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( , ,0) 0, , 0 2.u x y x y            (5) 

where ,f g  are measured data and F  is the heat source. 

The problem (1) – (5) has been researched by many scientists because of its applications in many 
fields, such as physics and geology. As we know, this problem has been treated widely in one - 
dimensional case [1, 2] and two – dimensional case [3, 4]. 

For instance, in [2], Le et al. solved the following problem:  

Finding ( ) (1, )xw t u t  such that  

                                             

0, 1 , 0, 2,

(1, ) ( ), 0,

(2, ) ( ), 0.

xx tu u x a t a

u t f t t

u t g t t

     
  
  

 

Moreover, the authors also considered the problem: 

Finding (0, ) ( )u t v t  such that  

                                              

0, 0 1, 0,

(1, ) ( ), 0,

(1, ) ( ), 0.

xx t

x

u u x t

u t f t t

u t w t t

    
  
    

To regularize these problems, the authors use the Tikhonov method.  
In addition, in [3], Dinh Alain et al. considered the problem (1) – (5) in the homogeneous case: 

Finding ( ,0, ) ( , )u x t v x t  such that  
                                              0, , 0 2, t 0,tu u x y        

                     
( ,1, ) ( , ), , 0,

( ,2, ) ( , ), , 0,

u x t f x t x t

u x t g x t x t

  
  




 

                                              ( , ,0) 0, , 0 2.u x y x y     
Moreover, in [4], the authors solved the homogenous problem as follows 

Finding ( ,1, ) ( , )yu x t w x t  such that  

                      

0, ,1 2, 0,

( ,1, ) ( , ), , 0,

( ,2, ) ( , ), , 0,

( , ,0) 0, , 1 2.

tu u x y t

u x t f x t x t

u x t g x t x t

u x y x y

      

  
  
   







 

By using the truncation method, the authors regularize the problem. 

As is known, such problem is ill – posed. In fact, a small change in the data may lead to a large 
change in the solution. Hence, a regularization is in order and that is the main goal of this paper. 

To the best of our knowledge, papers related to the problem (1) – (5) in the nonhomogeneous case 
are not much. Therefore, in this work, we regularize this problem by using truncated integration 
method.  With different conditions on the exact solution, we will get the error estimates between the 
regularized solution and the exact solution. 
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If 1 2 1 2 2
0 ( ) ( ) ( )v H L L      and 

50 e    then 
 2

0 4

1
,

ln 1/
v v C 
 

                                   

where 4 0C   depends on 0.v   

If 1 2
0 ( ),v L   2 2(5/2) 2 2

0ˆ ( , )z re v z r L   and 
70 e   then 1/2

0 62
,v v C  

                                 
where 6 0C   depends on 0 .v   

The rest of our paper is divided into three sections. In Section 2, we will find the exact solution 
and construct the regularized solution. Then we give the main results of the regularization method. In 
Section 3, we will give the proof of main results. Finally, a numerical example will be given in Section 
4, which proves the effectiveness of our method.      

 2. Main Results 

2.1. The Solution of the Problem (1) - (5) 

Lemma 1 (see [5]). Let 0.a   Put 
2 2

4
2

1
( , ) [0, )( , ) ,

0 ( , ) ( ,0)

x a

te x tH x t t
x t




    
   




 

         

2 2

41
( , ) [0, )( , ) .

0 ( , ) ( ,0)

x a

te x tK x t t
x t




    
   





 

Then     

4 2 2( / 2 ) 4 2 2 4 2 22ˆ ( , ) cos ( / 2) sgn( )sin ( / 2) ,a z r zH z r e a z r z i r a z r z
a

                    
4 2 2( / 2 )

4 2 2 4 2 2

4 2

4 2 2 4 2 2

4 2 2 4 2 2

4 2 2 4 2 2

ˆ ( , ) cos ( / 2 )
2

sin ( / 2 )

sgn( ) sin ( / 2 )

sgn( ) cos ( / 2 ) .

a z r ze
K z r z r z a z r z

z r

z r z a z r z

i r z r z a z r z

i r z r z a z r z

            
      
 

      
 

       

 
To get the exact solution, we will transform problem (1) – (5) into a convolution integral equation.  

