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Abstract: This work introduces an analysis of the nonlinear buckling and free vibration behavior of 

polymer plates reinforced with aligned carbon nanotubes using Reddy's third-order shear 

deformation plate theory and incorporating Theodore von Kármán's geometric nonlinearity. The 

polymer plates were enhanced with single-walled carbon nanotubes assumed to exhibit either 

uniform distribution or functionally graded distribution across the thickness. The equations of 

motion were established through Hamilton’s principle and then solved by the Galerkin method and 

Airy’s stress function for the composite plates with fully simply supported edges. The investigation 

focused on assessing the effects of carbon nanotube distribution, volume fraction, and geometrical 

parameters on the buckling load and fundamental frequency parameters of composite plates through 

numerical results. 

Keywords: Analytical Approach, Free Vibration, Aligned carbon nanotubes, Composite plates, 

Static Buckling.  

1. Introduction 

The unique mechanical characteristics of carbon nanotubes (CNTs) enable them to effectively serve 

as reinforcement components, enhancing the properties of metals, ceramics, and polymers. The 

incorporation of CNTs into these materials enhances composite strength, stiffness, toughness, wear 

resistance, electrical conductivity, thermal conductivity, and heat dissipation. As a result, CNTs 

reinforced composites find application across a broad spectrum of industries, including aerospace, 

automotive, energy, and mechanical engineering [1-4]. The concept of functionally graded distribution 
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of CNTs (FG-CNTs) reinforced composites using molecular dynamics and the rule of mixture for 

nonlinear bending analysis was initially introduced in a pioneering study by Shen [5]. Subsequently, 

Shen and Zhu [6] extended this research to include an analysis of the buckling and post-buckling 

behavior of plates under thermal conditions. Furthermore, various researchers have extensively 

employed the Halpin-Tsai model [7, 8] to investigate the mechanical properties of FG-CNTs reinforced 

composites. In addition, the Mori-Tanaka model has been utilized by different research groups [9, 10] 

to study these composites. 

Buckling analysis holds significant importance in structural engineering, and numerous studies have 

addressed the topic of CNTs reinforced composite plates. These studies typically employ the finite 

element method or the analytical method. The authors in [11-20] present an investigation of the buckling 

behavior of composite plates reinforced with CNTs using the first-order shear deformation plate (FSDT) 

and finite element approach. Zhang et al., [11, 12] presented the buckling load and load-deflection curve 

of composite thick skew plates with uniaxially aligned CNTs and graded material properties, utilizing 

the element-free IMLS-Ritz method. Torabi et al., [13] formulated a unified numerical approach using 

the variational differential quadrature method (DQM) in conjunction with a coordinate transformation 

procedure for investigating the linear thermal buckling behavior in composite plates of different shapes, 

which are reinforced with FG-CNTs. Peng et al., [14] presented the buckling behavior of thin rectangular 

composite plates reinforced by CNTs under arbitrarily distributed partial edge compression, utilizing 

DQM and the work equivalent method to determine the pre-buckling stress distribution. Civaleka and 

Jalaei [15] utilized the geometric mapping discrete singular convolution method to analyze shear 

buckling in skew plates composed of FG composites and FG-CNTRC, involving the utilization of two 

distinct singular kernels along with the discretization of the singular convolution procedure. Kiani and 

Mirzaei [16-19] conducted an investigation into the thermal buckling, thermal post-buckling, and shear 

buckling behavior of rectangular plates reinforced with CNTs employing a two-dimensional Ritz 

formulation with Chebyshev basis polynomials to determine the elastic and geometric stiffness matrices 

for these plates. Hussain [20] introduced a suitable finite element model for SWCNTs reinforced 

composite plate, which was developed using ANSYS parametric design language code in the ANSYS 

environment to obtain the buckling load. 

Free vibration and dynamic analysis play an important role in advancing structural engineering, as 

it offers valuable insights, enhances safety, and drives innovation across various engineering systems, 

including buildings, bridges, and aerospace structures. This evaluation is critical to ensure that structures 

can withstand environmental factors such as earthquakes, wind, and machinery-induced vibrations. An 

isogeometric analysis and the higher-order shear deformation theory are employed to investigate the 

static and dynamic behavior of FG-CNTs reinforced composite plates by Phung Van et al., [21] and free 

vibration by Singh and Bhar [22]. García-Macías et al., [23] presented the results of buckling load and 

fundamental frequency of FG-CNT reinforced skew plates. Lei et al., [24] investigated a free vibration 

analysis of composite plates with arbitrary boundary conditions using the element-free kp-Ritz method. 

