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Abstract: The Nambu-Goldstone (NG) modes in the system of two segregated Bose-Einstein
condensates (BECs) limited by two hard walls are studied by means of the Gross-Pitaevskii (GP)
theory. Based on the double-parabola approximation (DPA) combining with the Bogoliubov-de
Gennes (BdG) equations we found four NG modes that proves the failure of the Watanabe-Brauner
counting rule and, furthermore, their dispersion relations depend explicitly on the geometrical
structure.
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1. Introduction

It is known that the Goldstone theorem [1, 2] has been a cornerstone for all physical systems with
spontaneous breaking of symmetry. It states that any relativistic system for which a continuous, global
symmetry is spontaneously broken must contains in its spectrum gapless modes called the Nambu-
Goldstone (NG) modes and, moreover, the number of NG modes n, coincides with the number of

broken symmetries ng,Nyg = Ngs-

In recent years there is an increasing interest on the investigation of NG modes in those relativistic
systems which violate the Lorentz invariance as well as in non-relativistic systems [3-13] since in these
the number of NG modes is usually greater than the number of broken symmetries. This trend is
pioneered by the work of Nielsen and Chadha [3] where a new counting rule was formulated for
relativistic systems violating the Lorentz invariance: the number of type I plus twice number of type Il
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of NG modes are equal or greater than the number of broken generators, here the type I and type II,
respectively consists of NG modes with odd andeven power of momentum in the low momentum limit.
This counting rule was extended for non-relativistic systems by Watanabe and Brauner [8] who
conjectured a new counting rule which was later proved by Hidaka [10] assuming the translational
invariance

Ngs =Ny = %rank<[Qa'Qb]>r

here Q,,Q, are the set of spontaneous broken conserved charges and

1Q..Q.D = im=-(0][Q,.Q,110)

with V being the volume of system under consideration.

For system of two segregated BECs with the spontaneous breaking of the translation along z -axis
it was shown [12] that there exist only two NG modes: one phonon mode and one ripplon mode.
Nevertheless, all foregoing studies have only dealt with infinite systems.

This work is devoted to investigating how the spatial limitation gives rise to the number as well as
the dispersion relations of NG modes. To this end, we adopt the double-parabola approximation (DPA)
developed in [14] to the Gross-Pitaevskii (GP) theory for two immiscible BECs. The power of DPA
rests in the fact that it allows us to find systematically analytical formulae of many physical quantities
with high reliability. To begin with, let us start from the GP Hamiltonian in the bulk

2, L —h?
i1 j

§ (1b)

2
. g
V) =Y [-uvy, +—2“ Ly, ]+ 90 lw, Bl
-1

here v, =y, ()I(),mj,yj(j =1,2) are respectively the wave function, the atomic mass and the chemical
potential of each species j, with x = (a, #ha = (x, y) to be denoted in what follows. The coupling constant
is given as
1 1
gy =27h’° (m_1+ m—y)ajj'v

with a;, being the s—wave scattering length. In the following we restrict ourselves to the case when two
condensates are separated, that is when g’, —g,,9,, >0. Itis clear that U (1) xU () is the symmetry group
of (1) and the presence of a hard wall breaks explicitly the translation. Hence, the number of broken
symmetries ngg = 2.

This article is organized as follows. The Section 2 is devoted to the boundary conditions. The DPA
is briefly presented in Section 3. The application of DPA to finding the analytical expressions of NG
modes is presented in Section 4. The conclusion and discussion are given in the last Section 5.

