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Abstract: We performed Monte Carlo simulation for a two-dimensional generalized XY model and
calculated the magnetic and nematic Binder parameters. The phase diagram is re-examined based
on these Binder parameters, demonstrating their power in studying generalized XY models. The
Binder parameter has distinctive behaviors, resulting in different types of phase transition. More
importantly, the magnetic Binder parameter gives more insights into the tricritical region where the
Kosterlitz-Thouless, Ising, and 1/2 Kosterlitz-Thouless (KT) transition lines meet. It shows
signatures for the intermediate region starting from the tricritical point, where the transition line is neither
the same physics as the Ising transition below nor the KT transition far above the tricritical point.
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1. Introduction

The Mermin-Wagner theorem states that in two dimensions, continuous symmetry breaking cannot
occur at finite temperatures for systems with short-range interactions [1]. A two-dimensional XY model
is particular because it exhibits a different type of phase transition known as the Kosterlitz-Thouless
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(KT) transition, associated with unbinding vortices and antivortices. In high temperatures, the vortices
and antivortices are free, and the system is in a disordered phase, where the spinspin correlation function
decays exponentially. As the temperature decreases, vortices and antivortices form bound pairs, and the
system undergoes the KT transition. In the low-temperature phase, these bound vortexantivortex pairs
lead to quasi-long-range order, where the spin-spin correlation function decays algebraically [2, 3].

The generalized XY models [4, 5], which include nematic effects, have gained much attention
because of their possibility for investigating KT phase transitions in liquid crystal [5, 6] or in He3 thin
films [4, 7, 8]. The generalized XY models include additional nematic interactions to the original
magnetic interaction. In addition to the conventional vortices and antivortices generated by the magnetic
interaction, the system exhibits 1/g-integer vortices. The interplay between integer and noninteger
vortices can lead to rich phase diagrams and transitions.

The relative strengths of the magnetic and nematic interactions in the generalized XY model
experience the nature of phase transitions. When the magnetic interaction is dominant, it behaves like
the conventional XY model with a KT transition from a disordered paramagnetic phase to a quasi-long-
range ordered phase characterized by the binding of vortex-antivortex pairs. In contrast, if the nematic
interaction is dominant, a nematic phase can be stable at low temperatures with bound pairs of
noninteger vortices. When both interactions contribute, there are three possible phases in the phase
diagrams that meet at a tricritical point: the disordered (paramagnetic) phase (P), the quasi-long-range
ordered phase (F), and the nematic phase (N) [4, 5, 9-12]. Away from the multicritical region, the phase
transitions from the disordered to the nematic or the quasi-long-range phase belong to the KT
universality class [9, 13], while the transition from the nematic to the quasi-long-range order belongs to
the Ising university class [10, 12].

The phase diagram of the generalized 2D XY model has been constructed since the early days of the
model [4, 5, 9], and much of its critical behavior is relatively well understood. One of the remaining
issues is whether the tricritical point is an actual tricritical point where all the phase boundaries meet or
if there are segments of phase boundaries that extend beyond the tricritical point. Recent works have
suggested that the Ising line, corresponding to the transition from the nematic to the quasi-long-range
ordered phase, can extend beyond the tricritical point [13-15]. It means a segment of the phase boundary
where the transition directly from the quasilong-range phase to the disordered phase belongs to the Ising
universality class. Reference 15 regarded it as a classic example of the deconfined quantum criticality
[16]. Most recent works have suggested that the Ising phase transition terminates at the tricritical point,
leading to an intermediate region between the Ising and KT lines. This intermediate region is of a distinct
type of phase transition that differs from both the Ising and KT transitions [17, 18].

In this work, we employed large-scale Monte Carlo simulations and focused on measuring the
Binder parameters. This quantity has been investigated for various models [19-22] and the generalized
2D XY model with q > 2 [10]. However, it has yet to be studied rigorously for the generalized XY model
with q = 2. By conducting a detailed analysis of the magnetic and nematic Binder parameters, we have
reproduced the phase diagram of the generalized XY model. Moreover, these measurements of the
Binder parameters support more insights into the physics of the tricritical region, particularly concerning
the understanding of the Ising phase boundary that originates from the N-F transition, how this boundary
ends, and how the system changes from the Ising transition line to the KT transition line as the relative
strengths of the interactions are varied.

