the entropy for the formation of an oxygen 

vacancy [22] and 
a

E  is the  activation energy for vacancy migration in the crystaline lattice. Due to 

doping, the activation energy is the sum of the oxygen vacancy-dopant association energy 
ass

E  and the 

vacancy migration energy 
m

E [15] 
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      The oxygen vacancy-dopant association energy can be considered as the energy change of the 

crystal containing the oxygen vacancies and Y3+ ions at the associated state and that containing the 

oxygen vacancies and Y3+ ions at the isolated state. In the previous studies [17, 18], we constructed the 
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with the chemical formulas as Ce Sm O
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where the Helmholtz free energies of these systems are calculated based on  Eqs. (9) - (12).  

     The saddle point B is the midpoint between the initial A and final B positions after vacancy 

migration (Figure 1).  

  

Figure 1. The hopping of an O2- ion from lattice site A, across saddle point B and occupies an adjacent vacant 

site C. The oxygen ions and oxygen vacancies are red and white circles, respectively. 

The vacancy migration corresponds to the movement of an O2- ion in the opposite direction. Then  

the vacancy migration energy between adjacent oxygen lattice sites is determined as the free energy 

difference of the crystalline lattice at two states: after the oxygen moving to the saddle point (called saddle 

point state) and before the oxygen transporting from the lattice site (called as initial state) [17, 18]. 
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where 
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) are the interaction potentials between the diffusing oxygen ion at sites A, B 
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site B and surrounding O2- ions. Notably, Eqs. (23) - (25) are sensitive to the configurations of the 

nearest neighboring cations around A and B sites. As a result, the migration energies according to 

these different configurations can be derived.                                                               

3. Results and Discussion  

     The interaction between ions in Ce1-xSmxO2-x/2 crystal is described by pure Coulomb potential and 

Buckingham potential including the short-range interactions [23] 
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where 
i

q , 
j

q  are the charges of the i-th and j-th ions, r is the equilibrium distance between them, and 

ijA , ijB , ijC  are adjustable parameters extracted from simulation calculations (listed in Table 1). 

                    Table 1. The parameters of the Buckingham potential in Ce1-xSmxO2-x/2  crystal [23]. 

Interaction ij
eV/A

 

o

ij
A/B

 

o
6

ij
A/ .eVC

 
O2- - O2- 9547.96 0.2192 32.00 

Ce4+ - O2- 1809.68 0.3547 20.40 

Sm3+ - O2- 1944.44 0.3414 21.49 

     The lattice parameter of SDC crystals can be derived from Eq. (6) based on the relation between 

the size  a T  of unit cell and the NND  1
r T  being    1

4 / 3a T r T . In Fig. 2, the lattice 

parameter of SDC crystals at the room temperature is plotted as a function of dopant concentration. 

The calculated lattice parameter is little larger than that of CeO2 crystal (x = 0) and increases linearly 

with an increase in the dopant concentration until its solubility limit (x = 0.4). 

 

Figure 2. The lattice parameter at various dopant concentrations. The theoretical [24]  

and experimental [8, 25, 26] results are presented for comparison. 

The lattice expansion due to Sm-doping is attributed to the larger radius of Sm3+ ions (1.09 
o

A ) 

than that of Ce4+ ions (0.97 
o

A ). As it can be seen from Fig. 2, our theoretical calculations are in good 
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accordance with the experimental results [8, 25, 26]. The lattice parameters obtained  by X-ray 

diffraction [25, 26] increase rapidly with the increasing dopant concentration at x   0.2 but change 

more slowly as the dopant concentration approaches its solubility limit, x = 0.4. Experimentally, the 

dissolution of Sm2O3 in the fluorite lattice is limited and consequently, the replacement of Ce4+ ions by 

Sm3+ ions occurs more difficult at the high dopant concentration. The first-principles results by  Fu et 

al. [24] have larger values than the SMM results due to their models without oxygen vacancies.  

  Table 2 presents the vacancy-dopant association energies at the 1NN and 2NN positions around 

Sm3+ ion. The negative signs of the association energies indicate that the oxygen vacancies can be 

trapped at the 1NN and 2NN sites. However, the absolute value of 
1NN

ass
E  is little larger than that of 

2 NN

ass
E . This reveals that the oxygen vacancies prefer to be located at the 1NN site to Sm3+ ions. The 

associations between oxygen vacancies and Sm3+ ions are formed by the electrostatic attraction and the 

elastic interaction arising from the size mismatch of dopants compared to the host lattice [27]. Then 

the preferential distribution of oxygen vacancies can be the consequence of the delicate balance 

between electrostatic and elastic interactions in the crystalline lattice. Using DFT and KMC 

simulations, the results of vacancy-dopant association energies [13] and those of vacancy formation 

energies [28] at the 1NN and 2NN sites confirm the favorable distribution of oxygen vacancies around 

Sm3+ ions. The inhomogeneous distribution of oxygen vacancies causes the local distortion of the 

crystalline lattice. 

Table 2. The vacancy-dopant association energies at 1NN and 2NN sites around Sm$^{3+}$ ion. 