2. Boundary Conditions

For the system of BECs separated by an interface S and limited by two hard walls its total
H = [H,dV + [HdS + [ H, dS + [ H,,dS, 2)
v S w, W,
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where Hg, H,, and H,, are respectively the Hamiltonians of interface, hard wall 1 and hard wall 2. Their

forms determine the boundary conditions imposed on the condensates at each surface. Usually, the
surface Hamiltonian is chosen in the phenomenological forms

H, _ZC vy ‘//1’ ®)

in which yf{ is the surface field induced by the bulk field v on the surface « =S,W;,W, andcf is called

the surface chemical potential. The quantity A;=1/c{ with dimension of a length is called the

extrapolation length which was introduced by de Gennes [15] and is determined from the system
Hamiltonian [16]. The fact that the equilibrium values of the fields v, minimize the total Hamiltonian

given in (1), (2) and (3) lead to the time-independent GP equations in the bulk together with the
corresponding boundary conditions at the surfaces

h2

[_ 2 A_/ul +0y |‘//1 |2 +05, |‘//2 |2]W1 =0, (4a)
m,

_2 +0y v, |2 +05, ¥, |2]‘//2 =0, (4b)
m,

where w;(j =1,2) fulfills the boundary conditions at interface

Ve =coyt, (5a)
and
w,(&, 2=y for (& %eS. (5b)
y .
Wao s W
@ )
-h o Zo h z

Figure 1. Two hard walls W,,W, are located at 2= +and the interface S at %= 2%.

In (5a), his the unit vector normal to the interface and pointing inside the system. For a planar
interface locating at #6- #pand two hard walls at #- +ias indicated in Fig. 1, Egs. (5) turn out to be Robin

boundary conditions
a (a 0 (a (6a)
l//J %))%2@ 0 =cj V/J (a ¥ ?{P) ( l//J %y)%%w

the interface, and at

I
vl (a, r .o (6b)
(WO o b
I
al//Wz (a! I (60)
QO et

at two hard walls.
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The Robin conditions (6) expresses the continuity at the interface of the first derivative of condensate
profiles with respect to #. In the case when the surface fields at two hard walls vanish, the boundary
conditions at two hard walls are the Dirichlet ones, instead of the foregoing Robin conditions

P @

It is necessary to emphasize that the boundary conditions at the interface (5) are the direct
consequences of the interface Hamiltonian and, moreover, they are taken at equilibrium state of the
system limited by two hard walls.

3. Ground States in Double-parabola Approximation

It is necessary to point out that the DPA is applied to the system of two immiscible BECs which are
separated by interface. In this respect, let us remember that the equilibrium values of order parameters
which minimize the Hamiltonian (2) are the solutions of the time-independent GP equations (4) together
with the boundary condition at the interface.

Assume that the condensate 1 and condensate 2 occupies the region Z° >z, and Z < z,,
respectively. Therefore, it is possible to restrict our consideration on the condensate profiles which
depend only on 2tFor simplicity, they are also symbolized by ¥, (2pwhich satisfies the equations

& : 2 8a
2hml :;/5%‘”1“’1(%911‘1’1(%+912T2<%W1(%=o, (82)
L ¢ &)

om,  d% — 1, (B+ 9 '¥5 (B 0, W1 (Y, (8=0,

the corresponding potential is

9
V(Y. 'Y,) = Z[ ﬂJI‘P|+gJ'I‘P|]+912I‘PII‘P|] ©)

where, without loss of generallty, ¥, is assumed to be real.
Introducing the dimensionless quantities

_i%) = \PJ K = 91 — I%
e \/gngzz
here
h _ A

g' = ln‘ - ’
J xlzmjﬂj a 9j
are the healing length and the bulk density of component j, respectively. For simplicity we consider
the symmetric case & =¢&, =¢&. Utilizing these parameters Eqgs. (8) turn out to be

d K = (102)

d ¢2 g, + 4+ Keig, =0, (10r)

and the potential (9) is rewritten in the form

2 4 11
Pl )= 347 + )+ K. w
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In the context of surface and interfacial phenomena the DPA is established as follows. We assume
that in the half-space z < z_O(z > z_O) the condensate profiles behave like
22174,(,1)=12), (12)
{Z <12,,(J,J)=(21),
here the dimensionless real quantities ¢; and &, are treated as small perturbations. Then expanding the
potential (11) up to second order in ¢;and &, we arrive at the potential in the DPA which consists of
two quadratic potentials, each of them is to be used in the appropriate half-space

