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Abstract: We consider a class of multi-dimensional stochastic differential equations driven by
fractional Brownian motion with Hurst index H > % In particular, the drift coefficient blows up at

0. We first prove that this equation has a unique positive solution, and then propose a semi-implicit
Euler approximation scheme for the equation, and finally show that it is also positive, and study its
rate of convergence.
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1. Introduction

Let B = (BE, ..., BH) be a m-dimensional fractional Brownian motion (fBm in short) with the
Hurst parameter H € (0,1) defined in a complete probability space (Q, F,P). That is, B¥ is a centered
Gaussian process with the covariance function E(Bf (s)Bf' (t)) = Ry (s, t)6;;;i,j = 1, ..., m where

1
Ry(s,t) = E(tZH + 521 — |t — 5|21).

Notice that if H = % the process B¥ is a standard Brownian motion. Fractional Brownian motion

has the following self - similar property: for any constant a > 0, the processes {a’’ B¥(t),t > 0} and
{B" (at, t = 0} have the same distribution. Fractional Brownian motion has stationary increments, i.e.
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BH(t) — BH(s) and BH (t — s) have the same distribution. But if H # % fBm does not have independent

. .y - . . . 1
increments. Moreover, it is neither a semimartingale nor a Markov process for H # >

Set X(n) = B¥(n) — BH(n—1),n > 1. Then {X(n),n = 1} is a Gaussian stationary sequence
with covariance function

pu(n) = %((n + 1)2H + (n — 1)%H — 2n%H,

Then
lim pu(n) _
n-o H(2H — 1)n?H~2
Therefore, if H >% then the increments of the corresponding fractional Brownian motion are
positively correlated and exhibit the long range dependence property (3n=1 oy (n) = o). The case H <
% corresponds to negatively correlated increments and the short range dependence (3 ,=1 |py(n)| < ).

In [1-3], the real financial models are often characterized by the so- called "memory phenomenon". So,
this property makes the fractional Brownian motion a suitable model for many applications.

1.

We recall a result on the modulus of continuity of trajectories of fractional Brownian motion
(see [4]).

Lemmal.l. Let B = {BH(t),t > 0} be a fractional Brownian motion of Hurst parameter H € (0,1).
Then for every 0 < e < H and T > 0 there exists an event 2. < 2 with P(2.r) = 1, and a positive

random variable 7 - such that E(|n6,T|p) < oo forall p € [1,) and for all s,t € [0, T,
|B(t,w) — BH (s, w)| < ner(w)|t —s|¥7¢, forany w € Q.
As a consequence, the process B has B - Holder continuous paths for all 5 € (0, H).

In this work, we fix % < H < 1. We consider a d-dimensional process Y = (Y (t))o<¢<r Satisfying
the following SDEs,

ay;(t) = <% + bi(t,Y(t))> dt + Y72, 0;dBf' (), 0 <t <T, (1)

where Y(0) = (¥;(0), ...,Y4(0)),Y;(0) > 0 for each i =1,...,d, and BY = (B!, ...,BH) is a m-
dimensional fractional Brownian motion with the Hurst parameter H € G 1) defined in a complete

probability space (Q,F,P) with a filtration {F.t € [0,T]} satisfying the usual condition.

Our motivation to study Eg. (1) comes from mathematical finance. In [5], Cox, Ingersoll and Ross
introduced the so-called CIR process r = (r(t),t = 0), which is a solution of the following stochastic
differential equation (SDE)

t t
r(t) =r(0) +_[0 (k —ar(s))ds +_[0 o\r(s)dW;, ,r(0),k,a,0 >0,

where W is a Brownian motion. This process has been widely used in mathematical finance to model
the short term interest rates and the log-volatility in the Heston model. Recently, Gatheral, Jaisson, and
Rosenbaum [6] stated that the log-volatility is very well modeled by a fractional Brownian motion. This
fact raises the question of developing a fractional generalization of the classical CIR process. There have
been many approaches to this problem. For example, Euch and Rosenbaum [7] constructed a fractional
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CIR process via the rough limit of Hawkes processes. In [8], Mishura and Yurchenko-Tytarenko
introduced a fractional Bessel type process

