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Abstract: The functional integral method can be used in qguantum mechanics to find the scattering
amplitude for particles in the external field. We obtained the potential scattering amplitude from
the complete Green function in the corresponding external field through solving the Schrodinger
equation, after being separated from the poles on the mass shell, which takes the form of an
eikonal (Glauber) representation in the high energy region and the small scattering angles.
Considering specific external potentials such as the Yukawa or Gaussian potential, we found the
corresponding differential scattering cross-sections.

Keywords: Eikonal scattering theory, effective theory of quantum gravity, quasi-potential equation
and modified perturbation theory.

1. Introduction

In this work, the complete Green function [1, 2] and the Yukawa or Gaussian potential [3] have
been used for further study. The eikonal approximation for the potential scattering amplitude [4] can
be applied when solving the Schrodinger equation or when expanding the perturbation theory series of
the scattering amplitude in the Born approximation [5]. These two approaches give us the basis for
applying the eikonal approximation in quantum field theory, at a region where the concept of
potential cannot be used.
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In this work we would like to introduce a new method, the functional integral method to find the
Green function of a particle from the Schrodinger equation in the external field. The eikonal
approximation here is equivalent to the straight line approximation [6-13], which is used to compute
the functional integrals as it occurs. The advantage of this approach is that, it can be extended to
compute the leading term and the first-order correction term in the asymptotic scattering amplitude at
Planck energies and the first-order correction in quantum linear gravity theory [14-18] and effective
quantum gravity theory [19].

The content of the work is presented as follows: In Section 2, we briefly introduce how to
represent the Green function of the particle in the external field in the form of functional integral from
Schrodinger's equation and how to separate the poles from the Green function of the particle in the
mass shell, to find the potential scattering amplitude. The method of calculating the functional integral
by using the straight line approximation and consideration of the asymptotic shape of the potential
scattering amplitude at high energy region and small scattering angle is presented in Section 3. The
conditions of the potential, energy of the particle and the scattering angles for which this
approximation can be used are discussed in this section. In Section 4, we consider the differential
scattering cross-section given specific external potentials such as Yukawa and Gauss potentials. The
concluding section is devoted to the resulting systems and discusses the possibility of extending this
approach to more complex problems in subsequent studies. Here the atomic unit system A =c=1
and metric Feynman are used.

2. Two-particle Quasi-potential Equation in an Operator Form

The amplitude of the particle scattering in the external field can be found through solving
Schrodinger equation. First, we solve the integral equation corresponding to Schrodienger equation to
find the Green function of the particle in the external field [5-14].

Woer o N
[E+%V —V(r)+|8JG(r,r)=5()(r—r). (1)

Here E in Eq. (1) was replaced by E + ig to obtain the Green function which contains divergent
expressions when r — o,

Applying the Feynman, Fock representation to the inverse operator representation in an
exponential form, one can write the solution of Eq. (1) in operator form as follows:

G(”')=[E+%§2—V(r)+i5J_15<3>(r_r')

w2

:—derexp{ij'dg(E —%—V (F,§)+ig}5(3)(r—r'), 2

where p(&)=—iaVv, (&)is the momentum operator.

The exponential term in Eq. (2), which contains non-commuting operators @’:;, and V (F,¢)
is considered as T, —exponent, where the ordering subscript has the meaning of the proper

time divided by mass m. All operators in Eq. (2) are assumed to be commuting functions that
depend on the parameters & . In the power of exponential, there is a second derivative differential
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derivative p*(&)=-n"VZ%(&). However, the transition from T, —exponent to ordinary operator

expression (“disentangling” the differentiation operators in the argument of the exponent function by
terminology of Feynman) cannot be performed without the series expansion with respect to an external
field Vv (F, 5). But one can lower the power of the operator p? (&) in Eq. (2) by using the following

formal transformation that contains an integral function of three dimensions [18].
exp{ o j p (é)dg}—exp{ i j [ mw(ﬁ)) df}-exp{l J [Mé) N (é)jdé}

