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1. Introduction

In recent times, rank functions such as factor rank, non-negative rank and rank of completely
positive matrices have attracted considerable attention from scientists when investigating conditions
for a matrix to be factorizable into the product of matrices over a given commutative semiring [1-7]. In
1993, Cohen and Rothblum [1] proved some characteristic properties of the non-negative rank of
nonnegative matrices over the semiring of real numbers R, they also constructed a procedure for
computing the non-negative rank of any non-negative matrix over this semiring. Moreover, according
to [1, Theorem 4.1], if a non-negative matrix A has factor rank less than or equal to 2 then the factor
rank and nonnegative rank of A coincide. In [2], Beasley and Laffey provided upper bounds on the
nonnegative rank of nonnegative real matrices A and A”. In [3], Mohindru initiated research on
completely positive matrices over commutative semirings. Accordingly, a non-negative matrix over a

commutative semiring S is a matrix with entries in the positive sub-semiring P(S ) of S, see [3,
Definition 7.5.1]. According to [3, Proposition 7.5.2], the factor rank of a non-negative matrix is

always less than or equal to its non-negative rank. In [4], Mohindru and Pereira provided necessary
and sufficient conditions for a symmetric matrix over a regular incline to be completely positive, see
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[4, Theorem 2.2]. In [5], Shitov constructed an algorithm for computing the non-negative rank of
tridiagonal matrices over specific commutative semirings [5, Theorem 12]. In [6], Bukovsek and
Smigoc presented some fundamental properties of symmetric non-negative matrices over the semiring
of real numbers R and considered symmetric non-negative matrices trifactorization. In [7], Tung and
Hoang introduced the asymptotic spectrum of non-negative matrices and some characteristic properties
regarding the asymptotic non-negative rank of matrices with entries in the semiring of non-negative real

numbers R*.

Regarding the rank of matrices over the positive cones of a given semiring, according to [8], every
positive cone (ordering) P of a commutative semiring S always contains the positive subsemiring

P(S ) of S. Therefore, every matrix A with entries in P(S) can be factored into the product of two
matrices over semirings P(S ),P and S. For example, if matrix A has m rows and n columns then it

can be factored as A=1 A=Al where A,I ,I are matrices with entries in P(S) OPOS . Let k

be the smallest non-negative integer such that there exist matrices B and C with entries in the positive
cone P, and A =BC, where k is the number of columns in matrix B. Then, it can be easily verified that

rank, (A)SkSrank(A), where rankN(A) is the non-negative rank of matrix A defined in [3,
Definition 7.5.1], and rank(A) is the factor rank of matrix A over the simering S. In this work, we

provide some fundamental properties of the PC rank of matrices over positive cones of commutative
semirings. We also give sufficient conditions for the equality of the PC rank, factor rank, and non-
negative rank of matrices. Moreover, we describe the structure of idempotent matrices over positive
cones of commutative semirings whose PC rank and factor rank coincide.

2. Preliminaries

A semiring [9] is a nonempty set S equipped two binary operations, addition (+) and
multiplication () , such that:
- (S ,+) is a commutative monoid with identity element O, ;

- (S ,.) is a monoid with identity element 1 ;

- Multiplication distributes on both sides with addition;

- 0pm=m.0; =0,,0m0OS .

If (S ,.) is a commutative monoid then S is a commutative semiring. The semiring S is called
zerosumfree if a+b=0=>a=b=0,la,b0S .

The subset R of S is called a subsemiring of the semiring S if {0, 1} U R and it is closed under the

addition and multiplication on R.
For two commutative semirings R and S, a mapping @:S — R is called a homomorphism if it

satisfies the following conditions:
i) $(05) =0, B(15) =1
ii) ¢(a+b)=¢(a)+¢(b),0a,b0S;
iii) ¢(ab)=p(a)@(b).0a,b0S .
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If there is no risk of confusion, we can write 0 instead of 0,0, and 1 instead of 1,1, .
Recall in [4] and [8] that let S be a commutative semiring and P is a subsemiring of S containing
the set S°, where S :{sz | s DS} . We define V(P) :{xDP| WOP:x+y =0} JIf IDV(P) then the

subsemiring P is called a prepositive cone of the semiring S. Moreover, if the prepositive cone P
satisfies the following conditions, it is called a positive cone of the semiring S:
i)If allS and aP then there exists an element b[JP such that a +b=0;