       We put   
2 2( ) ( )

4( )1
( , , , , , )

4 ( )

x y

tx y t e
t

 
  

 

  


 


 



N. Q. Huy. N. M. Hai / VNU Journal of Science: Mathematics – Physics, Vol. 39, No. 4 (2023) 94-109 97

and  

( , , , , , ) ( , , , , , ) ( ,4 , , , , )G x y t x y t x y t            . 

It gives                                       

0.G G G      

Taking integration of the identity ( ) ( ) .div G u u G uG G F     over the domain 

( , ) (1, 2) (0, )n n t      and letting 0  , after some rearrangements, we get,   

0 0

2

0 0 1

( , ) ( , , , ,2, ) ( , , , ,1, ) ( ,1, )

( , ) ( , , , ,1, ) ( , , ) ( , , , , , ). ( , , ) 0.

t t

t t

g G x y t d d G x y t u d d

f G x y t d d u x y t G x y t F d d d

 



           

              

 

 

 

 



   

   

    

          (6) 

Letting 1y   in (6), we obtain 

2 2 2

2

( ) ( ) 4 ( ) 4

4( ) 4( ) 4( )
2

0 0

( ) 1 2
4( )

2
0 0 1

1 1 1 1
( ,1, ) ( , )

2 ( ) 2 ( ) 2 ( )

1 1
( , ) ( , ) 2 ( ,1, , , , ).

2 ( )

x x xt t
t t t

xt t
t

e e u d d e f d d
t t t

e g d d f x t G x t
t

  
  






       
     

      
 

       
  

 

  


 

 
  

    

  


   

    ( , , ) 0.F d d d      
    

(7)

 
      We put  

( , , , , , ) ( , , , , , ) ( , , , , , )N x y t x y t x y t              
satisfying 

0.N N N      

Taking integration of the identity ( ) ( ) .div N u u N uN N F      over the domain

( , ) (0, 1) (0, )n n t      and letting  , 0n   , we have  

0 0

1

0 0 0

( , , , ,1, ) ( ,1, ) ( , ) ( , , , ,1, )

( , ) ( , , , ,0, ) ( , , ) ( , , , , , ). ( , , ) 0.

t t

t t

N x y t u d d f N x y t d d

v N x y t d d u x y t N x y t F d d d

 



           

              

 

 

 

 



   

   

    

           (8) 

Letting  1y   in (8), after some computations, we get 
2 2 2

2

( ) ( ) 4 ( ) 4

4( ) 4( ) 4( )
2

0 0

( ) 1 1
4( )

2
0 0 0

1 1 1
( ,1, ) ( , )

2 ( ) 2 ( )

1 1
( , ) ( , ) 2 ( ,1, , , , ). ( , ,

2 ( )

x x xt t
t t t

xt t
t

e e u d d e f d d
t t

e v d d f x t N x t F
t

  
  






       
   

         
 

       
  

 

  


 

 
  

   

  


   

     ) 0.d d d   

        (9) 
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        From (7) and (9), we obtain 
2 2

2

2 2 2 2

( ) 1 ( ) 4

4 ( ) 4 ( )
2 2

0 0

( ) 1

4 ( )
2

0

( ) (1 ) ( ) (3 )

4 ( ) 4 ( )

1 1 1 1
( , ) ( , )

2 ( ) ( )

1 1
( , ) 2 ( , )

2 ( )

1

2 ( )

x xt t
t t

xt
t

x x

t t

e v d d e f d d
t t

e g d d f x t
t

e e
t

 
 




   
 

       
   

   
 

 

     
 

 

  




     
 

 


 

 


 
  

  

   

 

2 2 2 2

2

0 1

( ) (1 ) ( ) (1 )1
4 ( ) 4 ( )

0 0

. ( , , )

1
. ( , , ) .