Vors (.6:) = 5 20, ~1(24, -9+ (K-,

¢, =L+¢;,¢; =5, with

(13)

with
2212,,(),J)=12),2<12,(j, J) = (2D).
Next the DPA is used to calculate the ground states of the system. To do this, we employ the
Dirichlet boundary conditions at the hard wall for both condensates
¢,(z=+h) =0, with j = (1, 2). (14)

Then we rewrite Egs. (10) corresponding to DPA potential (13) on each side of the interface. In the
right-hand side it reads

1d%, (15a)
—5 g FAAD =0,

id (15b)
> o +(K-1)¢, =0.

The solutions to Egs. (15) satisfying (14) can be simply found
4 = NS (ezﬁz _ezﬁh)_eﬁ(h—z) +1 (16a)

¢, = Be VK& (ezm _ezﬁh), (16b)

with two integral constants A, B. In the left-hand side we have that

1d%
-5 dz; +(K-D¢ =

Ld%, +2(¢,-1) =0,

2 dZ?
whose solutions satisfying (14) are easily derived
4 = Ce VA<D (@) [ezJZ(K-1)(h+z) 1, (17a)

#, =1-e2"9 | 2De " sinh[2(h+ 2)], (17b)
with two integral constants C, D.

To proceed further let us determine the constants A, B,C,D by means of the boundary conditions
at the interface. The first condition is the continuity at interface of first derivative of condensate profiles
with respect to z given in (6a)

),...-C) e
7=7y— 7=23+0"

The second condition is the continuity of both condensates at interface, z =z,
¢j (Zo -0)= ¢j (Zo +0). (18b)
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Substituting (16) and (17) into (18) gives

1 : ; 19a
A= (e - e vt (fy - ™)) e
B :Q(eﬁh _eﬁzo)ze\/;(zr”zc)’ (19b)
X
V2, N (19¢)
C :Q(e £ D% ¢,
2,Jh 20z, Zh 2fph+2h,  2h, +2nz, (19d)

2h 2yfh
:%(ef (nes +fnef)-effne ¢ +e ¢ ),
With
n=K-1n, =\ntJ2,h. =h+z,
X =i e?? — [ &2 4 2@ [nsinh[v/2h ]++/2cosh[v/2h ),
2z, 242h, 2\rh 2\2h,

Y=e ¢ [\/_+—\/;797]—e7[—\/;7+ ne < 1

\
K=3,§=12 \
\

Figure 2. The condensate profiles calculated in DPA (solid lines) and in GP equations (dashed lines).
The red and blue lines correspond to first and second components.

The condensate profiles in DPA and in GP theory are plotted in Fig. 2 for the symmetric case
m =m,=m, g =0, =0, Fig. 2 tells that:

- For symmetric condensates, Fig. 2a, the interface is located atz = 0, where two condensate
profiles intersect. For asymmetric cases, Figs. 2b and 2c, the locations of interface slightly deviate from
z =0.

- In all cases there is a qualitative accordance between the behaviors of both types of solutions. This

fact proves that the DPA is a reliable approach.
Taking into account the condensate profiles found above we can easily calculate the surface

chemical potential from (6).

o ( ). ?«/K “Tcoth[VK —1h+—z°] forj=1

j é ¢J (ZO) —; 1coth[x/_ ] forj=

2

S

which vanish when K tends to 1.
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4, Nambu-Goldstone Modes

63

For convenience the symmetric case is investigated in the BdG theory where the wave functions are

expanded as
v (ot =[¥ i (Bp+ oy (&, 20)]e ",
with
Sy, =u, (%ei(nié-mt) +V;k(%E-i(&é-wt).
Substituting (20) into the time-dependent GP equations
oy,

hZ
o = (_Hvz +0j |l//j |2 +0;; |l//j' |2)l//j'

]
and taking the first order of 5y, we have that

2w, _(_
ot 2m.