ii) For any a,b00S , if abDV(P) then aOP or bOP.
Notice that, if S is a commutative semiring, then the set P(S ) consisting of finite sums of

elements in S” is a subsemiring of S. Furthermore, if P is a positive cone of S one can have
P(S) OP (since P is a subsemiring of S and S° [J P). In the general case, the subsemiring P(S)
may not be a positive cone of the semiring S. According to [8, Theorem 3.3], a commutative semiring
S has at least one positive cone if and only if 1+ x# O,DxDP(S ) . In that case, we denote PC (S ) as
the set of positive cones of the semiring S. It is easy to verify that if S is a zero-sumfree semiring, one
obtains PC(S)={S}.

Example 2.1. Let R be the semiring of real numbers and B be the Boolean semiring, we have the
set §S =R xB forming a commutative semiring with the operations of addition (I]) and multiplication

(O) defined as follows: For any (a,b),(s,t) as, (a,b) O (s,t) = (a +5,b +t) and
(a,b)O(s,t)=(as,bt). Here, the additive monoid (S,D) has the unit element (0,0), and the
multiplicative monoid (S,O) has the unit element (1,1). We have, V(S )={(x,0)|xDR}, this
implies that (1,1) DV(S ) . Thus P=S is a positive cone of the semiring S. It is easy to verify that
P(S ) =R"xB, where R" is a subsemiring of R consisting of non-negative real numbers. Since
V(P(S)) :{(0,0)} hence (I,I)DV(P(S)), and so, P(S) is a prepositive cone of the semiring .
However, P(S ) is not a positive cone of the semiring S since the element (—1,1) does not belong to
P(S) and (=1,1)+(x,y)=(x=11)#(0,0),0(x,y) OP(S).

Example 2.2. For § =R+[x], a semiring consisting of polynomials in the variable x with

i0s

coefficients in R*, we have P(S) :{Z(Pi (x))2 | p; (x)DS,()<|J| < +00}, where |J| is the number

of elements in a certain set J. We have V(P(S)) :{0} and IDV(P(S)), this follows that P(S) isa
prepositive cone of the semiring S. On the other hand, the polynomial p(x) =x+10S but
p(x) DP(S), satisfies the conditon p(x) +q(x) Zz0, Dq(x) DP(S) . Therefore, P(S) is not a

positive cone of the semiring S .
Proposition 2.3 [8, Lemma 3.5]. Let P be a subset of the commutative semiring S, and a,b0S .

i) If P is a prepositive cone of S, then aDV(P) and a +bDV(P) imply bDV(P) .
ii) If P is a positive cone of S, then rm DV(P) for all ml]V(P),rl]S .
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Note that from Proposition 2.3, we have ar +bs DV(P) for all a,b0V (P) and r,sS. Let Sbe a
commutative semiring, we denote by M (S ) the set of mXn matrices over semiring S, and M, (S )
is the set of square matrices of order n. The sum of all entries on the main diagonal of matrix
A= (a,.j)DMn (S) is called trace of A, denoted by Tr(A). It is easy to verify that for any matrices
A,BOM, (S), we have Tr(AB)=Tr(BA). A matrix EOM,(S) is called idempotent if E=E".
According to [10], two square matrices ELM (S ),F oM, (S ) are said to be equivalent over the
semiring S if there exist matrices AOM (S ),B uM,,., (S ) such that E=AB and F =BA, and
denoted by E L[| F. Note that, for P being a subsemiring of the semiring S, and
EOM, (P),F 0oM,, (P) being idempotent matrices over P, if E [, F' then E [, F' but the converse
is generally not true. The factor rank of a matrix AUM (S ) is the smallest non-negative integer k
such that there exist matrices M UM, (S ) and NOM,,, (S ) satisfying A =MN . The factor rank of
the matrix A is denoted by rank(A). Note that if AOM,, (S),BOM,, (S) then
rank(AB) < min{rank (A),rank (B)} . If a matrix A belongs to the set M, (P(S)), then A is called
a non-negative matrix over the semiring S. According to [3, Definition 7.5.1], non-negative rank of a
non-negative matrix AOM . (P(S)), denoted by rank,, (A) , is the smallest non-negative integer ¢
such that there exist matrices BUM,,, (P(S)) and COM ,, (P(S)) satisfying A=BC . According

to [3, Proposition 7.5.2], let S be a commutative semiring, and a matrix AOM (P(S)), we always

have rank(A) <rank, (A) < min{m,n} . Notice that if S =R, then P(S) = P(R) =R" the semiring
of nonnegative real numbers. In [1], Cohen and Rothblum provided a non-negative matrix
1 100