dy(t) = —( o ay(t)) dt += adBt , Yo >0, (2)

where BH is a fractional Brownian motion with Hurst parameter H > % and then showed that x(t) =
y?2(t) satisfied the SDEs
dx(t) = (k — ax(t))dt + a./x(t) o dBE, t = 0,

where the integral with respect to fractional Brownian motion is considered as the path-wise Stratonovic
integral. They also proposed an explicit Euler approximation for y. It is worth mentioning that even
thought the exact solution y = (y(t))¢=o never hits zero, its explicit Euler approximation will hit zero
with a positive probability. In [9], Hong et al. introduced a backward Euler scheme to Eg. (2) and show
that the scheme strongly converges at the rate of order 1. In this work, we first show that if b is of linear
growth and Lipschitz continuous with respect to for all i = 1,...,d and t € [0, T]. Next, we propose a
semi-implicit Euler approximation Y™ for Y and show that it converges at some rate, which depends
on H and the regularity of b with respect to the time variable, in the path-wise sense. Under a further
assumption on the nonnegativity of b;, we show that the approximation converges in L?-norm. A good
feature of our approximation is that it is also positive. There are many works on the approximation of
multidimensional fractional SDEs, see [10, 11] and the reference therein. However, these papers only
deal with fractional SDEs with smooth coefficients. Note that the singular coefﬁuents = make the
system difficult to deal with. To the best of our knowledge, this is the first paper to dISCUSS the
approximation for multi-dimensional fractional SDEs with singular coefficients.

The remainder of the work is organized as follows: The existence and unigqueness of solution Section

3. In Section 4 we introduce an Euler approximation for (1) and study its rate of convergence. A
numerical study is presented in Section 5.

2. The Existence and Uniqueness of the Solutions

Fixl-H<a< %and d € N*. Let's denote by Wy"* (0, T; R?) the space of measurable functions

f:[0,T] » R¢ such that
o “If ) - fG)I o
I f "a,oo- - t:H),r’;"] <|f(t)| + 0 |t _ S|a+1 dS> <

For any u < v, let C(u, v; R?*) denote the Banach space of continuous functions f: [u, v] - R¢
equipped with the supremum norm
I f lup,e=sup{lf (M| u <r <v}
Let CP (u, v; R%) denote the space of Holder continuous functions of order § on [, v]. For any f €
CP (u, v; R%) the Holder norm of the function £ is defined as follows
{lf(S) — ()]

= ,dUuss<t<swy.
I f N T |
For a vector y = (yy, s, ..., V) € R, we define |y|? = Y%, y2. We fix a constant T > 0 and

consider Eq. (1) on the interval [0, T]. Throughout this work, we suppose that k; > 0 foralli =1, ..., d,
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the coefficients b;: [0, +o0) x RY - R are mesurable functions, and there exist positive constants
L, Ly, L such that the following conditions hold:

(Al) b;(t,x),i =1, ...,d are globally Lipschitz continuous with respect to x, that is,
supdlbi(t, x) — bi(t,y)| < L|x -y,

i=1,..,
forall x,y e R%and t € [0,T];
(A2) b;(t,x),i =1, ...,d are linearly growth with respect to x, that is,
_stdIbi(t, )| < Lo(1+ |x]),
i=1,...,

forallx e R%and t € [0, T];

(A3) There exists & € (0,1] such that sup;—1 __q|b;(t,x) — b;(s,x)| < Lq|t — s|%,
forall x € R, t,s € [0,T].

We denote max{a, b} and min{a, b} by aVv b and a A b, respectively. For each n € N and x =
(X1, eer Xq),

k; —kn
(n) _ i i
ﬁn (S,X)—xiVn_l‘Fbi(S,X)V 4 .