T

exp[—ij(%w(é)]zdﬁ] = Cvﬂ:[dV(ﬂ)exp{iIVZ (n)dﬂ+2LI ﬁ(ﬁ)ﬁ(f)df} 3)

. 5 2m
G(r,r") =—de1 exp{ijdg(E+ig)}CVIHd3\7(77)exp{ijd77172(77)}><
cexp| o [ P |-exp| [V (r. £ |50(r 1)
J2m -
= —der exp| iz (E+ ig)]CVIHd3V(n)exp{ijdnﬁz(n)}><

xexp[i\/%j ﬁ(ﬁ)ﬁ(ﬁ)df].exp{—ijv (F, f)dg}a@(r —FY),

0

where exp(iﬁjg@p@)dgj is the translation operator when moving coordinates by F'rfﬁ@dg
m My

"Rearrange” the operator expression. Then the Green function for Schrodinger equation in the external
potential field, can be written as

G(F,F") =i [dz e & C, [TTd% (n)expli[v? () dn —i [v| 7+ 72 [d (n)d jdg}x
(re)=-] () p{f () I( m e @

x5(3)(r+h\/%-:[\7(77)d77—?}

Equation (4) can be changed into Feynman integral (path integral) by changing the variables T

. t . .
into— and V| — | into @ , we have received:
h (h) a(n)
o 2t iEint . v 1
G(r,r)=-if n ", [TTd%aGm).expli [ @ (h)d (). —
0 n 0

-t/h B 2t/ha 1 . 2t/ha 1
xexp —.jv F+h ij(hn)d(hn).% d(en) |83 F+n ij(hn)d(hn).%—r .
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et hg:t' hn=t" , we have:

F Y= __j( )eir(E”*’”.cijdsas(q)x

xexp{%iwz(t')d(t ')—%iv (F+J%j@(t ")d(t")Jd(t')}.53[F+\/%j;c?)(t')d(t')—f']

Now we will take the integral of the trajectory x ('), where x(f')is determined by equation

\/%jc?)(t”)dt":—F+)?(t’). (6)

The Jacobian of this transformation does not depend on derivative of the new functional variable
S(X(t') ‘

X(t)
56() (j t-t")dt" det("et t)o(t" -t

Thus, it is a certain constant that we can include it in the normalized constantC, . Let F(t") be a

®)

=det det

primitive of @(t") then

x(t)—r+\/7(F(t) F(t)) = X(t) = \/7F(t)— (w(t):w(t)— (t)

Substitute this equation in to equation (5), the Green function G (¥, ") has the form:

G(r,F) =——jdt hE“ngde eXp{ Idt{ i;(tl)—V(X(t'))}} 0

with the conditions

x(t)=F+\/%;[a)(t")dt"=F and x(0)=r". )

The integral of the functional in Eq. (7) is the Feynman integration of the particle's orbits K(t)in
the exponential, whose power is the classical effect of the particle in the external field v (i(t)) .

3. Scattering Amplitude in the Eikonal Approximation

The scattering amplitude of the particle scattering in the external field is calculated by the
following formula which is related to Green function

21, 12
f(KK")=- 4’;m[E—h2‘:n +igJ<E'|G—GO|IZ>[E—

21,2

+i5J, 9

2m

where
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hZR 12 B hZEZ

2m 2m

In above formula, the Green function is used in Eq. (4), because the delta function here takes into
account boundary conditions (8) on particle orbit. To get the scattering amplitude, we need to separate

21,2 -1 21,2 -1
from the difference (G —G,)two poles (E_;zz_k+igj and [E_hzk +igJ so that they can
m m

n2k 2

21,2
eliminate the terms [E— +igJ[E—h2k +igjin Eg. (9). To do this, one can perform the
m
following steps: i) To convert to momentum representation; and ii) Then to perform functional
transformation.