1 010
1

1

over subsemiring P(R) satisfying the inequality rank(A)<rankN (A)

010
0 01

Furthermore, by [1, Theorem 4.1], for any non-negative matrix A over subsemiring P (R) of R, if

rank(A) <2 then rank(A) = rank, (A) .

3. Main Results

In this section, we investigate some fundamental properties regarding the rank of matrices with
entries in a positive cone of a given commutative semiring. Moreover, we compare them with factor
rank, non-negative rank, and consider some cases where these rank functions coincide.

Definition 3.1. Let S be a commutative semiring with PC (S ) #0 and POPC (S ) . The PC rank
of a matrix AOM,,, (P) is the smallest non-negative integer k such that there exist matrices
BOM,, (P) and COM,,, (P) satisfying A=BC. The PC rank of matrix AOM,,, (P) is denoted
by rank,, (A)
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Remark 3.2. If P is a positive cone of the commutative semiring S, then for any AUM, ., (P) ,
we always have A=Al =1 A. Since entries of matrices /,,/, belong to P, the PC rank of matrix A
always exists and satisfies the condition rank,. (A) Smin{m,n} . In addition, since P(S ) gprpPOs,
hence, for any matrix AOM (P (S )) , we get the inequality rank(A) < rank, (A) <rank, (A) . The

following examples provide cases where the equal sign “=" does not hold.
Example 3.3. Consider the commutative semiring S =R with P(S ) =R" and V(P(S )) ={0} .

Therefore, IDV(P(S)). For any x[JS and xDP(S), there always exists an element —xDP(S)
such that x+(-x)=0. Furthermore, for any x,yOS such that x.y DV(P(S)):{O}, we have
xZODP(S) or yZODP(S). Thus P=P(S) is a positive cone of S. We have the matrix

1 0 01

A= (1) 1 (1) 8 DM4(P(S)). According to [1], rank(A):3<4:mnkN (A) Moreover, since
00 11

P:P(S) hence rank, (A) :rankPC(A),and ) rank(A)<rankPC(A) = rank, (A)

Lemma 3.4. Let S,R be commutative semirings. If there exists a homomorphism @:S — R, then
for any matrix A= (a[j) um,.. (P(S)) , we have the matrix ¢(A) defined by

#(A)=(p(a,))OM,., (P(R)). satistying the inequality rank, (¢(A)) < rank, (4).

Proof. For any matrix A :(aU)Dme" (P(S)), we have a; DP(S),Di =1,...m;j=1,..,n. Since
¢ is a homomorphism hence ¢(alj)|]P(R),|]i =1,...,m;j=1,.,n, this follows that
#(A) :(¢(aij))DMm (P(R)) Suppose that rank,(A)=k, then there exist matrices
(P(s)).cOM,,,(P(S)) such that A=BC, and so #(A)=@(B).#(C) (because ¢ is a
homomorphism). This implies that rank, (¢(A)) <k =rank, (A) .O

BOM

mxk

Example 3.5. Consider the commutative semiring S =R XB introduced in section 2 and the
1,0) (0,0) (0,0) (L0)
1,0) (Lo) (0,0) (0,0)
0,0) (L0) (10) (0.0)
0,0) (0,0) (10) (10)

Then, P =S is apositive cone of the semiring S. Furthermore, we have:

(1,0) (0,0) (0,0)
. ((1)(())) (18) ((1)(())) (;1))) (8?)) Egg; ((—1103) ; this follows that:
(an) (1.0) El 0; (0,0) (0,0) (L1) (10)

(0.0) (0.0)

rank(A) =rank,, (A) <3.

matrix A= , we observe that entries of A belong to P(S ) =R"xB.
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Now, consider the mapping ¢:S — R defined by ¢((x, y)) = x,D(x, y) OS. It is easy to verify
1 0 01
1 0 0
0 1 0
0 11
we obtain the inequality rank, (¢(A)) < rank, (A) . By Example 3.3, we have rank, (¢(A)) =4, and

so rank, (A) =4 . Thus rank,. (A) <3<4=rank, (A) .

that ¢ is a homomorphism and $(A)= oM, (p(R)) :M4(]R+)- Applying Lemma 3.4,

O = =

Next, we provide some basic properties regarding the PC rank of matrices over the positive cones
of a given commutative semiring. The following proposition provides some basic properties of the PC
rank, and the proof is similar to the one introduced in [11].