We consider the following fractional SDE
t
?ﬁ%ﬂ=nmyu;ﬁ“@yW@Dw+2ﬁlqﬂﬁwutemJL
Y;(0) > 0 foralli =1,...,d.
Lemma 2.1. Under the assumptions (Al), (A2), Eq. (3) has a unique solution Y™ €
1° (0,7, ;W (0, T; RY) ) and for P - almost all w € 0

@)

YO (,.) = (Y (w,. e c1«(0, T; RY).
(@)= (¥"(@.) €c(0,T;R?)
Moreover,

EIY®|; , < o0,¥p = 1.

Proof. Using the estimate |[avc—bvc| <|a—b| and assumptions (Al), (A2), it is
straightforward to verify that

fi(n)(t, x) — fi(n)(t,y)| < (k;n? + L)|x — y|, forallx,y € R4, and t € [0,T],
and
|fi(n)(t, x)| < Zkin + Lo (1 + |x]).

Hence it follows from Theorem 2.1 in [12], Eq. (3) has a unique solution Y™ g

L0 (9,7, P; W,"(0,T; R%)) and for P - almost all w € 0
Y™ (w,.) = (Yi(n)(w,.))Xm e c1=(0,T; R%).
Moreover
E[ly®]7 < oo,vp21. |

Now, we set
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lnf{t €[0,T]: mm |Y( )(t)l }/\T

In order to prove that Eg. (1) has a unique solutlon on [0, T we need the following lemma.

Lemma 2.2. The sequence T, is non-decreasing, and for almost all w € Q, t,(w) = T for n large
enough.

Proof. We will adapt the contradiction method in [8]. It follows from Lemma 1.1 that for any € €
(O, H — %) there exists a finite random variable n. r and an event Q. r € F which do not depend on n,
such that P(Qr) = 1, and
sup 12721 0ii(Bf(t, ) = Bf' (s, @))| < ner(w)lt — 51775, (4)
<i<
for any w € Q.r and 0 < s <t < T. Assume that for some wg € Q¢ 7, 7,(wo) < T for all n € N,
Thanks to the continuity of sample paths of Y™ it follows from the definition of ,, that there exists an
index iy € {1, ..., d} such that Yl.f]")(rn(wo),wo) = % Set

2
kn(@0) = sup{t € [0, 1y ()] ¥ (6, 00) = =}

We have % < Yif)”)(t, W) < % forall t € [k, (wg), Tn(w()]. In order to simplify our notation, we
will omit w in brackets in further formulas. We have

1 m
Yign) (Tn) - Yif)n) (Kn) = _E = -L f(n) (S Y(n) (S) dS Z lo] BH(Tn) B (Kn))

This implies
|27 03 (B () = Bf(e))| =

Note that for all s € [k, T,]
ki,
—  4p (s;Y™(s)) Vv
Yign) (s)Vn-1 io )

1 n ki —kiyn
~+ f}fn (—0 + by, (s, YW () v T°> ds‘. (5)

(n) _
Yi0 (s)yvn—1

Lo 0

vy =4
Yio (s) 4 4

—kion S k; ki n S kion

2

Thus foralln > ny = Ming<i=q¥:(0)

, it follows from (5) that

m

> 01y (Bl'ta) = B ()| 2 k).
j=1
This fact together with (4) implies that
Ner|tn — Kpl?7€ = %+ ki:n (tn —Kp), foralln >ng (6)

Applying Holder's inequality, for any x > 0, it holds
H-e€ 1-H
kionx + 1 ki, ( 1 ) T n2(H-€)—1, H—€
4 4(H —€) 1-H+e '
Then it follows from (6) that
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k; H-e 1 1-H+e
et = <4(H - e)> (1 —H+ e) n*97, foralln 2 n.