Finally, one can find the Green function of the particle in the external field in the momentum
representation.

nk? .
——+ie

<kkﬂﬁ>=G(KR5==—ﬁdrg&“’ }j ar e c, [[Td°a(n)x

xexp{ilﬁ)z(n)dn—iiv(F+%;"a(n)dn—%ﬁ(r—§)jd§}

If in Eq. (10), we set V = 0; Cw.ﬂ_[d35?)(77)exp{ij.c?)2 (n)dn} =1 then
n 0

53k -k

<RHGJE>=

E - +ig

2m
Note that, above formula coincides with the Green function of Schrodinger's equation for free
particles. So we remove from the total Green function of the particle in external field <k—'|GO|IZ> , the

contribution of the Green function of the free particles <k—'|G0|IZ> does not contribute to the scattering
1 1

amplitude, and use the formula e* -1= ajeﬂad/‘t , we derive: exp(—ijv)—1:—iJ'V.Iexp(—iﬂ_[V)di ,
0 0

the result for <?’|G —GO|IZ> we get:
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' N £ 22 e ar (k- 3 |0w (n)dn
<k|G—GO|k>=—|£dre[ ]j(zg)se( )Cwﬂ;[d a(ne®  x
x(—i)iV [r+%i*(n)dq—%(r—a)jdax (11)

Continuing to change variables:

F+h\/%jﬁ)(n)d77—irf(r—a) =X, @(n)—h\/%ﬁ(n—a)(ﬁ_—') =a,(n7)

Transform the argument of (11) separately,
n*k
m

\/7'[(0(77 d77+— T a) %i‘ (77)d77_—(7—§)=

:z—h\/%j@(q)dm%ﬁ(g—a)
_ 25 n? - . (12)
:X—h\/gj.a)(n)dry+ﬁ(k9(a—§)+k e(g—a))(g—a).

Since the argument in the expression of potential V is integral according to fwith f runs from
O0->r7

when & <a then kKo (a—¢&)+k'0(&—a)=k (before scattering)
when &> a then kKo(a—¢&)+Kk'6(£—a) =K' (after scattering). We have:

F= X—h\/%jc”o(n)dm%lz(f—“)'

@ (’7)+%92(n—a)<ﬁ—ﬁ)2 +2%5)(77)9(77—a)(ﬁ——’):5)12(77)

After a series of complex transformations, we obtained:
<E‘|G —GO|IZ> = —Idr exp[i [E - hzrknz + ing}.exp{%(r—a)(W - IZ'Z)}
walJ.Hd%l(n)exp[ij@f(n)dn}j(2 : sexp[i(k =K )% |V (%) x
1 T ¢ _ .
xldzexp{—m!v [7(—h\/%{c?)(n)dnwt%(5—a)[k¢9(a—§)+k 'e(g—a)]Jdg}

Next, we change the order of integrating according to a and b and also assume thatz =7, + «

(13)
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o0

Tdrida Tda dr = Tdaj-drl
0 0 0 0 0

(kG- G,K) =—]§daIdrl. exp{i (E _ h;'f: )a}.exp{i(E - hz'fn'z}l}x
J

R =3

2
X eXp E(122—12'2)7 C,, [TTd*, (m)exp il @2 (n)dn X\ [i(”—”)z]jdzx
2m HTe ; 2 - 2 (27)° 0
5 251 hZ . N
—IA |V | X-h|—|@ dn+—¢& | kO(— k'@ dé ;.
<o -2y m@(n) r+ g [Ro(-2)+ K o(2)] o
Using the equation:
i _ w'(xxo
lim (x—x) ' "0 (r)dr =i ()
Then the scattering amplitude take the form:
- 4r*m ¢ dX i(R-)g 'T’DZ(”)“”
F(kKK) === 25V (X)e cj]‘[da) x
n o (2x) 14)

i T 2 nor- e
dA —A|\V| X=h,|—|o(n)dn+—~&| kO(— k'e dét.
x'([ exp{ i j (x /mlw(") n+mg[ (=&)+ (g)]j g}
The functional integral in Eq. (14) is performed according to the orbits:

X(t)= —h\/%j o(n)dn +né(VO(—E) +V'O(¢)) which satisfy the equation:

3_’2 ~ —h\/%ﬁ)(f) +h(VO(=8) +V'0(S)).