Proposition 3.6. Let P is a positive cone of the commutative semiring S and matrices

AOM,,, (P).BOM,, (P). cOM,, (P). DOM,, (P)., EOM,, (P). Then, the following

statements hold:

i) rank,, (AB) < min{rankpc (A),rankpc (B)} .

ii) max{ rankPC rank } ) < rank,. (A) + rank (C) .

iii) max{rankPC ( ) rank p. ( )} < rank . (A Zj < rank,, (A) + rank . (E) .
iv) rank,. (A+D)< min{rankPC (A)+rank,,. (D),m,n} .

Where (A C ) and (3 Zj are block matrices formed by matrices A,C,E .

Proof.

Suppose that  rankp. (A) =r,rankp. (B) =s,rankp. (C ) =u, then there exist matrices
mMoMm,, (P), NOM,,,(P), HOM, (P), GOM,, (P), XOM,,, (P) and YOM,, (P) such
that A=MN , B=HG and C = XY .

i) Since AB = MNHG , hence, rank,, (AB) < min{ r,s} = min{ rank . (A),rankPC (B)} .
N O
0 Y

sXp uxq

ii) We have (A C)=(MN XxY)=(M X)( J, this implies that

rank . (A C) Sr+u=rankp. (A) + rank,, (C)

Suppose that rank,. (A C) =v, then there exist matrices M 'OM . (P),N'DMVX(WI) (P) such
that (A C)=M'N'. Set N'=(H' G'), where H'DMVXH(P),G'DMVX‘I(P). We have
(A C):(M'H' M'G'), hence, A=M'H',C=M'G'. Thus rankPC(A)Sv and rankPC(C)Sv,
this implies that max{rank,,c (A),rank (C)} <v=rank,. (A C).

iti) and iv) follow from i) and ii).
Definition 3.7. Let P be a positive cone of the commutative semiring S. A square matrix
EOM, (P) is called PC - full if rank,.(E)=n.
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Remark 3.8. If P is a positive cone of the commutative semiring S, then every identity matrix /,
is PC - full. Indeed, since S is a commutative semiring, hence, P is also a commutative semiring. For
any matrices A,BOM, (P) such that AB =1, then by [12], we have BA =1 . Applying [10,
Proposition 3.12] to the semiring P with PC rank, we obtain the following result: For any matrices
GDMHXM(P),H DMW”(P) such that GH =1, it follows that m=>n. Thus rankp. (In) =n.
Similarly, applying [10, Lemma 3.12] to the commutative semiring S, we also have rank (In) =n.

Note that, for any matrix AOM (P) , where P is a positive cone of the commutative semiring
S, if rank,. (A) =k then there exist matrices BOM (P) and CUOM,,, (P) such that

A=BC =BI,C. This gives us a hint on how to compute the PC rank of matrices through the PC rank

of PC - full idempotent matrices, as showed in the following proposition.

Proposition 3.9. Let P be a positive cone of the commutative semiring S and a matrix
AOM,,,(P). Then, rank,.(A)=min{rank,. (E)|A=BEC,EOEM,, (P)}. where B.C are
matrices with entries in P, EM . (P) is the set of PCs - full idempotent matrices over P.

Proof. We have A=11 A=Al I this implies that the set

m-m n'n?

{rank,,c (E)|A=BEC.E UEM (P)} is a nonempty set, where B,C are matrices with entries in P.
Furthermore, if rank,, (A) =k then there exist matrices BLOOM (P) and COM,,, (P) such that
A=BC =BI,C,since rankp. (I k) =k (by Remark 3.8), hence, we obtain the inequality
rank,. (A) = min{ rank,. (E)| A= BEC,E0EM (P)} . Conversely, suppose that
min{ rank,.(E)|A=BEC,EOEM (P)} =k , then there exists a matrix EOEM ,_(P) with order k,

and matrices BUM ,, (P),C um,,, (P) such that A=BEC and rankp. (E) =k. Applying
Proposition 3.6, we have rank,. (A) = rankp, (BEC ) < rank,, (E) =k . So, the proposition has been

proven. O

Next, we investigate some conditions under which the PC rank of matrices coincides with the non-
negative rank or the factor rank.