This is a contradiction since 2(H —€) —1 >0 forany € € (O,H - %) Therefore 7,,(wy) = T for

n large enough. O

Lemma 2.3. If (Y(t))o<t<r IS @ Solution of Eqg. (1) then Y;(t) > 0 for all t € [0, T] almost surely.
Proof. Assume that for some w, € Q and iy € {1, ...,d}, infie[oY;, (¢, wo) = 0. Denote M =

supeefo,r)|Y (¢, )| and 7 = inf{t: Y; (¢, w,) = 0}. For each n>1, we denote v, = sup{t <7 :
Y, (t, o) = —} Since Y has continuous sample paths, 0 <v, <7 <T and Y; (t,w,) € ( ) for all
t € (vp, 7). Note that

ACE AR | ( k() b )ds+2 i (B (@) = Bf' ).

It n > 228 then [b; (s, Y (s, 0))| < Lo(1+ Y (5, w0)[) < Lo(1 + M) < l, and

io

kl0

|21 01y (B (2, 00) = B (v, 00))| = 7 + 222 (7 = viy). (7)

Using the same argument as in the proof of Lemma 2.2 we see that the mequallty (7) fails for all n
large enough. This contradiction completes the lemma. O

Theorem 2.4. For each T > 0 Eq. (1) has a unique solution Y € WS"“’(O, T; Rd). Moreover the
solution is (1 — a)-Hdlder continuous and

ENlY I} o< oo,vp>1.
Proof. We first show the existence of a positive solution. From Lemma 2.2, there exists a finite
random variable n, such that Y(")(t) 2 — > 0 almost surely forany t € [0,T] and i = 1, ..., d. Since

|x VT| < |x|, forall n > ny we have

m

t
< |Y;(0)| + nok;T + sup Z o;;Bf (s) +f |bi(s, Y (s))|ds
S€E[0,T] = 0

Thanks to condition (A2),

Lo P m| <2 GO +noT B4 ki + 3, Xy oy sup |BY ()]
S€E[0,T] (8)
t
+Lod [y (1424, [v™(s)|) ds
Applying Gronwall's inequality, we get ¥ ;
d
Z |Y; (0)] +n0TZ k; +Z Z |cru| sup |BH(S)| + dLyT < co.
i=1 i=1 j=
Note that C; is a finite random variable which does not depend on n. Therefore,

sup [b;(t, Y™ (1)) < Lo (1 + sup |Y(”)(t)|) < Lo(1 + ¢ o),
0<t=<T 0<t<T

Y.(”)(t)| < C,e% T, foranyt € [0,T], where
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4Lo(1+C,edLoT)
%, infeepo,r) bi(t;

process Yi(n)(t) converges almost surely to a positive limit, called Y;(t) when n tends to infinsolution
Y € Wy (0,T; R*) and is (1 — «) - Holder continuous. Moreover
ElY I} < oo,Vp=>1.
Next, we show that Eq. (1) has a unique solution in path-wise sense. Let Y (¢) and Y (t) be

|Y;(t, w) = Yi(t, )| = ft (Y (k ) +bi(s, Y (s, w)) — Yl(l;,iw) — bi(s,Y(s,w))ds
k; k;

t
SJ;) Yi(slw)_?i(s,a)) dS+.];) |bi(S,Y(S,(1)))—bi (S,Y(S,(I)))|d5.
Using continuous property of the sample paths of Y (t) and Y (t) and Lemma 2.3, we have

my = ,mlndtmln {Y (t, w), Yi(t, a))} > 0.

Together with the Lipschitz condition of b we obtain
. t|Yi(s, w) — Yi(s, w
Vit ) — PiCt, ) sj i|¥i(s, ) = Yi(s, w)|
0

mg
Set K = maxj<j<qk;, WwWe have Z?=1|Yi(t,a))—l7i(t,a))| ( +Ld)f S 1Yi(s, w) —

(s,w)|ds. By Gronwall's inequality, Y&, |Y;(t, ) — Y;(t, w)| = 0, for all t €[0,T]. Therefore,
Y(t,w) = Y (t, w) forall t € [0, T]. The uniqueness has been concluded. O