2 ( )

t

x xt
t t

F d d d

e e F d d d
t

   
 

     

     
 





       
 





 
  

   

  

  

 

This implies that 

 

 

2

1 2 3

1

1

2 4

0

( , ) 2 ( , ) ( , ) 2 ( , ) ( , , )

( , , ) ,

S v x t R f x t S g x t f x t R R F x t d

R R F x t d

 

 

        

  




   

(10) 

in which we define that ( , ) ( , ) ( , ) 0v x t f x t g x t    as 0,t   
2 1

4
2

1
( , ) [0, )( , ) ,

0 ( , ) ( ,0)

x

te x tS x t t
x t




    
   




 

2 4

4
2

1

1
( , ) [0, )( , ) ,

0 ( , ) ( ,0)

x

te x tR x t t
x t




    
   





 

2 2(1 )

4

2

1
( , , ) [0,2] [0, )

( , , ) ,

0 ( , , ) [0,2] ( ,0)

x

te x t
R x t t

x t








 
  

     
    


   



  
2 2(3 )

4

3

1
( , , ) [0, 2] [0, )

( , , ) ,

0 ( , , ) [0, 2] ( , 0)

x

te x t
R x t t

x t








 
  

      
    


   



  
2 2(1 )

4

4

1
( , , ) [0, 2] [0, )

( , , ) .

0 ( , , ) [0, 2] ( ,0)

x

te x t
R x t t

x t








 
  

         


   



  

Put 
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 

 

2

1 2 3

1

1

2 4

0

( , ) 2 ( , ) ( , ) 2 ( , ) ( , , )

( , , ) .

M x t R f x t S g x t f x t R R F x t d

R R F x t d

 

 

       

  




   (11) 

Taking the Fourier transform of (10), we get                                                               

 ˆ ˆˆ( , ). ( , ) ( , ),S z r v z r M z r                                                                       (12)                             

where 

( )1
ˆ( , ) ( , ) .

2
i xz trv z r v x t e dxdt



 
 

 

    

From (12), we get the exact solution of the problem (1) – (5)  

( )
ˆ1 ( , )

( , ) .
ˆ2 ( , )

i xz trM z r
v x t e dzdr

S z r

 


 

                                                                  (13)                

In the following main results, we denote 2|| . || the 2 2( )L  - norm.  

2.2. The Regularization of Problem (1) – (5) by Truncated Integral Method 

We construct the regularized solution for the problem (1) – (5) as follows 

                                         

( )
ˆ1 ( , )

( , ) ,
ˆ2 ( , )

i xz tr

D

M z r
v x t e dzdr

S z r


 
                                                     (14)  

where  2 2( , ) / | | | |D z r a z b and a r b          with  ,a b 

 

positive will be chosen later such 

that  
0

lim 0a
 and 

0
limb

  . 

Lemma 2 (The stability of regularized solution given by (14)).  

Assume that 2 2( )kv L  is the regularized solution given by (14) corresponding to the data 
2 2 2 2 2, ( ), (0,2, ( )), 1,2.k k kf g L F L L k      

Then  

           
2 2 2

2 2 2( 2/2) 2 1
1 2 1 1 2 1 2 1 222 2 2 (0,2, ( ))

1
,b

L L
v v C e f f g g F F

a




       
                     

where  1 0C   is constant. 

Theorem 1.  

      Let 
1

0,
2

   
   and 1/(0, ).e     

      Assume that 2 2
0 ( )v L 

 is the (unique) solution of (1) – (5) corresponding to the exact data 
2 2 2 2 2

0 0 0, ( ), (0,2, ( ))f g L F L L    and 2 2( )v L   is the solution given by (14) 
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corresponding to the measured data 2 2 2 2 2, ( ), (0,2, ( ))f g L F L L      satisfying 

2 20 ( )L
f f  


, 2 20 ( )L

g g  
  

and 2 2 20 (0,2, ( ))
.

L L
F F  

  
Then                                          

                     
1 2

0 22
( ),v v C 

     
 

where 2 0C   and ( ) 0   as 0  . 

Remark 1. 
In the above theorem, the error estimate is not good because the condition of the exact solution is 

not strong enough. In two following theorems, we will give some explicit error estimates with 
different conditions on the exact solution.  

Theorem 2.  