When scattering in the high energy region, we can assume that the main contribution to the
functional integral (14) is the straight path determined by initial and final momentum of the Particle:

< p p’
t)=t| —0(-t)+—0(t) |,
2=t Lo(-0+Lo)|
that mean the contribute of the functional variables c?;(;;) in the argument of potential in Eq. (14) is

can be negligible.
Set @&(n)=0 in Eqg. (14) and if we called k,k ' respectively are the unit vectors in the direction

of the momentums initial and the final of the particle, also set & =<h2k§/ m) =hvé&, we have
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dé:h%da:hida' In this approximation for the scattering amplitude we get the expression
v
below:

f(k.6) =220 %v ()6
xIdl.exp{—i%IOV (>*<+a[12'9(a)+|20(—a)])da}

We consider k towards the Oz axis and the small scattering angle then k —E':d 1Kk or

(15)

qLOZ, q called qd, . Since there in no component of z then i(IZ—IZ')T( = iqB (5 includes x, y).

Additional note is é(ea —1):'1'd/1e“1 , Where a:—izv (7(+a[l2'0(a)+l249(—a)})da.

And when K is oriented towards the z - axis then the argument of V just changes the components

with z so TV (X+a[l€'0(a)+l20(—a)})da = TV(X, y,2")dz". The result is

f (IZ', IZ) = —%.ﬁ”dxdyj‘dzwx, y, 2).exp(id, X, ).

e* -1

i 0
—— | dz'V(X,y,z'
hvi (x,y,2))

(16)

i
—ﬁj dzV (x,y,2)

:%J‘dzi.exp(iql&). e -1

Equation (16) is the Glauber representation or also called the eikonal representation for scattering
amplitude:
i Ty
EIV(x)dz

f(E',E):—_Idzx.exp(iqﬁ). e = -1

4. Scattering Differential Cross Section for Specific Potential

Using the eikonal representation for the scattering amplitude obtained in the previous section,
we can find the differential scattering cross section for the scattering processes in specific external
potential such as Yukawa potential and Gaussian potential.

4.1. Yukawa Potential

The Yukawa potential has the form
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V(r)y="e* (17)

—:‘(Q

where g is the constant with the same dimensional as energy, z is also a constant.

We use equations (16) and (17) to calculate the scattering phase [14]:
4(®) =—% Tv(m)dz |
Substituting the Yukawa potential in equation (17) into the above scattering phase, we have
(b)_ng ]SV(\/bZT)d _1+|8 .[ 9 wdz_hg K, (1b)

( 4]30 —m}bz+z2
where K, (]b]) \/7dz is the MacDonal of zero-th order (Modified Bessel function).

(18)

Plugging the expression of the scattering phase (18) into the expression of the scattering
amplitude, we obtain

f(6)= %j o (Ko9) {1} bdlb
. | (19)
k% 2ig
== [ 35 (kb6) exp| == K, (ub) -1} bdb.
I9 hv
When b — oo then K, (b) — 0 , so the expression for the scattering amplitude becomes:
(9)——(1+| ); (20)

—k*6?
From the amplitude of scattering (20) just found, we go to calculate the differential scattering

cross-section. The result is:
2 2
=4(g—kj L+ief ! . (21)
v

do 1
0 2
2—4kzsin2j
2

-k*@°

=|f (o) = 2h (i)

do

And the total scattering cross-section is also derived
B 167r(gk)2(1+ ig)2
Vi (- 4k?)

