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Abstract: We theoretically investigated the terahertz (THz) absorption spectra in optically excited 

semiconductors. By applying Bardeen-Cooper-Schriffer (BCS)-like mean field approximation, we 

have reproduced the spectral position of component originating from the 1s to 2p intraband transition 

in various density regimes. We have investigated the THz absorption spectra in various density 

regimes, and in a range of temperatures above the critical temperature of BCS-BEC crossover. By 

analysing THz absorption spectra, we have shown that the exciton Mott transition can be studied.   
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1. Introduction              

The issue of the exciton Mott transition has been studied for several decades [1, 2]. Beyond its 

fundamental interests, understanding several physical properties around the exciton Mott transition point 

is particularly important to develop novel high-performance optoelectronic devices such as highly 

efficient semiconductor laser diodes. This is because strong Coulomb correlations predominate around 

the transition point, which is a precursor for the optical gain by the e-h plasma. In fact, it has been shown 

both experimentally [3] and theoretically [4, 5] that the strong Coulomb correlation significantly 

modifies the optical absorption and gain spectra in quasi-one-dimensional semiconductors. 

Recent developments in terahertz (THz) techniques attract much interest because of a wide range of 

applications in the fields of materials science [6], communication [7], and biotechnologies [8]. From the 

viewpoint of condensed matter physics, the THz time domain spectroscopy (THz-TDS) is ideally suited 

to measure conductivity of metals, semiconductors as well as phase transitions in these materials since 

they reflect and absorb THz radiation [9]. Furthermore, since the ponderomotive energy of THz radiation 
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for a given laser intensity is larger than that of visible light, we can apply strong electric fields (≈ 1 MV 

cm– 1) using a single-cycle THz pulse [10-12]. Therefore, THz techniques pave the new way for studying 

extreme nonlinear phenomena such as the impact ionization [12] and the high-order harmonic generation 

[6] in condensed matters, which cannot be analyzed with the perturbation theory. 

Because of the extraordinary long lifetime (≃ 1 ms), 1s paraexcitons of the yellow series in Cu2O 

have been studied to observe Bose-Einstein condensation (BEC) of excitons [13, 14]. The phonon 

assisted photoluminescence (PL) spectra was fitted to the Bose-Einstein distribution function to estimate 

density and temperature [15, 16]. However, the small radiative efficiency makes it difficult to 

experimentally determine their effective mass and lifetime. In order to circumvent the difficulty, THz 

absorption accompanied by the intraexciton transition from 1s to 2p states is proposed to be observed 

[17]. This is the counterpart of the Lyman spectroscopy in atomic hydrogen [18, 19], and is particularly 

useful because intraexcitonic transitions induced by the THz absorption are independent of the selection 

rules of optical transitions [20, 21]. Furthermore, they measure the coupling between 1s exciton ground 

state and higher relative momentum states, which independent of the center-of-mass momentum of 

excitons. 

In this research, we aim at theoretically investigating the exciton Mott transition (density ionization) 

in optically excited direct bandgap bulk semiconductors with analyzing THz absorption spectra for 

various e-h pair densities. 

2. Formulation 

2.1. Model Hamiltonian 

For the purpose of theoretically investigating exciton Mott transition with analyzing the THz 

absorption spectra in optically excited semiconductors, we formulate the THz absorption as the linear 

response of the semiconductor. In this study, we consider a three-dimensional e-h system in a direct 

bandgap bulk semiconductor, which consists of an isotropic and non-degenerate parabolic conduction 

and valence bands. Our model Hamiltonian is expressed in the form: 

 𝐻𝑡𝑜𝑡 = 𝐻𝑒−ℎ + 𝐻1(𝑡) + 𝐻2(𝑡)  (1) 

where, 𝐻𝑒−ℎ, 𝐻1, and 𝐻2 are the electron-hole Hamiltonian, the interaction Hamiltonian between 

particles and pump light, and the interaction Hamiltonian between particles and probe radiation, 

respectively. In this study, we consider an e-h system, which consists of conduction and valence bands. 

Hence, the e-h Hamiltonian can be expressed in two-band approximation: 

 
𝐻𝑒−ℎ = ∑ ∑ 𝐸𝒌𝑎𝑐†

𝒌𝑎𝑐𝒌𝑎

𝑎𝒌

+
1

2
∑ 𝒱𝒒

𝒌,𝒑,𝒒

𝑐𝒌+𝒒𝑎
† 𝑐𝒑−𝒒𝑏

† 𝑐𝒑𝑏𝑐𝒌𝑎 
(2) 

 𝐻1(𝑡) = −
𝑒

𝑚0
∑ ∑ 𝑨(𝑡) ∙ 𝑷𝑎𝑏(𝒌)(1 − 𝛿𝑎𝑏)𝑐†

𝒌𝑎𝑐𝒌𝑏

𝑎𝑏𝒌

−
𝑒

𝑚0
∑ ∑[𝒌 + 𝑷𝑎𝑎(𝒌)] ∙ 𝑨(𝑡)𝑐†

𝒌𝑎𝑐𝒌𝑎

𝑎𝒌

 

 

(3) 

 
𝐻2(𝑡) =

𝑒2

2𝑚0
∑ ∑ 𝑨2(𝑡)𝑐†

𝒌𝑎𝑐𝒌𝑎

𝑎𝒌

 
(4) 

where, 𝑐𝑘𝑎 is the annihilation operator of electrons with band 𝑎 (𝑎 = 1, 2), and lattice momentum 𝒌. 
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The single-particle energies of electrons in the conduction band and holes in the valence band are 

given by 𝐸𝑘1 =
𝑘2

2𝑚𝑒
+ 𝐸𝑔 − 𝜇𝑒 , and 𝐸𝑘2 =

𝑘2

2𝑚ℎ
− 𝜇ℎ, respectively, where 𝐸𝑔 is bandgap energy between 

conduction and valence bands, 𝑚𝑒 (𝑚ℎ) is effective mass of electron (hole), respectively. The bare 