Proposition 3.10. Let P be a positive cone of the commutative semiring S. Then,

HIf AOM, (P) is an invertible matrix over the semiring S then rank,. (A) =rank (A) =n.

i) If AOM, (P (s )) is an invertible matrix over the semiring S then
rank, (A) = rank . (A) = rank (A) =n.

Proof.

i)If AOM, (P) with rank(A) =k <n, then there exist matrices BUM ,, (S) va COM,,, (S)

such that A=BC. Because A is an invertible matrix over the semiring S, hence, I, =A"BC. By
Remark 3.8, we have n= mnk(ln ) <k, and so mnk(A) =n. Moreover, rank(A) < rank,, (A) <n

Thus rank,. (A) = rank (A) =n.
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i) If an invertible matrix AOM, (P(S )) with rank(A) =k<n, similarly, we can show that
rank (A) =n. Furthermore, n= rank(A) < rankp (A) < rank, (A) <n, this follows that
rank, (A) = rank . (A) = rank(A) =n.o

Remark 3.11. Let P be a positive cone of the commutative semiring S, if AOM (P(S)) is an
invertible matrix over the semiring S, then A™ may not belong to the set M \ (P(S)) Moreover, if

AOM, (P) is an invertible matrix over the semiring S, then A™ may not belong to the set M, (P) .

For example, consider the semiring S =R consisting of real numbers, we have

1
J——

A= [(l) ij OM,(P(R)) is an invertible matrix over R, and A = 0 l4 OM, (P(R))-Itis easy to
4

verify that P(R)=R+, and P=P(R) is a positive cone of S. Then, A UM, (P) However,

0
jDMZ(P(R)), we have g1 = 1

4

. o, (p(2)):

S O~

. . 0
consider the matrix B :(

4

Proposition 3.12. Let P be a positive cone of the commutative semiring S, and Q be a
subsemiring of S such that P U Q. Then, the following statements are equivalent:

i) If any square matrix AOM (P) is invertible over Q, then A™ O M (P)

i) P=Q.

Proof.

ii) = 1) : Obviously.

i)=ii): If POQ and P#Q, then there exists an element a[JQ\ P . Since P is a positive cone
of the semiring S, hence, there exists an element bUP such that a+b=0. We have

1 b 1 b\(1 a 1 a+b 1 0 .. . 1 a
= and = = , this implies that A™' = oM .

So, the matrix A is invertible over Q. Therefore, A" OM ) (P), and so allP, this is contradictory to
alP.Thus P=Q.O

The following Corollary can be readily deduced from the Proposition 3.12.

Corollary 3.13. Let P is a positive cone of the commutative semiring S. Then, the following
statements hold:

i)If P(S ) is a positive cone of the semiring S, and if any square matrix A in M (P(S )), which is
invertible over the semiring P, always has its inverse A" also in M (P(S)), then,

rank, (B) =rank . (B), UpOM (P(S)) .
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ii) If any square matrix A in M (P) , which is invertible over the semiring S, always has its inverse
A™" alsoin M (P), then, rank(B)=rank,.(B),0BOM (P).

iii) If P(S) is a positive cone of the semiring S, and if any square matrix A in M (P(S)) , which is
invertible over the semiring S, always has its inverse A" also in M (P(S )) , then,
rank, (B) =rank . (B) = rank (B), UptM (P(S)) .

Next, we examine the cases where the PC rank and the factor rank of idempotent matrices are
equal over commutative semirings.

Theorem 3.14. Let P is a positive cone of the commutative semiring S, and ECOM (V (P)) be an

idempotent matrix. Then, rank (E ) =rank, (E ) .