Let 0,v v  be as in Theorem 1.   

Assume that 1 2 1 2 2
0 ( ) ( ) ( ).v H L L        

If 
50 e    then  

                                     
 2

0 4

1
,

ln 1 /
v v C 
 

 
where 4 0C   depends on 0.v   
      Remark 2.  
      When 0,F   the error estimate has the same order with the result in [3]. To get the error estimate 

of order (0 1),p p   we need a stronger condition on the exact solution. 

Theorem 3.  

Let 0,v v  be as in Theorem 1.  

We assume that 1 2
0 ( )v L   and  2 2(5/2) 2 2

0ˆ ( , ) .z re v z r L    

If 
70 e    then  

                                                        

1/2
0 62

,v v C  
 

where 6 0C   depends on 0 .v   
Remark 3. 
As we can see, the error estimate in theorem 3 is of the Holder type. However, the condition on the 

exact solution is so strong and that is one disadvantage of our method.  

3. Proof of the Main Results 

Proof of Lemma 2. 
From Lemma 1, we have     

     

4 2 22
2ˆ( , ) 4 z r zS z r e   ,  



N. Q. Huy. N. M. Hai / VNU Journal of Science: Mathematics – Physics, Vol. 39, No. 4 (2023) 94-109 101

      

4 2 22| 1|2

2 4 2
ˆ ( , ) ,

z r ze
R z r

z r

   


  

       

4 2 22|3 |2

3 4 2
ˆ ( , ) ,

z r ze
R z r

z r

   


  

       

4 2 22|1 |2

4 4 2
ˆ ( , ) .

z r ze
R z r

z r

   


  

     For ( , )z r D , we have 
2

2 2 1ˆ( , ) 4 ,bS z r e  
 

2 2

2 3 2

2ˆ ˆ ,R R
a

 
                     (15) 

2 2

2 4 2

2ˆ ˆ .R R
a

   

Put

 
 

 

2

1 1 1 1 1 2 3 1

1

1

2 4 1

0

( , ) 2 ( , ) ( , ) 2 ( , ) ( , , )

( , , ) ,

M x t R f x t S g x t f x t R R F x t d

R R F x t d

 

 

       

  



  

             
 

 

2

2 1 2 2 2 2 3 2

1

1

2 4 2

0

( , ) 2 ( , ) ( , ) 2 ( , ) ( , , )

( , , ) .

M x t R f x t S g x t f x t R R F x t d

R R F x t d

 

 

       

  





 

We get   

             
2

2

2 2 2 1 2
1 2 1 2 1 22 2

ˆ ˆ( , ) ( , )
ˆ ˆ ˆ ˆ( , ) ( , ) .

ˆ( , )D

M z r M z r
v v v v v z r v z r dzdr dzdr

S z r



      



 

Applying the inequality 2 2 2 2 2( ) 4( )a b c d a b c d       , we have 

    

     

2 22 2 2 1
1 2 1 1 2 1 22

2 12 2

2 3 1 2 2 4 1 2

1 0

ˆ ˆ ˆˆ ˆ ˆ2 2

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ(., ,.) (., ,.) (., ,.) (., ,.) .

b

D

v v e R f f S g g

R R F F d R R F F d dzdr





     

      



      





 
 

Applying (15) and the inequality 2 2 2( ) 2( )a b a b   , we get 
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
   

   

2 2 2

2 2 2 2 22 2 1
1 2 1 1 2 1 22 1 2 1 2

2 22 2

2 3 1 2

1

1 22 2

2 4 1 2

0

2 2 2 2 22 2 1
1 1 2 1 2 1 221 2 1 2 (0,2, ( ))

(8 8 )

ˆ ˆ ˆ ˆ2 (., ,.) (., ,.)

ˆ ˆ ˆ ˆ2 (., ,.) (., ,.)

2 2
(8 8 )

b

D

D

b

L L

v v e R f f S g g

R R F F dzdrd

R R F F dzdrd

e R f f S g g F F
a











  

  





     

  


   




      


 

 

 .