This implies that for any n = ny v

t
ds + f L|Y (s, w) — Y (s, w)|ds.
0

3. Moment and Inverse Moment

Fix B € (1/2,H). The next result provides an estimate for the supremum norm of the solution in
terms of the Holder norm of the fractional Brownian motion B,

Theorem 3.1. Assume that conditions (A1) — (A2) are satisfied, and Y(t) is the solution of Eq. (1).
Then for any y > 2, and forany T > 0,

1
1Y llor,00< C1,y g1k calyol + Dexp {Cz,y,B,T,K,C,d,G ("BH”(‘?(TYB ) 4 1>}

Where K = max; <j<gKj, 0 = max;<j<q (Zj“;l |Gi]-|).
Proof. Fix a time interval [0, T]. For each i = 1, ..., d, let z;(t) = Y} (¢). Applying the chain rule
for Young integral, we have

4 =7 +y [ k K
" \Z )

)Z?‘l’(s)ds +]/J-t§: 01,2, - V(s)dBH(s)
0o

Then

|z;(t) — z;(s)| = ]/fst ( W( )+ b;(u, Y(u))) ;(u)du + yfst Z] 1 0ijZ; y(u)dBH(u) 9
Applying Holder's inequality
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2y—-1

1/2y , 4 2y

d
Y@I* < (Z IYi(u)|2V> (Z |yi(u)|2y—fl>

da
< 2@ (Z m<u)|> < |z [VAIY @),

It leads to |Y (w)| < Vd|z(w)|'". Together_with the condition (A2) we obtain

t k;
L := ‘fs ( 1/)/( )+b (u, Y(u))) 1- Y(u)du
>du

t
[k
S
Kill 21, + Lo ||Z||5tm+L0\/_ 12 lls 00| (£ — 5. (10)

_2 _1
zl.1 Y(u) + Lo(1 + Vd|zw)|7) zl.l Y(w)

Since y > 2 then we have

I =<

Foreachi=1,..,d, let I;; = fs Zz V(u)dBH(u)

proof of Theorem 2.3 in [13] we have

,j =1, ..., m. Following the argument in the

1 1 1
I;; < R||B].H|| <|| z ||Stoo (t— )P+l z ”stﬁ (t — S) B(2- )).
where R is a generic constant dependmg ona,B and T. Then for any] =1,..,m,

_1

iy < RIB o (u 2L =P+ 2 1 (e - s)ﬁ(z‘?)). (11)
Substituting (10) and (11) into (9) we obtain

2
1-
1zi(t) —z()| <y [k Il z Ilstoo+ Lol z

Y 4 LyVd

4 ”stoo] (t—S) +

(Z |UU|>VR||BH||OT,; [ll z "stm (t—s)P+Il z ”st,; (t — )’3(2‘%)]_

j=1
Therefore, forany i = 1, ...d, we obtain

|z;(t) —z(S)| <V|K |l z ”stoo+ Lol z "stoo

1
+1L \/_IIZIIstoo](t—s)+

1

1 1
+ayRIB" M7 g [u z ||st s (t— )P+l z IIW (t- s)[’(2 V)], (12)

where K = maxy<j<q ki, 0 = Maxq<j<q (Zj_l |0ij|). So
2 1

Iz llsep< Vdy Kz, +LollzI,

S,t,00 S,t,00

Y+ LoVd Il z ||St,;] (t—s)'F+

1 1
+\/_UVR||BH||0TB[|Z||St°o+(1+||Z||stoo)(t—S) A1~ )].

We choose A such that
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)4
1 B(y-1) 1 < 1 >1/5
A A .
2VdoyRIB ||y 75 8Vdy(K + Lo) +8dyLy \8VdayR Il B llor
By following similar arguments in the proof of Theorem 2.3 in [13], forall s,t € [0,T],s < t such
that t—s<A, we have |zllg0<2|z(s)|+4Vdy(K+ LT +4TA. 1t leads to

Y
T (2\/30]/R||BH||O'T'B)B(y_l)v(S\/Ey(K+L0)+8dyL0)V(8\/EG]/RIIBIIO,T,B)l/B +1
Il z "0,T,00S 2 X
x (12(0)| + 4Vdy (K + Lo)T + 4TF).