The effective material properties of CNTs reinforced composites can be estimated by either the Eshelby–

Mori-Tanaka approach or the extended rule of mixture. Zhang et al., [25, 26] have provided dependable 

numerical solutions for the free vibration analysis of FG-CNTs reinforced composite plates with elastic 

edge constraints. These solutions were achieved using the element-less IMLS-Ritz method in 

conjunction with FSDT. Fantuzzi et al., [27] conducted the dynamic analysis of CNT reinforced 

composite plates with arbitrary domains and discontinuities. García-Macías et al., [28, 29] emphasized 

the use of metamodel-based techniques such as Kriging and RS-HDMR in conjunction with Monte 

Carlo Simulation for stochastic analysis. Karamanli and Aydogdu [30] reported that the dimensionless 

frequency differences between the two-directional FG-CNTs and the unidirectional CNT distributions 
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are approximately 43.5% and 39% for UD and V CNT reinforced CFFF plates, and approximately 42% 

for the X-CNT distribution. 

Utilizing the third-order shear deformation theory is crucial for accurately representing the bending, 

buckling, and vibration behavior of composite plates. The aim of this work is to present a semi-analytical 

approach that combines the third-order shear deformation theory with von Kármán's geometric 

nonlinearity for fully simply supported composite plates reinforced by aligned CNTs resting on an 

elastic foundation. The equations of motion are derived using Hamilton’s principle and subsequently 

solved through the Galerkin method and Airy’s stress function to determine the nonlinear buckling load 

and fundamental frequency of composite plates reinforced by aligned CNTs. 

2. CNTs Reinforced Composites 

The material properties of the plates reinforced by aligned CNTs are shown as follows: 
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where, 
CNT
V  and 

m
V are the volume fractions of CNTs and the polymer matrix, respectively. The 

parameters ( 1, 3)
i
i   are shown in Table 1 [5, 6] for CNTs embedded in Poly(methyl methacrylate) 

(PMMA) matrix and Poly[(m-phenylenevinylene)-co-(2,5-dioctoxy-p-phenylenevinylene)] (PmPV) 

matrix. 

Table 1. Efficiency parameters for CNT reinforced composite plates 

 *
CNT
V

 1


 2


 3


 

PMMA matrix 

0.12 0.137 1.022 0.715 

0.17 0.142 1.626 1.138 

0.28 0.141 1.585 1.110 

PmPV matrix 

0.11 0.149 0.934 0.654 

0.14 0.150 0.941 0.659 

0.17 0.149 1.381 0.967 

Poisson’s ratio is determined by: 

*
12 12

,CNT
CNT m m

v V v V v       (2) 

where, 12
CNTv  and m

v  represent Poisson’s ratios of CNTs and matrix, respectively. 
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with 

CNT
w  denotes CNT’s mass fraction, while CNT



and 
m

  stand for the density of CNTs and matrix, respectively. 

The effective density of composite plates reinforced by CNTs can be calculated as: 

The calculation for the density of composite plates reinforced by CNTs can be expressed as follows: 

CNT CNT m m
V V   

 
    (3) 

Considering three different distributions of aligned CNTs: a uniform distribution (UD) and two 

functionally graded distributions of CNTs, denoted as FG-X and FG-O. In FG-X, the maximum volume 

fraction is located at the upper external surfaces of the plate. In FG-O, the maximum volume fraction is 

positioned at the midheight of the plates, as shown in Figure. 1. 
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(a) UD: *
CNT CNT
V V ,  (b) FG-X: 
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       (4) 

  
a. UD                       b. FG-X                                             c. FG-O 

Figure 1. Three types of CNT volume fraction of plates. 

3. Formulation of Composite Plates 

Consider a composite plate with following dimensions: length a, widthb, and total thicknessh. A 

coordinate system  , ,x y z  is established, where  ,x y  plane corresponds to the plate’s middle surface. 

The z direction represents the thickness ranging from 
2
h to

2
h , as illustrated in Figure 1. 

 

Figure 2. Model of CNTs reinforced plates. 