2. Model and Methods

The Hamiltonian of the two-dimensional generalized XY model with both magnetic and 2-nematic
interactions is as follows.
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H =-Y"[ Acos(6, - 0;) + (1- A)cos(26, - 26)) | L)
<ij>
where 6; (¢;) are the angles of the spin orientations at sites i(j). (ij) denotes the sum over nearest-neighbor
pairs of spins. A is the strength of the magnetic interaction with the unit energy scale setting 1. 1 — A is
the strength of the 2-nematic interaction. The relative strength of the two interactions by tuning the
parameter A from 0 to 1.

We simulate the two-dimensional generalized XY model on a square lattice with periodic boundary
conditions using Monte Carlo method. The lattice size L ranges from 16 to 256. We measure physical
guantities in the thermodynamic limit and then extrapolate the data from simulations with various sizes
of L.

The Monte Carlo simulation uses two types of updates: local single-spin-flip Metropolis algorithm
and clusterspin-flip algorithm following the Wolff algorithm [23]. Local and cluster updates are carried
out once in every Monte Carlo step. The Monte Carlo simulation parameters for each case are
summarized in Table 1. To ensure that the system is in equilibrium by checking the quality of the specific
heat computed via energy fluctuation and the specific heat calculated via the temperature difference of
the energy.

Table 1. Various simulation parameters are listed here. L is the system size, N; is the number of the independent
run, Nwmc is the total number of MC steps, and Nr is the total number of temperature points

A L Ny Nmc Nt A L Ny Nmc Nt
16 5 8.10° 63 16 5 8.10° 63
32 5 8.10° 63 32 5 8.10° 63
0.2 64 5 8.10° 63 0.4 64 5 8.10° 63
128 5 10.108 55 128 5 10.10° 63
256 5 12.108 26 256 5 12.108 25
16 5 8.10° 63 16 5 8.10° 63
32 5 8.10° 63 32 5 8.10° 63
0.3 64 5 8.10° 63 0.7 64 5 8.10° 63
128 5 10.108 55 128 5 10.108 63
256 5 12.108 27
16 5 8.10° 63
32 5 8.10° 63
0.36 64 5 8.10° 63
128 5 10.108 63
256 5 12.108 27

The magnetization (m1) and the nematic magnetization (m.) are defined as [23]

1 N 2 N 2
m, = [Zcos(n@i)j +(Zsin(n6’i)j , )
i=L i-1
The magnetic Binder parameter (g1) and the nematic Binder parameter (g) are defined as [19-21, 24].
(m)
(me)

@)
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where < ... > denotes thermal average, m1 is the magnetic magnetization, and m2 is the nematic
magnetization. For the 2D Ising model, the Binder ratio shows a crossing behavior at the second-order
phase transition. On the other hand, for the 2D XY model, the Binder ratio shows a merging behavior
at the KT phase transition [21].

A similar definition of the difference of correlation length [17], we define the difference of the
magnetic Binder parameter at different L values (dq1) as follows.
g.(2L) a,(L)
o,(L)= - : 4
(D= (4)

3. Phase Diagram

We reproduce the phase diagram of the generalized 2D XY model at g = 2 [Eq. (1)] using the Binder
parameters to demonstrate the power of these quantities for studying spin models. Binder parameters
have two distinctive behaviors when the temperature crosses the critical value. In detail, when plotting
g(L) for different L’s, they either merge below the critical temperature or cross each other at the critical
point. From these behaviors, we determine the critical temperature and understand the nature of the
phase transition. The Binder parameter is the accurate method for locating phase transitions and plays a
crucial role in revealing the physics of the phase transitions.
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Figure 1. The T —A phase diagram for the 2D generalized XY model at q = 2 is reconstructed using the Binder
parameters. The diagram displays three distinct phases: disordered (P), nematic (N), and quasi-long-range
ferromagnetic (F) phases. The yellow square thick line represents the phase boundary that is the focus of this
study. The green square line is obtained based on the nematic Binder parameter. The intersection of these two
lines determines the tricritical point Ac. The P — N green square and the P — F blue dot lines belong to the KT
universality class; the N — F purple triangle line belongs to the Ising universality class, while the nature of the P
— F yellow square line is under investigation. The error bars are smaller than the symbol sizes.