J

+9;Y,\¥; oy, +51//;,).
Basing on (12) we can rewrite (21) as follows

ih VE— iy + 20, | P 4y | |2)5‘/’J +0; 1Y, F oy

00y ; h?
ih—L =——— V%S, —u.dy, +9.n v,
at 2m] ] ] ] i/ ]
ooy, w *
|h7 =—RV 5l//j' —,Llj'éwj, +2gj,j'nj,05!//j, + gj,j,nj,oé‘l//j,.

]
Substituting (20b) into (22) and turning into the dimensionless form we get BdG equations
—U"+(* + K =Duy, =euy,
V" (K =D)vg =—av,,
—U" o+ (7 + DU+ = EU,
V" (K DV U = =6V,
here x =ké/v2and e=holgn,, with E=&,n, =n,.
Solutions of (23) are found straightforwardly
U, = Ae (e —e* "),
v, =Be ™ (e —e*"),
U, =C, (e —e” ™)1 D (et —e @),
V, = ﬁeﬁ(—%—z)—ﬁﬂ (Clé‘ieﬁ*z (EZﬂ,h _eZﬂ,Z) + Dlg+e/t(2h+2)(e2ﬁ+l _eZILh ))’
for right-hand side of interface, and
Uy = A (647 —e# ) 1 B (e —ef D),

j— eﬁ‘,(—Zh—z)—ﬂJ (Azg_eﬂJ (eZﬂ,h _ e2,6‘,Z) + Bzg+eﬂ,(2h+z) (e2,6+z _e2,8+h)),
e +1

Vi =

(20a)

(20b)

(21)

(22a)

(22b)

(23a)
(23b)
(24c)
(24d)
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U, =C,e " (% —e* "),
V,, = De "™ (e —e*™"),
for left-hand side of interface.
Here A;,B,,C,,D,are integral constants, and

1)
a, = JKr+K —lt¢,p6,. = \/KZ +1+ \/m,gi = g(mig)il.
In order to determine the NG modes, let us introduce the functions
T =Uj VoA = Uy =V
For sake the simplicity, we are now considering the case of strong segregation. For phonon mode
corresponding to the component 2 in the right-hand side of interface, we impose on%,, (z) the Dirichlet
boundary condition at interface

2, (z=12)=0, (24)
and on A,, (z) the Robin boundary condition
Bu| (25)
oz °
which lead to the systems of two homogeneous, linear equations
M,,C,+M,,D, =0, (26a)
M.,,C, +M,,D, =0, (26b)
here
M,, = 2(—/&? +1+ & +1)e " " sinh(8_ (h—z,)), (27a)
M,, = —2(Je? +1+ & +1)e" sinh(. (h—z,)), (27b)
M, =-283 (e? +1-e+2)e " cosh(B (h— z,)), (27¢)
M,, =2/, (Je* +1+ & —1)e”" cosh(3. (h—2,)). (27d)

Taking into account (27) the existence of non-trivial solutions to Eqgs. (26) requires that
M, M,,-M, M,,=0,
yielding the first phonon mode
& =2k +hx? +O[x°].
In the left-hand side of interface, the Robin boundary condition is used for both %, and A, ,
namely,
0%,

oz |z:z0 = _\/Ezlk (Zo),

(28)

and

OA, | _0 (29)
oz
Egs. (28) and (29) lead to a couple of homogeneous linear equations

M,,A+M,,B=0, (30a)

z=75 ~ "
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M, A+M,,B=0, (30b)
here
My = (e +1-e-De ™ (B +(B +2)e " —\2), (313)
My, = (We? +1+6+De @ (5 + (5, +42)e%" " —\2), (32b)
M,, = B (Ne® +1— & +1)(—e )2 11), (33¢)
M, = B, (Ve +1+&-D)(—e @ )@ 41), (34d)