The displacement-strain relationship, which considers Kármán’s geometric nonlinearity for plates, 

is defined by [31]: 
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The strain fields of the plate, according to Reddy's third-order shear deformation plate theory, can 

be expressed as follows [31]: 
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The constitutive relations of the plate can be written as 
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where, 

     11 12 22 22
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Hamilton’s principle can be stated in analytical form as:  

 
0

0
T

U V K dt         (8) 

The virtual strain energy is expressed as follows: 

 
2

2

h

x x y y xy xy xz xz yz yz
A h

U dzdA          



                            (9) 

The virtual work done by applied forces is determined by: 

 0e
A

V q w dA                                                                        (10) 
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The variation of kinetic energy due to virtual velocities is shown as: 

 
2

2

h

z
A h

K u u v v w w dzdA    



    & & & && &      (11) 

By substituting equations (6) and (7) into equations (9) through (11), then applying Hamilton's 

principle and integrating by parts, we obtain the Euler-Lagrange equations for composite plates resting 

on an elastic foundation as follows [31]: 
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with: 
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The force resultants in terms of Airy’s stress function  , ,f x y t  as: 
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The geometrical compatibility equation for the plates is defined as: 
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Substituting the strain components from Eq. (7) and the stress function into Eq. (15) to obtain: 
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By substitution Eq. (14) into Eqs. (12) results in: 
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where  1to 3, 1to 4
ij
X i j  ,  1to 3, 1to 4p

k
j k p   are presented in Appendix.   

The boundary condition can be shown as follows: 

0 0 , 0
0,

y y xy x x
w v w N N N       at 0,x a  

0 0 , 0
0,

x x xy y y
w u w N N N      at 0,y b  

                   (18) 

The study assumes a plate with all edges as simply supported (SSSS). Using the Galerkin method, 

approximate solutions of deflection and rotations satisfying the SSSS boundary conditions is derived. 

This numerical approach is employed to solve partial differential equations by selecting a suitable set of 

basic functions and subsequently determining coefficients to represent the solution as a linear 

combination of these functions. This procedure leads to the transformation of the partial differential 

equation into a system of algebraic equations [32]: 
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in which, /m a  , /n b  , and      , ,
x y

W t t t   are time dependent displacement and 

rotation amplitudes, respectively.  

The solution form of the stress function  , ,f x y t can be obtain by satisfying the boundary condition 

and the geometrical compatibility equation [32]: 

  2
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4. Buckling and Free Vibration Analysis 

Substituting the solutions from equations (19) and (20) into equations (15) to obtain the resulting 

equations, and then applying the Galerkin method, we obtain: 
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where,  1to3, 1to8 j

i
Y i j  can be found in the Appendix.   

4.1. Buckling Analysis 

In this section, we will discuss the results of the buckling load parameter of the composite plates 

reinforced by aligned CNTs. The buckling load can be obtained from Eqs. (21) without considering 

inertial forces and the plates under axial compression with 
0x x

N F h  : 

 1 8 2 2 3 3 4 5 6 7
1 0 1 1 1 1 1 1 1

0
x x y x y

Y N Y W Y W Y W Y Y Y W Y W                                          (22a) 

2 31 2 4
2 2 22

0
x y

Y W Y W Y Y                                                                                                          (22b) 

1 2 2 3 4
3 3 3 3

0
x y

Y W Y W Y Y                                     (22c) 
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Upon solving Eqs. (22b) and (22c) to derive ,
x y

  , and subsequently incorporating them into Eq. 

(22a), the resulting equation for buckling analysis presents the following form: 
2

1 2 3x
F L LW LW                                                                                                                           (23) 

where ,
W

W
h
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. 

The buckling load can be achieved by solving the Eq. (24), in which the lowest value (
cr
F ) is the 

critical buckling load. 

4.2. Free Vibration Analysis 

The free vibration of the composite plates reinforced by CNTs can be determined using Eqs. (21) 

under no external loading (
0

0
x
N  ). These equations can be rewritten as follows: 
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The natural frequencies can be obtained by solving the Eqs. (24) as eigenvalues, in which the lowest 

value (
0

 ) represents the fundamental frequency: 

  1 2 1 2 2 4 2 3 5 2 4
1 0 1 1 1 1 1

1 2 1 3 2 2 4
2 2 2 2 2

1 2 2 3 4 2 1
3 3 3 3 3

0

O I j O j O j
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O j O O j

      

  

  

    

  

 

                                                      (25) 

5. Results and Discussion 

Mechanical properties of SWCNT (10,10) reinforced polymer matrices are shown in Table 2 [5, 6]. 
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Table 2. The material properties of CNTs and matrix 

Materials Moduli 

SWCNT (10,10) 
11

5.6466CNT TPaE 
, 22

7.08CNT TPaE 
, 12

1.9445CNT TPaG 
,

12
0.175CNTv 

,  31400 /CNT kg m   

PMMA 
2.5

m
GPaE 

, 
0.34

m
v 

,  31150 /
m

kg m   

PmPV 
2.1

m
GPaE 

, 
0.34

m
v 

,  31150 /
m

kg m   

5.1. Validation 

This section presents the outcomes of method verification in this study concerning buckling load 

and fundamental frequency parameters for composite plates reinforced with CNTs. Table 3 provides a 

comparison of the buckling load parameter 

2

3

cr

m

F b
N

E h
  for PmPV plates reinforced with CNTs under 

axial loading with / 10, 1b h a b   . Tables 4 and 5 compare the dimensionless fundamental 

frequency 
2

0
m

m

b

h E


  of composite plates reinforced with CNTs using PmPV and PMMA matrices, 

respectively ( / 0.1,h a b a  ) 

