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1. Introduction

Let consider the monotone inclusion of finding the zero points of the sum of a maximal monotone
operator A and a monotone, L-Lipschitz operator B, acting on a real Hilbert space 7, i.e.,
find ¥ € H such that 0 € (A + B)x. (D

Throughout this work, we assume that a solution x exists. This inclusion arises in numerous problems
of fundamental importance in monotone operator theory, variational inequalities, convex optimization,
equilibrium problems, image processing, and machine learning; see [1-4] and the references therein.

For solving problem (1), Tseng [5] proposed an algorithm called forward-backward-forward, namely:

y €10, +oo[, {)’k = Jya(xx —yBxy),
Xk+1 = Yi — YBYx + ¥Bx.

where J, 4 denotes the resolvent of 4, i.e.
Jya=(1d+yA)™,
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where Id is identity operator on H. A limitation of this method is that at each iteration step, one has to
compute twice times the values of operator B. This issue was recently resolved in [6], the forward reflected
backward splitting method was proposed, namely,

¥ €10, +00[, Xp4q = Jya(xx — 2yBxy + yBxy_4). (2)

A method related to method (2) was suggested in [7], called the reflected forward-backward splitting
method:

¥ €10, 40|, xp1 = Jya(xi — ¥BRxy — x-1)). 3)

The convenience of method (2) and (3) is that in each iteration, we only need to calculate the value of
operator B once.

In [8], Polyak introduced the so-called heavy ball method in order to speed up the classical gradient
method. For a differential function f: H — R, the algorithm takes the following form:

Xe+1 = X + Qe (X — Xpe—1) — Vi VS ().

This idea then employed and refined by some authors [9-13]. In [13], Lorenz and Pock proposed the

following inertial forward- backward algorithm for monotone operators' algorithm:
{J’R = xp + ap (g — Xg-1),
Xe+1 = ]ykA(yk — YiByi)-

By using the inertial forward-backward algorithm above and the projection on a half space, in [10],
the authors derived the strong convergence result of the proposed method. In this work, we propose a new
method for solving problem (1). In our method a value of operator B is also used in each iteration as
method (2) and (3). We also used the inertial effect to improve the performance of the algorithm. Under
standard conditions, we also obtained the convergence of the proposed method. In some examples, our
method gives better convergence rate in comparison with Tseng's method and the methods in [5, 7].

The rest of this work is organized as follows. After collecting preliminaries needed in Section 2, we
present the proposed method and prove the convergence of the method in Section 3.

2. Preliminaries

The scalar product and the associated norm of the real Hilbert space H are denoted respectively by
¢:I-yand I-1I.

The symbols — and — denote respectively weak and strong convergence.

Let A: H — 27 be a set-valued operator. The domain of A is denoted by dom(A) that is a set of all
x € H such that Ax # @. The range of A is ran(4) = {u € H | (3x € H)u € Ax}. The graph of A is
denoted by gra(4) = {(x,u) € H X H | u € Ax}. A~! stands for the inverse of 4, i.e., A7 L:u - {x |
u € Ax}. The zero set of A is zer(4) = A710.

Definition 2.1 We say that operator A: H — 2% is (i) monotone if

(V(x,u) € gra(A))(V(y,v) e gra(A)) (x—y lu—v) = 0.

(i) maximally monotone if it is monotone and there exists no monotone operator B: H — 2% such
that gra(B) properly contains gra(A), i.e., there is no monotone operator that properly contains it.

Definition 2.2 A mapping T: H — H is said to be L-Lipschitz continuous (L > 0) if

ITx—TylIISLllx—yll Vx,y € H.
Definition 2.3 For A: 7 — 2*, the resolvent of operator A is
Ja=(d+A)7,

where Id denotes the identity operator on 7.

Note that, when A is maximally monotone, /4 is an everywhere single-valued operator [14].
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3. Proposed Method and Convergence

We propose the following method for solving problem (1).
Algorithm 3.1. Lety > 0, let a > 0. Let x_4, xy, x; € . lterate (Vk € N)
7 3
Xe+1 = Jya [xk +alg —x-1) =Yy (EBxk — 4Bx—1 + EBxk—z)] - 4)
Let us give some comments on the above algorithm.

i) In (4), in each iteration, we have to calculate three forward values. However, in the next iteration,
we can use two forward values of the previous iteration. Therefore, we actually only compute one forward
value in every iteration;

ii) When a = 0, B = 0, Algorithm 3.1 becomes the proximal point algorithm as in [15].
To prove the convergence of Algorithm 3.1, we have the following lemma.