(22)

4.2. Gauss Potential
The Gauss potential has the form

V(r)=ge " (23)
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Where g is the constant with energy dimensional, « is a real positive number. Similarly with
Yukawa potential, we obtain the scattering phase:

2(B) =11 _];v (Vo7 +27 Joz= %}-mzdz = h%(l+ig)e‘“b2\/§ (24)

hv
From there we infer the scattering amplitude of the particle in the Gauss field as follow :
1 . |7 gk k*6?
f(0) =—(+ie ’——ex — 25
()Za( )ahv p( 8a ()
The differential scattering cross-section and the total scattering cross-section are respectively:
., 0
2 k?sin® —
d_O'= 4 [g_kJ exp _—2 (26)
dQ  4a°\ av a

(9 riey | 1o - 27
O-_Zaz(hv] (+ig) {1 exp( aﬂ. (27)

The expressions for differential and total scatter cross sections that were found here can be used to
analyze present experimental data.

5. Conclusion

In this work we studied the problem of particle scattering in the external field in quantum
mechanics by the functional integral method in straight line approximation, which is equivalent to the
optical eikonal approximation. Glauber representation for the scattering amplitude of the external fast
particles with small scattering angles was found through solving the Schrodinger equation by
functional integral method. Scattering cross-sections of particles over specific external fields such as
Yukawa and Gaussian potentials were obtained. This approach can be used extensively to study
scattering problems for quantum gravitational field theory.
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Appendix A. The Scattering Amplitude in Born Approximation

The Lippman Schwinger equation [8]
~, e amz? i e — o
f(K'\K)=— hf (K'M[K)+ [dp(K'VG,|K) f (p.K)
The perturbation expansion solution of this equation will give us the scattering amplitude
k' k (A1)

~

Here
2
f<l>(|Z',lZ)=4r2f V(K '—K)
o oy AMA e o\ Amz -
fOD K K) = - <k £ k>:_ - <|< V(GyV) k>, n>1

Series (A.1) gives us a simple interpretation by the graphs (see Figure 1). The line connecting the

vertices corresponds to the propagation function G, (the factor il—T(k2 —p?+ig)™" appears in the

momentum representation), and the wave line - is the Fourier image of potential V (P).

e
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Ll
el
o —
Il
=¥
I
5‘-1""
—

ik, k

Eo o k+k

Figure 1. Graphical representation of the Born series for potential scattering.
We consider the (n+1)" term of this serie. Independent momentum variables can be impulses
k;(i=1,2,...,n) as shown in Figurel. The contribution of this term to the scattering amplitude is

equal to

() ey g o

Where
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| is any integer that satisfies the condition 0<l<n,

Equation (A.2) does not depend on which potential to be chosen in Figure 1. Therefore, we
average by the position of potential separated in the middle of the rest after summing (A.2) follow |
from 0 to n and divide by (n + 1)

FOD (KK = — 4”;[”[ jo(de(k))\/(q ij (A-3)

n
5-1%p
with ~ N*1i
We will use the eikonal approximation to compute the propagator functions of scattered particles
G, . We assume that the main contribution to the integral (A.2) is the integration taken on small
momentum compared to initial and end momentums the particles.

So to linearize the propagator functions G, according to k; we do the following substitution
m 2 m -1
{pz—(fHZkij +ig} —>[—2ﬁ2ki+ig} (A4)

where P=K or k.
The eg. (A.3) in this case has the form

o __4m;z( j Ly VKK
= s e RYK +is

r=1

) AL ( _$R ] (A5)
RIS Zk +ie =
s=]
Note that without averaging against | in (A.2), using in this equation the approximations (A.4) will
result in results that depend on the | specific values. In other words, it depends on the arrangement of
the momentum shown in Figure 1.
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Clearly, the expressions ﬁ V (k))dk ;11[ V (k;)dk;

| does not depend on the ordering
= 2|ZZ +ig 2K Zk +ie
I+

s=j
possibilities for k (1<i<I) and k j <n)impulses. This arrangement may therefore be

substituted for the following sum

1 - V(K L V(K
ﬂ nepcet ki _ I( l) va n 11 |Znepcet i n( j) (A6)
' KK +ie (D! 2Ky K, +ie

r=1 S=]j

Substitute eq. (A.6) into eq. (A.5) and use identity in [26].