Table 3. Comparison of dimensionless buckling parameter of CNTs reinforced composite plates 

CNT volume 

fraction 

UD FG-X 

Ref. [20] Present Ref. [20] Present 
* 0.11
CNT
V   13.9658 13.3377 16.5819 15.4660 

* 0.14
CNT
V   14.8509 14.9671 18.1138 17.0176 

* 0.17
CNT
V   22.0602 20.8645 24.5714 24.0020 

Table 4. Dimensionless fundamental frequency of PmPV plates reinforced by CNTs 

CNT volume 

fraction 
Types of CNTs Ref. [21] Ref. [22] Present 

* 0.11
CNT
V   

UD 13.532 13.735 12.9991 

FG-X 14.616 14.873 13.9990 

FG-O 11.550 11.675 10.9706 

* 0.14
CNT
V   

UD 14.306 14.553 13.7271 

FG-X 12.338 15.669 14.6384 

FG-O 15.368 12.501 11.7092 

* 0.17
CNT
V   

UD 16.815 16.832 16.0859 

FG-X 18.278 18.377 17.3294 

FG-O 14.282 14.563 13.6543 
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Table 5. Comparison study of dimensionless fundamental frequency of CNTs reinforced PMMA plates 

 CNT volume fraction 
/ 10a h 

 
/ 50a h 

 

Ref. [23] Present Ref. [23] Present 

UD 

* 0.12
CNT
V 

 14.181 12.8741 17.808 17.7120 

* 0.17
CNT
V 

 17.562 16.0939 21.536 21.4436 

* 0.28
CNT
V 

 20.343 19.8906 26.620 26.4271 

FG-X 

* 0.12
CNT
V 

 15.734 13.9816 21.343 21.1589 

* 0.17
CNT
V 

 17.656 17.5191 25.858 25.6591 

* 0.28
CNT
V 

 22.798 21.1687 32.167 31.6993 

FG-O 

* 0.12
CNT
V 

 11.576 10.7641 13.264 13.2235 

* 0.17
CNT
V 

 14.202 13.3857 16.014 15.9818 

* 0.28
CNT
V 

 16.737 15.6145 19.515 19.4582 

5.2. Buckling Analysis 

Tables 6 and 7 present the influence of CNT distribution and volume fraction on the buckling load 

parameter of composite plates subjected to axial loading, using PMMA and PmPV matrices. 

Furthermore, Figure 3 illustrates the mode shapes of composite plates reinforced by aligned CNTs. 

Three different CNT volume fractions are investigated  * 0.12, 0.17, 0.28
CNT
V   for PMMA plates 

reinforced by CNTs and  * 0.11, 0.14, 0.17
CNT
V   for PmPV plates reinforced by CNTs. Gernally, for 

both matrices, the buckling load parameter (

2

3

cr

m

F b
N

E h
 ) increases as CNT volume fraction increases. 

This can be explained by the rise in the volume fraction of CNTs, which leads to higher strength and an 

elevated buckling load. This effect is due to the significantly greater stiffness of CNTs compared to that 

of the polymer matrix. 

Table 6. Dimensionless buckling parameter of CNTs reinforced PMMA plates 

CNT’s volume fraction UD FG-X FG-O 

* 0.12
CNT
V   13.2255 15.5962 9.2478 

* 0.17
CNT
V   20.8882 24.7471 14.4533 

* 0.28
CNT
V   27.4156 31.0455 20.1192 

Table 7. Dimensionless buckling parameter of CNTs reinforced PmPV plates 

CNT’s volume fraction UD FG-X FG-O 
* 0.11
CNT
V   13.3377 15.4660 9.5023 

* 0.14
CNT
V   14.9671 17.0176 10.8930 

* 0.17
CNT
V   20.8645 24.0020 14.9077 
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a. Mode 1 ( 1m n  ) b. Mode 2 ( 1, 1m n  ) 

  
c. Mode 3 ( 1, 3m n  ) d. Mode 4 ( 1, 4m n  ) 

  
e. Mode 5 ( 2, 1m n  ) f. Mode 6 ( 2m n  ) 

Figure 3. Mode shapes of CNTs reinforced composite plates. 
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5.3. Free Vibration Analysis 

Table 8 illustrates the effect of the aspect ratio on the dimensionless fundamental frequency of 

polymer plates reinforced with UD CNTs, using PMMA and PmPV matrices. The figures demonstrate 

a decrease in the fundamental frequency parameter as the a/b ratio increases. It becomes evident that 

when all other geometric parameters remain constant, an increase in the a/b ratio leads to a higher plate 

aspect ratio resulting in reduced strength. 