Lemma 3.2. Suppose that (x;) ey IS the sequence generated by Algorithm 3.1. Then for x € zer(4 +
B), we get

5yL
IXpsr — xI1? — allxg — xI1? + 2ytpeq + (1 —a - T) Nxpsq — Xl

2 2 . YL 2
< |Ixx = x||* = al|xg—1 — x| + 2ytx + Qa + yL)||xg — xx—111? + —=Ixk-1 — xx—21l%

2
where t,, = (Bxy_q — Bxy | x — x) + %(Bxk_l — Bxp_y | x. — x).
Proof. From (4), we get
X +alxy —xp-_1) —x 7 3
i + @l > ko) T Xern (EBxk — 4Bx,_q + EBxk_2> € AxXjers. (5)

For x € zer(4A + B), then —Bx € Ax. Hence,

<xk + a(xyg — Xg-1) — Xk41
14

7 3
- EBXk + 4Bxk_1 — EBxk—Z + Bx

Xk+1 — x)

= <;Bxk —4Bxp_q + %Bxk_z — Bx| Xp41— x). (6)
For the left-hand side of (6), we have
(= X1 + (e — 2Xp—1) | Xp41 — %)
= (X = X1 | Xpr — %) + @l — Xpe—1 | Xpr — Xpe) + @l — X1 | X5 — %)
= %("xk - xllz = Ixp41 = x”2 — X1 — xk"2) _%(”xk—l - x"2 = llxx — x”2 — llxg—1 — Xk||2)
Faxg — Xp_1 | Xjep1 — X), )
Using the monotonicity of B, we estimate the right-hand side of (6) as:

xk+1 —X> 2 O

which implies

<xk — X1t alxg — xk—1)
Y
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7 3
(EBxk —4Bxy_q + EBxk—Z - Bx| Xk+1 — x>

7 3
= (EBxk - 4Bxk_1 + EBxk_z - Bxk+1

Xe+1 — x> + (Bxpy1 — Bx | Xpyq — X)
5

= (Bxg — Bxpyq | Xpy1 — %) + E(Bxk — Bxp_q1 | X1 — %)

_E(Bxk—l — Bxp—p | X1 — )

3
= (Bxy — BXpyq | Xpyq — %) + §<Bxk — Bxg—1 | X1 — x)
+(Bxy — Bxg_1 | Xgp1 — X)) + (Bxg — Bxpe_1 | x5 — x)

3
_E((Bxk—l = Bxp_p | Xpy1 — X)) + (Bxg—qg — Bxp_5 | x; — x))

= ter — b+ (BX — BXjpog | Xpyq — X)) — %(Bxk—l — Bixg—p | X1 — xp)- 3)
Hence, from (6), (7) and (8), we deduce
(e = x1? = Mxgear = %1% = Notgas — 2M?) = @(lloxgemq = %1% = llacge = %1% = llocge—q — 2 I%)
2 2¥trer — 2¥t + 2y(Bxg — Bxg—1 | X1 — X)) — 3Y(BXy—1 — BXg—3 | Xpy1 — Xi)
—20(xy — Xg—1 | Xpey1 — Xg)- 9)
Using Cauchy-Schwarz inequality and the Lipschitz property of B, we have
21(Bxy — Bxj_q | X1 — x50 < Ll — 21 17 + Nt — x5c1%)
2[(Bxg—1 — Bxp_z | Xps1 — xi)| < L(llxpe—q — Xp—alI? + xpsq — xk"2)
204 — Xp—q | Xepr — X)) < Mg — X1 117 + gy g — 211
Therefore, (9) implies that
(e = %l = Nxr = 201% = oty — x5el1?) = @(llxge—g — xN1* = Nl — %1% = 3=y — 24117)
> 2¥tysr — 2vte — YL(Ix = xpemt 1% + D2 g — x4 11%) — S’ZLL(”xkﬂ — X2 II” + Ixpes1 — x5elI%)
—a(llxg = xp_ o 1? + loxgqq — %, 1%)

which is equivalent to

5yL
X1 — xI1Z = allxg — x> + 2ytess + (1 —a-— 7) Nxps1 — xxll?

2 2 2, 3yl 2
< lixg —xl” = allxg—y — xII” + 2yt + Ca + yL)llxg — xp—111” + - -1 — xp—2ll

The proof is completed. O
We have the result of the convergence of Algorithm 3.1.

Theorem 3.3. Let (xy)ken be generated by Algorithm 3.1 with a € [0% [, and
1—-3a
5L
Then (xi)ren COnverges weakly to x € zer(4 + B).
Proof. For x € zer(A + B), using Lemma 3.2, we obtain

Yy <

(10)
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5yL 3yL
||xk+1 - x"z - a"xk - x”2 + 2ytpe1 + (Za + T) ||xk+1 - xk"Z +— Il xp — xXp—1 ||2

2
5yL 3yL
< lxg — x112 = allxe_q — xNI* + 2y, + (Za + T) lxx — xp—11* + — -1 = X I
—(1 = 3a = 5yL)llxg1 — xkllz- (11)

We denote
5yL 3yL
S = llxg — xI1? = allxg_y — xI* + 2yty + (Za + T) lxx — xp_111* + - lxp—1 — Xp_pll%.