 

Therefore, it leads to 

2 2 2

2 2 2 22 2 12
1 2 1 1 2 1 2 1 222 2 2 (0,2, ( ))

1
,b

L L
v v C e f f g g F F

a




  
       

 


 

where  

 2 22
1 1 1 1

max 8 8 , .C R S 
 

Thus, we obtain   

                    2 2 2

2 2 2( 2 /2) 2 1
1 2 1 1 2 1 2 1 222 2 2 (0,2, ( ))

1
.b

L L
v v C e f f g g F F

a




      


               (16)
 

This completes the proof of lemma 2. 

Proof of Theorem 1.  

We put  

,a 
 

 2 1
ln .

2 1
b 

   
   

Applying triangle inequality, we have 

     
( , , ) ( , , ) ( , , ) ( , , )( , , ) 0 0 00 0 0

0 0 0
2 2 22

ˆ ˆ ˆ ˆ ˆ ˆ .
f g F f g F f g F f g Ff g F

v v v v v v v v
                      (17) 

Applying Lemma 2 and the inequality 2 2 2a b c a b c      for , , 0a b c  , we get   

                                              
( , , ) ( , , )0 0 0

1
2

ˆ ˆ 2 .
f g F f g F

v v C
  

 
          

Hence 

                                               
( , , ) ( , , )0 0 0

1 2
2

2
ˆ ˆ ,

f g F f g F
v v C

  


                                                                 (18) 

where 2 13 .C C  
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Moreover, putting 
2

2

0

\

ˆ( ) ( , )
D

v z r dzdr


   


, we have 

                                           
( , , )0 0 0

0
2

ˆ ˆ ( ) 0
f g F

v v      as 0.                                                   (19)                         

From (17), (18) and (19), it implies that 

                                    
1 2

0 22
( ).v v C 

     
              

(20)
 

This completes the proof of theorem 1. 
Proof of Theorem 2. 
We put  

  2 2, , ,T b b b b           

  2 2, , ,K a a a a           

\ .D T K  
 

From Lemma 2, it implies that 

                           
( , , ) ( , , )0 0 0

22
2 2 12 2

1 2
2

ˆ ˆ 2 .
F f g F f g

bv v C e
a



   


  
   

          (21)

 

( , , )0 0 0
2 2

2

22 22 2 20
0 0 02 2

2
\ \

2
22 2 3

0 02 ( )
2

ˆ( ) ( , )
ˆ ˆ ˆ ˆ( , ) ( , )

1
ˆ ˆ( , ) 4 .

2

F f g

KD T

L

z r v z r
v v v z r dzdr dzdr v z r dzdr

z r

z r v z r v a
b

 









   



  

  
 



 

Hence 

                             
( , , )0 0 0

22 22 2 3
0 0 02 12 2

1
ˆ ˆ ˆ ( , ) 4 .

2F f g
v v z r v z r v a

b 


                                          (22) 

From (17), (21) and (22), it results in 
2

2 2 2 1 2 2 12 2 3
0 3 2 22

1
,b bv v C e e a

b a
 

 
 

   
     

        

 (23) 

where  
2

22 2 2 2
3 1 0 0 1

2

1
ˆmax 2 , ( , ) ,4 .

2
C C z r v z r v   

   

Let b be the positive solution of the following equation      

                                                                                                                          

2 2 1 10/3
2

1
.be b  

                                           (24) 
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The function 10/3 2 2 1( ) sh s s e   is strictly increasing in (0; ) and ( )h    , so that 

equation (24) has a unique solution b and b    as 0.   

For   sufficiently small, it implies that  

10 1
6 2 2 1 ln( ) 2ln .

3
b b b   

      
 

 

Therefore 

 
1 3

ln 1 /b 
 .                                                                (25) 

Putting  

   

3

2/3

2
a

b


 , 

we have 0a   as 0.   

From (23) and (25), it leads to 

 

2 2
0 3 10/3 2 22 23

2
3 23

2
4 2

1 1 1 2

4

1 1
4

4

1
,

ln 1/

v v C
b b bb

C
b

C


  





 
     

 
   
 



 

where 

                                                              
2 2
4 3 3

1
9 4

4
C C

   
 

. 