Table 8. The effect of a/b ratio on the dimensionless fundamental frequency  

of composite plates reinforced by UD-CNTs  (h/b=0.1) 

a/b 
PMMA PmPV 

* 0.12
CNT
V   * 0.17

CNT
V   * 0.28

CNT
V   * 0.11

CNT
V   * 0.14

CNT
V   * 0.17

CNT
V   

1 12.8741 16.0939 19.8906 12.9991 13.7271 16.0859 

1.5 7.3681 9.1737 10.5134 7.4839 7.9788 9.2857 

2 5.1757 6.4813 7.3359 5.2192 5.5503 6.4790 

2.5 4.1855 5.2872 5.8607 4.1604 4.3845 5.1728 

3 3.6984 4.7066 5.1216 3.6267 3.7849 4.5169 

 Table 9.  The effect of b/h ratios on the dimensionless fundamental frequency  

of PMMA plates reinforced by CNTs (a/b=1) 

b/h ratio CNT volume fraction UD FG-X FG-O 

b/h=10 

* 0.12
CNT
V   12.8741 13.9816 10.7641 

* 0.17
CNT
V   16.0939 17.5191 13.3857 

* 0.28
CNT
V   19.8906 21.1687 15.6145 

b/h=20 

* 0.12
CNT
V   16.1590 18.6119 12.5275 

* 0.17
CNT
V   19.7857 22.8644 15.2715 

* 0.28
CNT
V   23.6435 26.9620 18.3558 

b/h=30 

* 0.12
CNT
V   17.1338 20.1769 12.9738 

* 0.17
CNT
V   20.8332 24.5946 15.7292 

* 0.28
CNT
V   25.3710 29.8120 19.0613 

b/h=50 

* 0.12
CNT
V   17.7120 21.1589 13.2235 

* 0.17
CNT
V   21.4436 25.6591 15.9818 

* 0.28
CNT
V   26.4271 31.6993 19.4582 

Table 9 and Figure 4 illustrate the impact of CNT distribution and width-to-thickness ratio on the 

fundamental frequency parameter of CNT reinforced composite plates with PMMA and PmPV matrices, 

respectively. An important observation is that the fundamental frequency parameter in the case of FG-

X distribution is higher than the that in the case of UD and FG-O distributions. This phenomenon arises 

due to the variation in CNT volume fraction along the plate’s mid-plane region. FG-X exhibits the 

highest CNT volume fraction in this area, where stress tends to approach zero, while FG-O shows the 

lowest CNT volume fraction. As a result, in the case of FG-O, the increased CNT volume fraction in 
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this region remains underutilized since stress levels are negligible. Consequently, the plate’s strength is 

lower in the FG-O case, resulting in a reduced fundamental frequency and buckling load parameter 

compared to the FG-X distribution. 

 

Figure 4. Effect of CNT’s distribution and volume fraction on the fundamental frequency parameter  

of PmPV plates (a/b=1). 

6. Conclusion 

In this work, we investigated the buckling and free vibration behavior of polymer plates reinforced 

with aligned carbon nanotubes. We utilized an analytical approach using the third-order shear 

deformation plate theory, incorporating von Kármán's geometric nonlinearity to derive the governing 

equations. Furthermore, we conducted an extensive parametric analysis to assess the influence of factors 

such as CNT’s distribution, CNT’s volume fraction, and geometric parameters on the buckling and 

fundamental frequency parameters of the plates. The results of this investigation are summarized as 

follows: 

- Elevated CNT volume fractions enhance the strength of composite plates, as well as increasing 

buckling load and fundamental frequency parameters.  

- The buckling load and fundamental frequency parameters of the composite plates increase as the 

volume fraction of CNTs increases from the middle layer to the outer layer of the plates. The strength 

of polymer plates is highest when reinforced with FG-X CNTs and lowest in the case of FG-O 

distribution.  

- The effect of geometric parameters on buckling and free vibration analysis of CNTs reinforced 

composite plates is discussed. It is observed that the strength of the plates decreases when aspect ratio 

(a/b) is increased. 
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