This fact together with the estimate [| Y llg 7,0< Vd Il z "2),/7]"/, - IMplies that

Y
-1
1Y llot0< Cryp7kL0,a([¥ol + Dexp {CZ,y,ﬂ,T,K,LO,d,a ("BH”g(T)fB ) + 1>},

which concludes the proof. O
In the following we show that the inverse moment of Y exists when b is non-negative.

Proposition 3.2. Let (Y (t))¢so be the solution to Eq. (1). We assume that b;(t,x) = 0 forall i =
1,2,..,d,x € R*and t > 0. Then, forallp > 1

sup sup E(Y;(t)7P) < oo

1si=dte[0,Ty]
1
K - . . .
where T, = ((pﬂ)oHaz)ZH YKo =min{k;,1<i<d}, and o= max{z;nﬂaij, 1<i<d}
Proof. We consider the following equations
t k; .
X;(®) = Y;(0) + [ mds +37, 0dBf(t), 1<i<d. (13)

By Section 2, Eq. (13) has a unique positive solution in the sense that X;(t) > O foralli = 1,2, ..., d.
Moreover, using the argument of the Proposition 3.4 in [13], we have

sup sup E(X;(t)™P) < oo, (14)
1sisdte[0,Tp]
forallp > 1.
Since Y;(t) — X;(t) = fot (% + b;(s, Y(s))) ds, we have
t N —J:
Yi(t) — X;(t) = elo a(s)dsfotbi(s, Y(s))e JraWdugs  where a(t) = X_(t)':_(t). Since b; is

nonnegative, Y;(t) = X;(t) = 0foralli = 1,2,...,d and t > 0. This fact together with (14) implies the
desired result. O

4. Euler Approximation Scheme

For each positive integer n, we consider an uniform partition of the interval [0,T],¢t; = %L =

0.1,..,n, we define n,(t) =t; when &; <t <t;+— and K (t) = t; +— when t; <t <t;+-.

The classical Euler approximation scheme for (1) is defined as follows: ¥ (0): = Y (0), and for
eachk=0,..,n—1landi=1,..,d,



98 V. T. Huong / VNU Journal of Science: Mathematics — Physics, Vol. 38, No. 3 (2022) 89-102

70 (b)) = 7 (60) + (m + by (£, 7 (t@))% + 371015 (B (tren) — Bf (8- (15)

Since B (t,,1) — BY(t;) has a normal distribution, Yi(")(tkﬂ) < 0 with a positive probability as
long as a;; # 0 for some j = 1,...,d. Therefore, the classical Euler approximate solution does not
preserve the positivity of the true solution.

In this section we introduce a modified Euler approximation scheme for the Eq. (1), which can
preserve the positivity of the true solution. That new scheme is defined as follows: Y™ (0): = Y (0), and
foreachk = 0,..,n — 1,YM™(tp, 1) = (Yl(”)(tkﬂ), ...,Yd(")(tk+1)) where Y™ (ty1),i = 1,...,d, are

the unique positive solutions of the following equations

Yi(n)(tkﬂ) = Yi(n) (ty) + (7(,1)( + b; (tk. Y(n)(tk))>£ + Z;ﬂ:laij (BJ'H (tks1) — BjH (tk)) (16)

It is straightforward to rewrite (16) as a quadratic equation of Yl.(") (tx+1), then we can obtain an

explicit formula for Y™ (t,.,.1).
Theorem 4.1. For any € € (0, H), there exists a finite random variable 6, which does not depend on
n, such that
0
sup |Y(tk) Y(”)(tk)| —————, as, foralln > 1.