We represent in Figure 1 the T — A phase diagram of the model, here T is the normalized temperature.
The phase diagram clearly shows three distinct phases: i) The disordered phase (P); ii) The quasi-
longrange ordered phase (F), and iii) The nematic phase (N). Different behaviors of the magnetic and
nematic Binder parameters characterize these phases. The three phase boundaries meet at one point, the
tricritical point A = 0.325. The result is consistent for the locations of the phases as well as the existence
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of the tricritical point with previous Monte Carlo studies, which constructed the phase diagram using
other physical measurements such as the specific heat and the magnetic susceptibility [9] or the helicity
modulus [13] or the correlation length [17].

In the region of small A (A< Ac), the nematic interaction plays an important role. The two-phase
transitions: i) The P — N KT transition at a high temperature which is related to the binding and
unbinding of 1/2-vortices; and ii) The N — F Ising transition at a low temperature occurred when the
string tension between 1/2-vortices vanishes [13].

c2a shows the magnetic Binder parameter at A = 0.2. The magnetic Binder curves g: cross nearly
the same point at T = 0.436, analogous to the Binder parameter behavior in the 2D Ising model. The
crossing behavior of the magnetic Binder parameter indicates an Ising phase transition. One more, the
magnetic Binder parameter rapidly changes at T = 0.436 from positive to negative value, indicating a
transition to a phase with nontrivial winding configurations. Therefore, in this generalized XY model,
the behavior of the magnetic Binder parameter suggests an Ising-like phase transition from the quasi-
long-range ordered phase to the nematic phase, which is different from that of the Ising model, where it
is from the long-range ferromagnetic order to the paramagnetic phase.

We specify the crossing temperature T¢(L) for each pair of L and 2L to estimate the phase transition
temperature. Then, the critical temperature T, is obtained by fitting T¢(L) following Eq. (5), we obtain
T1 = 0.436 for this A. It is consistent with previous studies [9, 13, 17].

T(L)=T +alL", (5)

On the other hand, the behavior of the magnetic Binder parameter at higher temperatures (T > 0.436)
shows exciting features. It rapidly decreases from a positive to a negative value at T = 0.436, slightly
increases in the temperature range 0.436 to 0.78, and then rapidly increases to zero at T = 0.78. The
rapid decrease of the magnetic Binder parameter from a positive to a negative value suggests a possible
transition at T = 0.436 to a phase with non-trivial winding configurations. The subsequent increase of
the Binder parameter to zero at T = 0.78 indicates a signature of another transition from this non-trivial
winding phase to the disordered phase. This phase transition will determine clearly from the nematic
Binder parameter in the next.

The temperature dependence of the nematic Binder parameter is present in Figure 2b. The g curves
of different system sizes (L) merge at T = 0.8 further confirms the presence of a KT phase transition
(from the nematic phase (N) to the disordered phase (P)), which is governed by the binding and
unbinding of half-vortices. This behavior is similar to the transition observed in the conventional XY
model, where the KT phase transition is also associated with the binding and unbinding of vortices and
antivortices [21].

We apply the method from Ref. [25] for determining the KT phase transition. It is challenging to
locate the merging point for g at different L’s. Instead, we choose a value R smaller but not too far from
the critical value of g, such that g2(T) = R has a solution T¢(L) larger than Tc. To extrapolate T in the
limit L— oo following Eq. (6), we obtained a critical temperature of T, = 0.727 for this KT transition. It
is consistent with previous work of the generalized XY model [4, 5, 13, 17].

cT
TC(L) =T + £ .
(InbL)? ©)
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Figure 2. Temperature dependence of the magnetic Binder parameter g1 (a) and the nematic Binder parameter
g2 (b) for A=0.2. The inset in panel (a) is the expanded view of the magnetic Binder parameter around the
crossing temperature. The error bars are smaller than the symbol sizes.

In the region of large A (A > 0.4), the magnetic interaction dominates over the 2-fold nematic
interaction, leading the system to resemble the conventional 2D XY model. Figure 3 shows the
temperature dependence of the magnetic (g1) and nematic (gz) Binder parameter for A = 0.7. At low
temperatures, g: and g, exhibit the merging behavior as the system size L increases, indicating the
presence of a KT phase transition. At high temperatures, g; decreases to zero while g, exhibits a negative
dip with increasing L. By extrapolating the data to L — o« follow Eq. (6), we estimate the critical
temperature T = 0.885. Therefore, in the large A region, a single KT phase transition occurs from the
disordered phase (P) to the quasi-long-range ferromagnetic phase (F). This observation agrees with
previous studies [13, 17]. Indeed, this is a phase transition from the disordered phase, where the spins
are set randomly, to the quasi-long-range order, where the spins are aligned both in the sense and
orientation. Therefore, both magnetic and nematic Binder parameters are sensitive to this phase
transition, explaining the merging behavior of both quantities. One can use the two Binder parameters
interchangeably to detect the phase transition.