Taking into account Egs. (31) the second phonon mode is derived straightforwardly from the
requirement that Egs. (30) possesses non-trivial solutions

& =2k —hx? +O[].
Finally, weak segregation of condensates is concerned. From continuous conditions at interface
Uj (z,-0) = ujk(zo +0),
Vik (z,-0) = Vi (z,+0),
with j=(,2), we have

A= o™ ™ (B, (e/% —e/ %)y _2 A e sinh(f (h+2,)) (35a)
- p2eZ _ e2a,h !
gf (Chn)-hCheeato (7 o @Pheh. (@) (g28-(0+0) 1y g ) (32b)

B, =—

1

‘\/82 +1(e2a+zo _e2a+h)

— A (h+29) (B-+2B,)(h+129)
B, =B,e (e/ ") —e "),

C, = C,+D, (e #)% —ghhhuhu) (33c)
o - el ) 202)A% (coth(ar, (h+2,)) ~1)D,, (34d)
’ e +1 '

Taking into account (34) the existence of non-trivial solutions to Eqgs. (33) requires that
M,,M,,-M,,M,, =0,
yielding the third phonon mode
&=2x+0[x"].
Applying conditions (28) and (29) for the component 2 in the left-hand side of interface, and using
(32c¢), (32d) we have
M,,C,+M,,D, =0, (35a)
M,,C,+M,,D, =0, (35b)
here
1
N
+4e( e ) sinh(o (h+ zo))(\/i(\/E+ g_)sinh(a, (h+12,)) +a,&_cosh(e, (h+ zo)))),
1
4e? +1
+4el ) 0) ginh(o_(h+ zo))(ﬁ(M+ g,)sinh(e, (h+2,)) +a, ¢, cosh(a, (h+2, ))))),

M ¢ (2 (@2 g2 ) coth(ar_ (h+2,)) ~D)(coth(a, (h+2,)) ~1) (o Ve +1(e2 ) 41y ) -1

M, =— (eﬁ*(’z“ (" —e?)(coth(ar_(h+2,)) —1)(coth(ex, (h+2,)) —1)(a7 Vel +1(e2 M) 1)@ (M) _1)
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1
4e? +1
o e +1(e* ) 1 1)(e2 %) _1))(coth(a (h+ z,)) ~D)(coth(a, (h+2,)) ~1)),
1
N
o e +1(e* ) 1 1)(e2 %) _ 1)) (coth(a (h+ z,)) ~)(coth(a, (h+2,)) -1)).

Taking into account (36) the existence of non-trivial solutions to Egs. (35) requires that
MllMZZ 'M21M12 =0,

M, =— (eﬁ, (~(2h+12y)) (ezﬂ,h _ g )a.e (ezrz,(mzo) _1)(e2a+(h+zo) +1)

M., (e/a(—zo)(ezmh _e¥n N (&% () _1)(g2« (%) 1 1)

yielding the fourth phonon mode
&=2x+0[x"].

5. Conclusion and Discussion

In the preceding sections we presented the main content of the work. It consists of the following
items:

The solutions derived from DPA are in qualitative agreement with those obtained directly from
GP theory.

Adopting the DPA we derived successfully four NG modes that indicates the failure of the
Watanabe-Brauner counting rule and, moreover, their dispersion relations depend on the spatial
limitation. This result is our major success.

The existence of the interface Hamiltonian H. is very important because it guarantees that the

boundary condition at the interface (18) is taken at equilibrium state. For simplicity we chose the
Dirichlet condition as the boundary condition at hard wall assuming that the hard wall Hamiltonian
vanishes. Consequently, the total Hamiltonian of our system (2) was established. However, it is worth
mentioning that there has been a long-standing interest in the problem of phase transition in confined
geometry where the hard wall Hamiltonian play’s crucial role [17-23]. In this regard, taking into
consideration this quantity is the subject of our next study.
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