we rewrite (11) as
Skr1 < Sk — (1 = 3a = 5yL)lIxg4q — xk"2- (12)
We prove that (Vk € N), S, = 0. Indeed, from the formula of t;, using Cauchy-Schwarz inequality
and the Lipschitz property of B, we get

3L
21t < LlIxpe—q — xi I + g — x11?) + — (e = Xe—2 I + llxg — xI1%).
Hence

5yL
S = lxg — x> — allxg_, — xI1* + (Za + T) lx — X1

3yL
=YLy = el + Nl = 211%) = == e — x1I®

5yL
> (1= 222 e = 12 = by — 61 + 2albay = v 1P
5yL
= (1 —2a— T) o — x11? + a(2lx, — xII> + 2lx, — xp—1 11> = Nxge—y — xII1%)
> (1- 20 =) I — x> 2 0. (13)

By combining (11), (12), and the condition (10), we get
kllm "xk+1 - Xk“ = OI
{;ﬂ; Sc=fER (14
k—+00 k
It follows from (13) and (14) that (x;) ey IS bounded and
lim Sy = lim (llxe — 11 = allxe-y — xI1*) = &.
Let x* € H be a weak sequential cluster point of (x;)en. Then there exists a subsequence (xkn)
that converges weakly to x*.
From (5), we have

X +alx, —Xxp_q) —x 7 3
k ( k yk 1) k+1 (_Bxk — 4Bxk—1 +§Bxk_2) + Bxk+1 € (A + B)Xk+1

2
which is equivalent to
Xk~ Xk+1 +_a(xk — Xj—1)
14 14

neN

5
— (Bxy — BXp41) — E(Bxk — Bxy—1)

3
+2 (Bxg—1 — Bxg_p) € (A + B)xpyq - (15)
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Using the Lipschitz condition of B and limy,_,., llxx4+1 — x|l = 0, one can see that the left-hand side
of (15) converges strongly to 0 . Using [3, Corollary 24.4], the sum A + B is maximally monotone, and
hence, its graph is closed in F%3 x Fstone [3 Proposition 20.33]. Therefore x* € zer(A + B).

Assume that (x, ) =, (x,) . — . Then we have that

— (o = x1? = allae—y — 1) + (e = Y1? = allze—y = y11%)
FUx P=alxI?) = Uly IP=allyI?) = 2(x]x — y) — alxpe_q1]x — ). (16)
Choosing k = k,, and k = L,, then taking limit both sides of (16) when n — oo, we get
Ix—yl?—alx—yl*=0,
which implies x = y. Therefore (x;)ren cOnverges weakly to a point in zer(A + B). The proof is
completed.

Next, we consider some simple examples to illustrate the effectiveness of our method. We compare
our method (P) to two methods: Tseng's method (T) and the forward-reflected-backward method (FRB)
in [11]. The first example shows that in a particular case, with suitable initial values, our method is better
than Tseng's and the forward-reflected-backward method even in the optimal case.

Example 1: We consider problem (1) with H = R", Ax = 0, Bx = x and the initial values x, €
R™ x; = ?,xz = % for all three methods. Note that 0 is the unique solution of (1) and the operator B is
1 -Lipschitz.

Tseng's method (T): x,41 = (1 —y + ¥?)x, for y < 1. The optimal stepsize isy = %which gives a

rate of 2.
4
FRB method: x,,1 = (1 — 2y)x, + yxi_1 fory < % The optimal stepsize is y = % which gives a
1
rate of N
Proposed method (P): We Choose a = 0,y = % then (4) becomes

8 8 1
Xe+1 = 7o %k + 15 Y1 T 5 X2

The proposed method is x4 = ’36—,2 which gives a rate of % We see that % < % < %, therefore the

proposed method converges faster than Tseng's method and FRB method in [11] for this particular
problem.

The convergence of the three methods are illustrated in Figure 1. Note that, in this case, Tseng's and
FRB methods are optimally selected, i.e., the stepsize is equal % is optimal.
Example 2: Consider problem (1) with # = R?,A(z,,2,) = (0,0),B(zy,2,) = (—2z,,2;). The

convergence of Tseng's method, FRB method and Algorithm 3.1 are illustrated in Figure 2 and Figure 3.
We see that the convergence of our method is the same FRB method and faster than Tseng's method.

To illustrate the effectiveness of the inertial techniques, we consider the following simple example.

Example 3: We consider problem (1) with H = R, Ax = 0, Bx = x. The convergence of Algorithm
3.1 for different values of « is illustrated in Figure 4 with y = 1/21 and Figure 5 with y = 1/15.
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4, Conclusions

We have proposed an inertial splitting method for finding a zero point of a sum of two operators, in
which 1 is maximally monotone and 1 is monotone-Lipschitz. Under some conditions of the parameters,
we have proved the weak convergence of the algorithm. In some special cases, the proposed method
converges faster than some known methods.
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