'F (a) (b)

075 08 085 09 095 1 105 11 115 1.2

Figure 3. Temperature dependence of the magnetic Binder parameter g:(a) and the nematic Binder parameter
g2(b) for A = 0.7. The error bars are smaller than the symbol sizes.

We focus on the region of the phase diagram where both the nematic and magnetic terms contribute
significantly to the physics of the system. This region is specified by A away from 0 and 1, and mostly
in the range around the tricritical point Ac = 0.325. The difficulty in this region is that due to the
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competition between the nematic and magnetic interactions, the Binder parameter at finite sizes may
contain features from the phases below and above Ac. Our goal is thus to determine the phase transitions
in this region from this mix of features. For that purpose, we investigate the cases A = 0.3 and 0.36,
which are slightly below and above the tricritical point Ac.

For A = 0.3, which is slightly below Ac, we found that the behavior of the Binder parameters is
qualitatively similar to the case of A = 0.2. The magnetic Binder parameter (g:) shows a crossing
behavior at T; for the N — F transition, suggesting an Ising phase transition. The nematic Binder
parameter (gz) exhibits a merging behavior at T, for the P — N transition, indicating a KT phase
transition. These critical temperatures are obtained straightforwardly, and the crossing behavior appears
stable in the thermodynamic limit. As a result, for A< A, the critical temperatures are well-defined. At
A =0.36, which is slightly above A, the nematic phase starts to influence the behavior of the g. in Figure
4b. While the g: (Figure 4a) still exhibits the crossing behavior with a large change at the critical
temperature, the behavior of g, is more complex. It shows a merging feature, and based on this, you
obtain T, = 0.707, while assuming the crossing behavior for g1, we find T; = 0.709. Remarkably, T1 is
approximately equal to T, which is consistent with previous studies [13, 17]. For A slightly above the
tricritical point A¢, crossing and merging behaviors coexist in the Binder parametes at the same phase

transition remains a mysterious nature. It is the reason for devoting the next section to understanding
this issue.
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Figure 4. Temperature dependence of the magnetic Binder parameter g: (a) and the nematic Binder
parameter g, (b) for A = 0.36. The inset in panel (a) is the expanded view of the magnetic Binder parameter
around the crossing temperature. The error bars are smaller than the symbol sizes.

4. Ising and KT Transition Lines

The consensus is that the phase transition from the nematic to the quasi-long-range order below the
tricritical point (see Figure 1) belongs to the Ising universality class [9, 13-15]. The remaining open
questions focus on the tricritical region: i) Whether this Ising line goes beyond the tricritical point:
ii) the nature of the Ising segment beyond the tricritical point if there is; and iii) The transition from the
Ising to the KT universality class along this line. Some of these issues have been studied in Refs. 14 and
15, which focus on the modified Villain model of Eq. (1) and claim that the Ising transition line goes
beyond the tricritical point. The Monte Carlo study of Ref. 13 directly simulates Eq. (1) but only briefly
mentions the possibility of the Ising transition above the tricritical point based on the specific heat
measurements. The Monte Carlo simulation of Ref. 17 re-examines Eq. (1), suggesting that the Ising
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phase transition terminates at the tricritical point, leading to an intermediate region between the Ising
and KT lines based on the correlation length. We hope to support more insights into some of the above
questions using the Binder parameter.

First, we note that there is ambiguity if observing directly the Binder parameter. As discussed in
Sec. 3, the magnetic Binder parameter expresses a crossing behavior in the region A = A (e.g., atA =
0.36), which may indicate an Ising-like phase transition. However, due to computational limitations, it
may be challenging to determine whether this crossing behavior persists, changes to merging behavior,
or remains inconclusive in the thermodynamic limit. On the other hand, the nematic Binder parameter
clearly shows the merging behavior, a signature of the KT-type transition associated with the binding
and unbinding of half-vortices. However, g2 primarily relates to the pairing of half-vortices, and it may
not provide direct evidence regarding the extension of the Ising line beyond the tricritical point.