_ ]
k= nH-e)Aa

Proof. We denote ei(tk) =Y;(ty) — Yi(")(tk) fork=0,1,..,n—1.Then

k; k; T
ei(tk+1)=ei(tk)+<yi(tk+1) o (tk+1)) (b (t Y () = bi (tk.Y(’”(tk))) + 7,3k,

where
() = [ (75 =y ds + 12 (B, Y () = bt Y (1)) ds. (17)
Hence,
e Kk \T
le(tir)|? = Z e;(trr1)e(tx) +z e;(tx+1) (Y(tk ) Y(n)(t )>;
i=1 +1 k+1
d
T
+Z e;(ty+1) <bi(tkr Y(t)) — b (tk' Y(n)(tk))) n + Z e; (ty+1)1i (k).
Note that - -

k; k; _(y y® ki ki <0
e;(txs+1) Y (tres) - Yi(n)(tk+1) _( i(tke) — Y, (tk+1)) Y;(tisq) - Yi(n)(tk+1) <0.

This fact together with Young's inequality ab < # and the Lipschitz continuity of b yields
da

d
1 1 T
le(tr)l? < 5leCten)l? + 5l + ) Lletdlle@ol =+ > leiteslIn ol
i=1 i=1
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This implies

k da k d
2LT
et P <=2 Y letdlle@] +2 ) > let)lInl.
=0 i=1

=0 i=1
By taking the supremum with respect to k, we obtain forany p =1, ..., n,
p-1 d p-1 d

2LT
S et <=2 ) leaunlle@] +2 ) ) el

1=0 i=1 1=0 i=1
p-1 p-1 d

2dLT
< sup le(®dl ). sup Je(t)| =42 sup le(e)l ). D" In(|
k=1,...p = j=1,..1 n k=1,..p

=0 i=1
So,

p-1 r-1 d

2dLT
sup le(t )| < E sup le(t )| ——+2 E E I; (DI
k=1,..p k=1,...1 n

=0 =0 i=1
By using discrete Gronwall's inequality, we obtain

kflllpp|e(tk)| <2(1+2dLTe24T) Y00 38 (D). (18)

On the other hand, foranyi =1, ...,d,

- T ki ki T
Z?:()l |rl(l)| S fO |Yi(5) - yi(Kn(S) dS + fO |bi(s' Y(S)) - bi(nn(s)’ Y(nn(s)))lds
T kil¥i(s)=Yi(kn(s) T
< f —OéggTYi(:)z Nds + [ |bi(s,Y(5)) = bi(s, Y (1 (s)))|ds (19)

T
+ [y [bi(s, Y0 (5))) = bi(n(5), Y (1 (5))) | ds.
Since b;(t, x) is Lipschitz continuous with respect to x and a-Hdolder continuous with respect to ¢,

T T
fo |bi(s, Y () = bi(s, Y (na(s)))|ds + jo |bi(s, Y (1(5))) = bi(1(5), Y (1 (D)) |ds

T T
< Lf |Y(s) - Y(nn(s))|ds + L J |s —nn(s)|*ds. (20)
0 0

Set K = max{k;, 1 < i < d}and |l o ll= };j|0;;|. Thanks to Lemma 1.1, for any € € (0, H), there
exists a finite random variable . > 0 such that, forany 0 <s <t < T,

t k: m
M@ =4O < [ e+ nanve|de+ Y loylI8f© - B
s 1Yi(w) ~
< L+LO + Lo sup [Y)| |t —s)+l ol ner|t —s|H7¢ as. (21)
~\ dnf Yi(w) 0susT © '
sus

If follows from (18) - (21) that for any € € (0, H), there exists a finite random variable 8 which does

not depend on n such that sup; <<y, le(tx)] < = &S, which concludes the proof. O

In the next result we want to show the convergence of the numerical approximation in L,- norm.
We need the following hypothesis.