Method 
1NN

ass
E (eV) 

2 NN

ass
E (eV) 

SMM -0.1981 -0.128 

DFT + MC [13] -0.225 -0.135 

  Due to the reduced distance, the cation configuration at the 1NN sites around the saddle point B can 

impact strongly on the vacancy migration. There exist three possible types of cation configurations 

corresponding to three cation edges, namely, Ce4+-Ce4+, Ce4+-Sm3+, and Sm3+-Sm3+ (Figure 3).   

 

Figure 3. Possible migration edge configurations around the diffusing vacancy-oxygen ion pair  

in two-dimension plane. The blue and pink circles denote Ce4+ and Sm3+ ions, respectively. 

The oxygen vacancies can jump into the adjacent sites containing oxygen ions by crossing these 

cation edges. The results of the migration energies across the cation edges are presented in Table 3. 
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One can see that the migration energy increases with the increasing dopant amount in the cation edge. 

The oxygen vacancy can migrate easily across the edge Ce4+-Ce4+ without any dopant, while the 

number of available oxygen diffusion pathways is reduced by forming high energy Ce4+-Sm3+ and 

Sm3+-Sm3+ edges. The blocking effect is attributed to the narrow  space for vacancy movement due to 

the large size of Sm3+ ions and the vacancy-dopant association. The influence of Sm3+ ion on the 

vacancy transport across the cation edge was also reported by the DFT and KMC methods [29, 30] at 

the different temperatures and dopant concentrations.  

Table 3. The energies for vacancy migration across the cation edges. 

Method Ce4+-Ce4+ (eV) Ce4+-Sm3+ (eV) Sm3+-Sm3+ (eV) 

SMM 0.315 0.563 1.252 

DFT + KMC [29] 0.527 0.696 1.1 

DFT [30] 0.75 0.95 1.19 

 

       To understand the influence of vacancy-dopant association on the vacancy migration, we have 

calculated the Helmholtz free energies of crystalline lattice at the initial and final states with the 

different locations of Sm3+ ion at the 1NN sites around the migrating vacancy (Fig. 4) and then derive 

the migration energies. The cation configuration in Fig. 4a has a Sm3+ ion in the 1NN sites around the 

diffusing vacancy-oxygen ion pair. Our calculations show that the initial and final states have the same 

free energy. Indeed, the oxygen vacancy-oxygen ion exchange did not change the ionic configuration 

of the crystalline lattice. Hence, this configuration possesses the symmetric energy profile. However, 

more dopants reside in the 1NN sites around the diffusing vacancy (Figs. 4b and 4c) then the free 

energies at the final state are larger than those at the initial state. 

 

Figure 4.  The trapping effect for the oxygen vacancy migration and the symmetric (a)  

and asymmetric (b), (c) energy profiles. 

Consequently, the profiles in these situations become energetically asymmetric. The calculated 

migration energies with three configuration are 
1

m
E  = 0.563 eV, 

2

m
E = 0.669 eV, and 

3

m
E = 0.778 eV. 

The substitution of Ce4+ ions by Sm3+ ions at the 1NN sites around the oxygen vacancy generates the 

strong associations between the oxygen vacancy and Sm3+ ions at the shortest distance. These 

associations can deeply trap the oxygen vacancies and hinder the diffusion process.  
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Figure 5. The dopant concentration dependence of ionic conductivity at T  = 1073 K. 

      Figure 5 shows the curves  of the ionic conductivity  vs. the dopant concentration for a temperature 

of T = 1073 K. The ionic conductivity of SDC crystals exhibits an enhancement of roughly three 

orders of magnitude in comparison with that of CeO2 crystal (x = 0). The ionic conductivity increases 

and then decreases with an increase in dopant concentration. The maximum value in ionic 

conductivity obtains at the dopant concentration x = 0.15. Initially, the number of oxygen vacancies is 

enhanced due to the increasing dopant concentration and consequently, the ionic conductivity increases 

quickly. However, after reaching a maximum value, it reduces due to the blocking and trapping effects on 

the vacancy migration. The high dopant concentration can lead to the creation of the high energy Ce4+-Sm3+ 

and Sm3+-Sm3+ edges and the strong associations between migrating vacancy and Sm3+ ions at the 1NN 

sites. The SMM results are consistent with experimental observations [8, 31, 32]. However, the calculated 

results are somewhat larger than most of the experimental results. This difference is attributed to neglecting 

the role of the oxygen vacancy-oxygen vacancy interaction in our study and the restriction on vacancy 

migration along grain boundaries in polycrystalline samples. 

4. Conclusion  

       In this study, we have extended the SMM model to investigate the dopant effect  on the structural 

and electrical properties of SDC crystals. The expressions of the average nearest-neighbor distance 

between two intermediate ions, the Helmholtz free energies of crystalline lattice at the different states 

are derived in closed analytic forms. The substitution of Ce4+ ions by Sm3+ ions leads to the lattice 

expansion and the local distortion of the crystalline lattice is the consequence of preferential 

distribution of oxygen vacancies at 1NN sites around dopants. Due to doping, the ionic conductivity of 

SDC crystals is in more than three orders of magnitude larger than that of undoped CeO2 crystals. At 

high dopant concentration, the presence of Sm3+ ions in the cation edges and 1NN sites around the 

diffusing vacancy gives rise to the blocking and trapping effects on the vacancy migration. The ionic 

conductivity is a nonlinear function of the dopant concentration and reaches the maximum value at x = 

0.15. Our calculation results are in agreement with the data published in both the theoretical and 

experimental works. 
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