Second, as discussed in Sec. 3, the magnetic Binder parameter develops a negative dip for a wide
range of A, which may indicate the system exhibits two phase transitions at T; and T, respectively.
Figure 5 presents the negative depth hg(L) of the magnetic Binder parameter versus the inverse system
size 1/L for several values of A. For A > 0.35, the hg(L) tends to decrease as L increases, which means
that the dip of the magnetic Binder parameter might go up to zero, indicating that the system has only
one phase transition. For A < Ac and Ac <A <0.35, hy(L) tends to increase as L increases, which means
that the magnetic Binder parameter curves have a finite negative dip, suggesting the system has two
phase transitions at T; and T». Therefore, for A slightly above the tricritical point Ac, the magnetic Binder
parameter still shows the coexistence of T and T at the same phase transition.

0

-0.1

-0.2

-03

304+ .
ﬂbc — 0.34
e A=0.34 —e—
= 05 - A=0.35 —e—
A=0.36 —=
-0.6 4=0.37
A=0.38 —=
0.7 | A=0.39 ——
A=0.40
A=0.42 ——
-08 A=0.45 —=
A=0.50 —e—
09 L L L !
0 0.02 0.04 0.06 0.08

/L

Figure 5. The negative depth of the magnetic Binder parameter as a function of 1/L for a wide range of A.
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Figure 6. Temperature dependence of the difference of the magnetic Binder parameter dy(L) for A <A¢ =
0.325, particularly at A =0.2 (a) and at A = 0.3 (b). Insets are the expanded views of the dq(L) in the region
below Ti, where it exhibits peaks with maximal values.



D. X. Nui et al. / VNU Journal of Science: Mathematics — Physics, Vol. 40, No. 1 (2024) 61-72 69

Figure 6 shows the difference of the magnetic Binder parameter dy(L) for A <Acat A =0.2 (a) and
A =0.3 (b). d¢(L) exhibits a peak with a maximum value at a temperature below Ti. For A < A, which
is known to exhibit the Ising phase transition. dy"*(L) at T1 does not change significantly as L increases,
leading that the crossing behavior of gi(L) is maintained in the thermodynamic limit. This observation
confirms that the phase transition T, at A = 0.2 and A = 0.3 is true of the Ising type.

Figure 7 shows the difference of the magnetic Binder parameter dy(L) for A > Ac at A = 0.36 (a) and
A= 0.4 (b). 5g"*(L) at T1 below the crossing temperature systematically decreases as the lattice size L
increases. This signal is easily observed even at small lattice sizes, e.g. with L running from 16 to 128,
indicating that the crossing behavior of gi(L) at T1 tends to disappear in the thermodynamic limit. There
are two possible scenarios for the phase transition at A = 0.36 and 0.4: (1) If 63™*(L) approaches zero as
L — oo, then the crossing behavior of the Binder parameter will change to a merging behavior, suggesting
that the phase transition is of KT-type; (2) If 63" (L) reaches a finite value as L — oo, then the crossing
behavior of gi(L) will be maintained in the thermodynamic limit, suggesting the phase transition is
another Ising-type transition, but may have different physics than the N — F transition.
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Figure 7. Temperature dependence of the difference of the magnetic Binder parameter dg(L) for A > A¢ =
0.325, particularly at A = 0.36 (a) and at A = 0.4 (b). Insets are the expanded views of the dy(L) in the region
below Ti, where it exhibits peaks with maximal values.

Figure 8 is another view of the difference in the Binder parameter at Ti. It is the plot of d4™*(L)
versus 1/L, showing the tendency of the maxima of dy at T1 as L increases. For A < A, the curves are
approximately horizontal lines, indicating that the maxima of J, remains relatively constant as L
increases. This behavior confirms that the phase transition from N — F belongs to the Ising universality
class. For Ac < A < 0.4, the curves bend at A close to A, requiring larger-scale simulations to understand
the physics. However, for A > 0.35, the curves show a clear tendency toward zero as L increases. For A
> 0.4, the curves become relatively linear and clearly go to zero, thus the merging behavior can occur at
large enough L for A > 0.4, confirming the KT phase transition. Therefore, the range of interest is Ac <
A < 0.4, and while we cannot access larger-scale simulation, at least for A > 0.35, we can say that the
phase transition is not a conventional Ising-type, as the crossing behavior of the Binder parameter is not
maintained in the thermodynamic limit. It is not true of KT type either as d4™*(L) goes to zero rather
slowly, thus behaving differently from that at A > 0.4.