Proof. Suppose that rank(E) =k, then there exist matrices BOM ,, (S) and COM,,, (S) such
that E=BC. Let F=CEBOM,(S), we have F’=(CEB)(CEB)=CE’B=CEB=F, this follows
that F is an idempotent matrix. Furthermore, since EOM, (V (P)), hence, by Proposition 2.3, we
have CEOM,,,(V(P)), EBOM,,, (V(P)). and so F =(CE)(EB)OM,(V(P)). this implies that
BFUM ,, (V (P)), Fcum,,, (V (P)) . Moreover, we can decompose the matrix FE into
E=FE’=B(CBCB)(CBCB)C =(BF)(FC),  hence,  rank,.(E)<k=rank(E).  Therefore,
rank (E) =rank, (E) .0

Corollary 3.15. Let P is a positive cone of the commutative semiring S, and E0M, (P) be an
idempotent matrix with Tr(E ) av (P) . Then, the following statements hold:

i) If rank(E)=1 then rank,.(E)=1.

i) If rank(E ) =2, then there exists an idempotent matrix F UM, (P) that is PC - full and
E [, F, such that rank(E) = rank(F) = rank ¢ (F) =2.

Proof.

i)If rank(E) =1, then there exist matrices B = (bl.l)DMn><l (S) and C = (Clj) OM,,, (S) such that

E=BC. Then, Tr(E):zn:c”b“DV(P), this follows that F:CBDMI(V(P)). Hence,
I=1

BFOM,, (V(P)) and FCOM,,, (V(P)). and so E=E’ =(BF)(FC)OM,(V(P)). By Theorem
3.14, we obtain rank,. (E) = rank(E) =1.

ii) If rank(E) =2, then there exist matrices B = (bU)DMnx2 (S) and C =(cU)DM2x,1 (S) such

that E=BC.Let H :CB:[ql pljDMz(S),wehave g, +q, =Tr(CB) =Tr(BC)=Tr(E)OV(P)
Dy 4,
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2
and H* =[ G * PP plz(% +q2)J =CEB. Setting F=H?, we have
p(a+4) @ +pp
F*= (CEB)(CEB) =CE’B=CEB=F , hence, F isan idempotent matrix and
. (a2 +pp.) *+ppa(a+a) (4 +q2)[p1(qf +pn.)* o +p1p2)] |
(a.+a)[ p.(a + pipa) + 2o (@2 + 2i) | (&2 +pp.) *+ Py (0 +a.)

Because (g + p,p,) (42 + pip,) OP(S) O P and g, +q, 0V (P). applying Proposition 2.3, we
have  the  elements  pp,(q+q,) . (@ qz)[pl (a7 +pips)+ 1 (a3 + plpz)] and
(a:+a) P, (4 + pp.)+ P, (@ + pip,) | belonging to V(P)DP. Thus the idempotent matrix
FOM,(P). Moreover, since E=E’=BFC, hence, 2 =rank(E)<rank(F)<rank,.(F)<2, this

follows that rank,. (F ) =rank (F ) = rank (E ) =2, and so F is a PC - full matrix. In additon, because
(EB)C=E’=E and C(EB)=F ,hence, E[ F.C

Remark 3.16. If the matrix F = H*> =[ %P P (ql * QZ)J, as determined in Corollary 3.15,
P4 +a.) 4 +pp,
has all its entries on the main diagonal belonging to V(P), then FOM, (V(P)) This follows that
E=BFC= (BF) (FC) oM, (V (P)) . By Theorem 3.14, we obtain the equality
rank(E) = rank e (E) = rank(F) = rank e (F) =2.

Example 3.17. The semiring S =RxB has V (S) :{(x,O) | xDR} , hence, (1,1) DV(S) . We have

(l o) (-2.,0) (
P =S as apositive cone of the semiring S. Then, g = ,G= (
1 1
o) (3
8 2

are idempotent matrices over the positive cone P. Furthermore, Tr(E):(LO)DV(P),

Tr(G)=(2,0)0V(P) and rank(E)=1, rank(G)=2.