Thus, we obtain 

      2
0 4

1
.

ln 1/
v v C 
 

                       

(26)

 
This completes the proof of theorem 2. 

Proof of theorem 3.  

We put  

3

4/9 1/3

1 1
ln ,

23 2( 2 1)

2 .

b

a









   
 


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We have    
2 2

2 2( , , )0 0 0
2 2

2 2

2 2

252 2 20
0 0 052

\ \

2
2(5/2) 3

0 05 2
2

2
2(5/2) 3

0 0 13 2( 2 1)2

ˆ ( , )
ˆ ˆ ˆ ˆ( , ) ( , )

1
ˆ ˆ( , ) 4 .

1
ˆ ( , ) 4 .

F f g

z r

z r
KD T

z r

b

z r

b

e v z r
v v v z r dzdr dzdr v z r dzdr

e

e v z r v a
e

e v z r v a
e

 






















   

 

 

  
 

      (27)

 

From (23) and (27), it gives  

    

2
2 2 ( 2 1) 2 ( 2 1)2 2 3

0 5 22 3 2 ( 2 1)

1
,b b

b
v v C e e a

ae
 


 



  



 
     

 

 

where  

2 2
2

22 2 (5/2)
5 1 0 0 1

2

ˆmax 2 , ( , ) ,4 .z rC C e v z r v   
 

 

This implies that 

         

1/3 1/32
2 2 2 1/3 4/3

0 5 1/3 8/9 2/3 1/32

2 5/3 1/3 4/3
5 1/9

1 1
2 2

2 2 2

1 1
2 2 .

2 2

v v C

C


  

  

   

                 
     
 

 

Therefore 

1/2
0 62

,v v C                                                             (28) 

where
 

1/3 4/3
6 5 1/9

1 1
2 2 .

2 2
C C      

   

This completes the proof of theorem 3. 

4. Numerical Example 

We consider the problem:  

  

2 2 42 2
4( , , ) 1 , , 0 2, 0,

2 4

x t y

t

t x t
u u F x y t t e x y t

 
 

           
 

                 (29) 
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2 2

1 4( ,1, ) ( , ) , , 0,
x t

u x t f x t e te x t
 

                                 (30) 

2 2

2 4( ,2, ) ( , ) , , 0,
x t

u x t g x t e te x t
 

                       (31) 

( , ,0) 0, , 0 2.u x y x y            (32) 

that the unknown is 

    ( , ) ( ,0, )v x t u x t .                                            (33) 

The exact solution of the equation is  
2 2

4( , )
x t

exv x t te
 

 .                                                  (34) 

The Fourier transform of exact solution is  

                                            
2 2

ˆ ( , ) 4 z r
exv z r ire   .                                           (35) 

      Let 0   and ˆ ˆ ˆ ˆˆ ˆ1 , 1 , 1 .
12 12 12

f f g g F F  
                 

     
 

      We get  

            2 2( )L
f f  

 , 2 2( )L
g g  

  
and 2 2 2(0,2, ( ))

.
L L

F F  
  

We have 

      

  

2

1 2 3

1

1

2 4

0

ˆ ˆˆ ˆ ˆ ˆ ˆˆ( , ) (2 2). ( , ) . ( , ) . ( , , )

ˆ ˆ ˆ. ( , , )

M z r R f z r S g z r R R F z r d

R R F z r d

   



 

 

    

 




 

Let       

 

4/9 1/3

3

2 ,

1 1
ln .

23 2( 2 1)

a

b











   
 

                (36) 

We obtain the Fourier transform of the regularized solution  

         

ˆ ( , )
ˆ ˆ( , ) 1 ( , )

ˆ 12( , )
D ex D

M z r
v z r v z r

S z r  




     
                   (37) 

where  2 2( , ) / | | | |D z r a z b and a r b         .  

We consider 5 10 15 20 30
1 2 3 4 510 , 10 , 10 , 10 , 10 .              Then we get the error  

estimate between the exact solution and the regularized solutions corresponding to ,i 1,...,5.i   From 

(35), (36) and (37), we get the following table which expresses the error estimate. 
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