IR e
et C Cy+C, CY+C,+..+C' C.C,.C,

here {C,,C",,....C",} —Iisany arrangement of sequence {C,,C,,...,C,}, SO we have

) (. I __4m_7[ 3
f9(k' k)= = (hzj n+1z I(n—l)'

1=0

V (k;)dk. V (k;)dk. R
IH—zkk +ie lek 'k +ie (q ;ki) (A1)
L 1 *i[qiﬂ} e :
Since V(q ki]= 5 Ie = SV (r)dr then eq. (A.7) can be expressed in form
i1 (27)
D (e :_4m_772 dr —igF
k) n j(27r)3
4 1 el B LN
S0 o]
where
U(r,k)==- M (A.9)

—2kp +ie
Summing up according to | in eqg. (A.8) can now be easily done
dmz® 1 o [ —~ ~ an
e "V U, k)+U(F -k
1 (n+1)!J.(27r)3 (VKU ) |
The total scattering amplitude is obtained with the following expression

) |:elz( K) _1}

(F.k,k)

f(n+l)(R|' IZ) —_

FKLK) =S FO (K K) = (A.10)
n=0
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with ;((F,IZ,IZ')z—i[U(F, K)+U(F, —E')] (A.12)
Using eg. (A.9) to transfer eikonal phase in eq.(A.11) into

#() == [dev | rg( 0K +o(-0)K ) (A12)

where k' and k are unit vectors directed towards the initial and end momentums of the
particle, respectively.
Now, we can write eq.(A.10) in the form
1 - 4 40
m coidRy / (o il . . .
o Idre V(r)'([d/lx xexp{—ﬂj;d/;v [r +§(0(§)k +6’(—§)k)}} (A.13)

The only difference (A.13) with Shiv's formula [] for the large angle scattering amplitude is that
the integral according to dA, it absent in (17). In the case of small angle scattering, it is easy to

f(k'k)=-

change. formula (A.13) to the eikonal form (16). To do that just put eikonal phase in eq. (A.12) k'=k

and q L k . The z-axis is normally oriented in the K . After integrating according to dz in eq. (A.13)
we obtained

f(K'K)= % d2B g8 {exp[—% [ V(F)dzj—l}

Appendix B: Green Function of the Complete Schrodinger Equation and Scattering
Amplitude [19]

Together with the Green function of the free Schrodinger equation we can consider the complete
Schrodinger's equation.

(E—H,+ie)G(T,7) = (E-H,~V +ie)G(T,T) = 6® (F-T)
(B.1)

The total Green function will contain all information about the quantum system. Thanks to this
function we can find the energy spectrum of the system, the wave function, the scattering amplitude.
This relation can be established using operator notation.

Thanks to equations (5) and (B.3) G —G, can be expressed in the following form
G-G,=(E-H,~V +ie) " —(E-H,+ie) " =G,VG = (B.2)
=GV (G-G,+G,) =G,VG, + GVG,G, (G-G,)
Left and right multiply equation (B.4) by G, ™, we get
G, H(G—G,)G, ™ =V +VG,G, (G—-G,) G
From here, the quantity G,*(G—G,)G, " only satisfies the equation, as well as the scattering
operator t (equation (B.2)), thus
t=-G, (G-G,)G,™

The scattering amplitude in this case is determined by
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= = 4 2m — ~ -
f (K, K) =—7;—2<k 6,%(6-G,)G, 1\k>
. . (B.3)
2 21, 12 21,2
2_4”2”‘ AL <|Z"G—GO\|Z> UL
h 2m 2m
here E:h2E2 :hzlzlz,
2m 2m

This is possible, if we use the Green function of the free Schrodinger equation G,(F,F"), which
satisfies the equation below.

2
(E—H, +ig)Gy(F,F) =[E +2h—A+ ingo(F, ) =59 (F,r) (B.4)

m

The G,(F,T") function has the following form /6/
id(r-r)
G,y (F,F)=(E—H, +ig) 69(r,F) = (21)3 j ehzqz dq
T .
E——2m +ig (B.5)
_2m dg """ 1 2meit"

T eay k=g rie Az W [r-r]