Lemma 3.18. Let S be a commutative semiring, and E = (e,.j) OM,(S) be an square matrix. Then

for any kD{l,Z,...,n}, the entries of the matrix B=E' are determined by the formula

Z eill ell’z “.e’kfllkfl elm.f ’ k>1
b[j =3 bbb 1.2} s Dl,] D{L 2,..,,]’[} s where B = (bij) .
e k=1
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Proof. If k=1 then B=E, hence, b, =e¢ Oi, jO{L,2,...n} . If k=2 then B=E*, hence,

ij?

b, = D{Z }eile,/.,Di,j 0{1,2,...,n} . Suppose that the Lemma is true with k=g, (2<g<n). Let C=E’,
101,2,...,n]

the entries of the matrix B=E*" =CE are determined by b, = z cqe; » where C = (c[j) and

1{1.2,....n}

e, hence, b; = Z e, e, .. , ¢ e

B :(b[,')- Since ¢, = Z €161, i Gty €, €l

ol
bl el 1.2, e bly ey 1{1.2,.m}

the Lemma has been proven. o

Lemma 3.19. Let P be a positive cone of the commutative semiring S, and A = (ai]. ) oM, (P) be
an idempotent matrix. If a, =0,0i D{ 1,...,n} then A=M, (V (P)) .
Proof. If n=1 then A= (O)DM1 (V (P)) .If n>1, then for each k D{I,Z,...,n} , by Lemma 3.18,

the entries of the main diagonal of the matrix B=A‘ are determined by the formula

a”l alllz "'alk—zlm alk—li s k>1
by =4 o120} , 0iD{1,2,...n}, where B=(p,). Since A=(q,) is an
0, k=1
idempotent matrix with a, =0,0i D{ 1,...,n} , hence, A=A*=B, and SO
b= Y aya.a_, a =0,0i0{12,...n} k0{2,3,...n}. This implies that
Il el {1,200} }
a,a, -, a 0OV (P),0iO{L,2,...n} (because A= (alj)DM,’ (P)). Now let E=A", then the

entries of the matrix E are detemined by the following formula:
Ay oty G o L]
€. =< bl 12,0} ,Di,jD{l,Z,...,n} . Let [,=i, [ =j, then for any
0,i=j

I, D{I,Z,...,n} , since [,1,....[, D{I,Z,...,n} , hence, there exist at least two elements
r,tD{O,l,...,n} such that r<¢ and [ =/. This follows that a, ..q , Ov(P), and so
Ay Gy Oy G =y @y ety ety g UV (P) (by  Proposition 2.3), therefore,
¢, OV (P).0i, jO{1.2,...n} . Thus E=A"=AOM, (V(P)).0

Corollary 3.20. Let S be a commutative ring, and Q be a positive cone of the commutative
semiring R. Then, the following statements hold:

i) The semiring P =S X(Q is a positive cone of the semiring S xR .

i) If EOM, (P) is an idempotent matrix with entries on the main diagonal belonging to set
S X{OR} , then rank(E) =rank,, (E) .

Proof.

i) Since Q is a positive cone of the commutative semiring R, hence, P =S X is a subsemiring of

the semiring S X R . It easy to see that V(P) =S XV(Q) (because S is a commutative ring). We have
(IS,IR) DV(P) (since Q is a positive cone of R hence 1, DV(Q) ). This follows that P is a prepositive
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cone of the semiring S X R. For any element (x,y)DSXR and (x,y)l]P =§xQ, we have ylQ.
Since Q is a positive cone of R, hence, there exists an element »[1Q such that y+b = 0, , therefore,
the element (—x,b) OP satisfies (x, y) + (—x,b) = (OS,OR) . Furthermore, if there exist elements
(x,y),(u,v)DSxR such that (x,y)(u,v) :(xu,yv)DS XV(Q), then vaV(Q), and so, yUQ or
vJQ. This implies that (x, y)DSXQ =P or (u,v)l]S XxQ=P. Thus P is a positive cone of the
semiring S XR.

ii) If the idempotent matrix E = (el.j) oM, (P) has entries on the main diagonal belonging to the
set SX{OR}, then let e, :(slj,q,j),lji,jlj{l,...,n} , we have e, :(sl.l.,OR),Di D{l,...,n} . Consider the
homomorphism  @:SXR - R with ¢(s,q) = q,l](s,q) OSxR. Then, the  matrix
¢(E)= (qu)DM ,(Q) is an idempotent matrix with entries on the main diagonal equal to 0,. By
Lemma 3.19, we have @ (E) oM, (V (Q)) , this follows that
e, = (sl.j,ql.j) OSxvV(Q)=v(P).0i,j0{L...n},and so EOM, (V (P)) . Applying Theorem 3.14, we

[}

obtain rank (E) =rank,. (E) .o
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