Hypothesis 4.2. There exists positive constants p, L,, L; such that
sup E{|Y()|P} + max sup E{|Y;(t)| P} < Ls,
te[o,T] 0si<dte[o,T]
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and foranyi=1,...,d,
E{|Y;(t) — Yi(s)IP} < Ly|t —s|P/%, forall0 < s <t <T.
Remark 4.3. It follows from Proposition 3.2 that Hypothesis 4.2 satisfies for T = T,, when b;, 1 <

i < d, are nonnegative.
With these assumptions, we can estimate the rate convergence of the numerical approximation in L,,

- norm. It is stated by the following theorem.
Theorem 4.4. Assume that assumptions (A1) — (42) hold and the hypothesis (4.2) holds for some
p = 3p = 3. Then there exists ¢ > 0 which does not depend on n such that for any n € N,

]1/17 I

P
E [k?{fﬁnlﬂtk) — Y (1) S Cangz

Proof. The proof is adapted from that of Theorem 2.8 in [14] (see also [15]). By (18), for any q =
1,..,n,

(Sup le(t)l < 2(1+ 2dLTe* M) 3100 By (D). (22)
But it follows from Eq. (17) forany i =1, ..., d,
o Tl IOl < T8y [0 |25 — o] ds + 3 30 |bils, () = bi (1(), Yi(1a () )| ds. (23)

Yi(s)  Yi(kn(s)

Applying Hoder's inequality we have
ta| k; k; P T [1Y(s) = Vil (s)IP
i i p-15,P i i\‘'n
EKL |ds> <7 E[M(s)lplmxn(s)w]ds

Yi(s)  Yi(ica(s)
T
< T”‘lkff (E[1Y;(s) = Y; (e (D PP D3 ELY; ()73 D3 (EL1Y; (10, ()| 73PD 3 dls.
0
This fact and Hypothesis 4.2 lead to
t k; ki
E[(f° |%_ Vool 4

for some constant ¢; > 0 which does not depend on n. Moreover, we have

)]<% (24)

nz

tq
fo |by(5, X (5)) = by(112(5), X (1 (s))) | ds

< j ! bi(s,X(s)) —b; (S,X(T]n(S)))| ds + J ! |bi (S,X(nn(s))) —b; (nn(s),X(nn(s)))| ds. (25)
0 0
Applying Lipschitz continuous condition with respect to x of b;(¢t, x), we have
E[(J0 |i(s, X(5)) = bi(s, Xa(s)[ds) | < 127770 [T E[1X(5) = X (1a())[ s < C—% (26)

Using a — Hoder continuous condition with respect to t of b; (¢, x), we obtain

E [(fotq |bi (s,X(nn(s))) — b; (nn(S),X(Un(S))N ds)p]

< TP [T E[ls — 0, ()| %Plds < - (27)

= Lap’

for some constant C; > 0 which does not depend on n.Estimates (22)- (27) together with Minkowski's
inequality, we conclude the proof. O
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5. Simulation

In this section we consider the following system of two dimensional fractional differential equations

£,1 1
X.(t) =1+ J; (m —X,(s) —Xz(s)) ds +5dBY (¢) + 2B (©)

sz(t) =1+ J: (Xzz(s) + cos(X;(s)) — cos(Xz(s))> ds + dBH(t) + 2dBY (¢).

It follows from Theorem 2.4 that the system has a unique solution which always stay in the domain
(0, +0)2,
We use Cholesky method to generate the fraction Brownian motions (see [16, 17]) with H = 0.52 at
n = 103 points on the interval [0,1]. We generate (X;, X,) by both classical Euler scheme (15), and the
modified Euler scheme (16). The result is shown in Figure 1.

Approximate sample paths of X_1 Approximate sample paths of X_2

+—— Classical Euler
64 Modified Euler

#—+— Classical Euler
Modified Euler

T T T T T T T T T T
0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200

Modified Euler

Figure 1. Approximate solutions of (X4, X,) by classical Euler and modified Euler schemes.

We can see that the both approximate solutions are almost coincide until they are close to axes. At
that time, the classical Euler approximate solution exits the domain (0, +0)? while the modified Euler
one still stays inside that domain.
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