04(L) exhibits a peak with a maximum value at a temperature below T, for A <A in Figure 6. For A
= 0.2, 64™(L) at T, tends to decrease as L increases, leading to a merging behavior of g:(L) at a finite
value in the thermodynamic limit. This signature supports the existence of a phase transition at T,. For
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A = 0.3 near A, 6"(L) at T, does not change significantly as L increases, leading that the crossing
behavior of gi1(L) might be finite or divergence, an indicator of the existence of a phase transition at T-.

og(L) exhibits a peak with a maximum value at a temperature below T, A > A in Figure 7. For A =
0.36, o4™*(L) at T, tends to increase as L increases, and gi1(L) remains stable at a finite value or diverges
in the thermodynamic limit, suggests the existence of a phase transition at T, even for A slightly above
Ac. For A = 0.4, 64"(L) at T, tends to decrease to zero as L increases, suggesting the phase transition
disappearance at T,.
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Figure 8. Maximum of dy(L) at T, as a function of 1/L for a wide range of A. The dashed horizontal line
separates two regions: A < A¢ above the line and A > A¢ below the line.

Figure 9 shows dq™*(L) at T» versus A for several system size L=16, 32, and 64. For A < A, dg"*(L)
at T tends to decrease as L increases, leading to gi(L) exhibiting a merging behavior at a finite value in
the thermodynamic limit, supports the existence of a phase transition at T in this region. For A <A <
0.36, dg™*(L) at T- tends to increase as L increases, and gi(L) remains stable at a finite value or diverges
in the thermodynamic limit, supports the presence of a phase transition at T. For 0.36 < A < 0.4, where
the system seems to exhibit a transition from Ising-like behavior to KT-like behavior, 6;™*(L) at T
behaves similarly to the A < A¢ regime further suggests the existence of a phase transition at T,. For A >
0.4, g™(L) at T, decreasing to zero as L increases, suggesting the phase transition disappearance at T
in this region. Therefore, the range of interest is Ac < A < 0.4, and while we cannot access larger-scale
simulation, at least for Ac < A < 0.36, we can say that the phase transition is not a conventional Ising-
type or KT-type, as the co-existence of T, and T- at the same temperature.
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Figure 9. Maximum of dy(L) at T» as a function of A for several system sizes L. For Ac <A < 0.36,
the size-dependence of 5,™*(L) at T, behave difference with that in the other region.
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Therefore, the region of Ac <A < 0.4 is special. It may be related to the region for the "deconfinement
phase transition" proposed by Serna et al., [15]. However, the "deconfinement™ physics is not clear from
the perspective of the Binder parameter. Instead, the Binder parameter can only separate this region
from those of the Ising and KT transitions. The upper limit A =~ 0.4 is detected by both the Binder
parameters, distinguishing it from the usual KT transition at larger A, while the lower limit at A; can
only be observed using the Binder parameter. However, both gi(L) at criticality and dg(L) show that this
phase transition segment is not a continuation of the Ising line of the N-F transition, which is unable to
observe using other quantities such as the specific heat. The nature of the phase transition in this segment
differs from that of other regions. It can be considered as the intermediate region connecting the Ising
transition line and the KT transition line. Therefore, in the phase diagram, we distinguish it (the yellow
square line in Figure 1) from other phase transition lines. It is consistent with previous studies [17].

5. Conclusions

In summary, we have studied the behaviors of the magnetic and nematic Binder parameters g, in the
two-dimensional generalized XY model at g = 2. We demonstrated the power of g, in determining the
phase transitions and classifying the type of a phase transition without directly calculating the critical
exponents. We used the Binder parameter to reconstruct the phase diagram, consistent with previous
studies from other physical quantities. The phase transition in the region A¢ = 0.325 to 0.4 exhibits
different physics from those below A. or above 0.4. This intermediate region is between the Ising and
KT transition lines, which are characterized by changing behaviors of the Binder parameter from more
Ising-like near A to more KT-like near A = 0.4.
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