Coulomb interaction is 𝒱𝑞 = 4𝜋𝑒2/(𝜖0𝑞2𝐿3), where, 𝜖0 is the background dielectric constant of the 

unexcited crystal, and 𝐿3 is the volume of the system. We have defined 𝑷𝑎𝑏(𝒌) ≡
1

𝑉0
∫ 𝑑3𝑥 𝑢𝒌𝑎

∗ (𝒙)(−𝑖∇)𝑢𝒌𝑏(𝒙)
𝑉0

, where 𝑉0 and 𝑢𝒌𝑎(𝒙) are the volume of the unit cell and the lattice 

periodic function, respectively. The first term on the right-hand side of 𝐻1 describes the interband 

transition, while the second term and 𝐻2 represent the intraband transition. We have employed the long 

wavelength approximation in which the x-dependence of the vector potential is neglected; this 

approximation is justified when we investigate the optical or THz response where the wavelength of the 

radiation field is sufficiently long comparing with the lattice constant of the semiconductor crystal 

(dipole approximation).  

In this study, THz absorption is calculated semi-classically, the THz field is given by the vector 

potential 𝐴𝒒(𝑡). With the Coulomb gauge condition (∇ ∙ 𝑨 = 0), the interaction Hamiltonian between 

carriers and THz field is 

 
𝐻2 = −

1

𝑉
∑(−1)𝜆−1𝐽𝒒

𝜆(𝑡) 𝐴−𝒒
𝜆 (𝑡)

𝒒,𝜆

 
 

(5) 

where 𝐽𝒒
𝜆(𝑡) =  𝒆𝒒

𝜆 ∙ 𝑱𝒒(𝑡) and  𝐴−𝒒
𝜆 (𝑡) =  𝒆𝒒

𝜆 ∙ 𝑨𝒒(𝑡) are transverse components of the intraband current 

density operator and the vector potential, respectively. The linear polarization vectors 𝒆𝒒
𝜆 (𝜆 = 1, 2) are 

defined so that ( 𝒆𝒒
1 ,  𝒆𝒒

2, 𝒒/|𝒒|) forms a right-handed set of orthonormal vectors. Using the electron-

hole representation, the intraband current operator is expressed as follows, 

 
𝑱(𝑡) =

𝑒

𝑚0
∑ ∑(1 − 𝛿𝑎𝑏)𝑐†

𝒌𝑎𝑐𝒌𝑏

𝑎𝑏𝒌

+ 𝑒 ∑ ∑
𝜕𝐸𝒌𝑎

𝜕𝒌
𝑐†

𝒌𝑎𝑐𝒌𝑎

𝒌𝑎

−
𝑒2

2𝑚0
𝑨(𝑡) ∑ ∑ 𝑐†

𝒌𝑎𝑐𝒌𝑎

𝑎𝒌

 

 

(6) 

here, for convenient we have defined as, 

 
𝑗𝒒

𝜆 ≡ 𝑒 ∑ ∑ (𝒆𝒒
𝜆 ∙

𝜕𝐸𝑎𝒌

𝜕𝒌
) 𝑐†

𝒌𝑎𝑐𝒌𝑎

𝑎𝒌

 
 

(7) 

Based on the BCS-like mean field theory, we introduce the mean-fields 𝜒𝒌
𝜇

, with mean-field Hamiltonian 

which is involved in electron-hole Hamiltonian, 

 

𝐻𝑚 = ∑ ∑ 𝜒𝒌
𝜇

𝒌

(𝑐𝒌
†𝝉𝜇𝑐𝒌)

3

𝜇=0

 

 

(8) 

here, 𝜏0 and 𝜏𝑗  (𝑗 = 1, 2, 3) are 2 × 2 unit matrix and the Pauli matrices, respectively. Then e-h 

Hamiltonian 𝐻𝑒−ℎ is decomposed into two parts 

𝐻𝑒−ℎ = 𝐻0
′ + 𝐻1

′  

where, Hamiltonians 𝐻0
′  and 𝐻1

′  are defined as 

 𝐻0
′ =  ∑(ℇ𝒌

𝜇
+ χ𝒌

𝜇
)(𝑐𝑘

†𝜏𝜇𝑐𝑘),

𝒌

 
 

       

(9) 
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𝐻1
′ =

1

2
∑ ∑ 𝒱𝒌𝑎

𝒌𝒑𝒒𝑎𝑏

𝑐𝑘
†𝑐𝑘

†𝑐𝑘𝑐𝑘 − ∑ 𝜒𝑘
𝜇

𝒌

(𝑐𝑘
†𝜏𝜇𝑐𝑘) 

In this analysis, we consider the screening effect in the static long wavelength limit with the static 

Single Plasmon Pole Approximation (SPPA). In this approximation the original Coulomb potential has 

been replaced by the potential defined as 𝑉𝒒 = 4𝜋𝑒2/(𝜖𝑞𝑞2𝐿3), where 𝜖𝑞 is static longitudinal dielectric 

function considering the static SPPA. 

We also assuming that each particle in the e-h system moves in a single-particle potential that comes 

from its average interaction with all of the other particles. To employ the mean-field approximation in 

our calculation, we need to determine the mean-field 𝜒𝑘
𝜇

 by solving the BCS-like gap equation that is 

obtained by a variational method. For this purpose, we introduce Bogoliubov transformation, which is 

often used to diagonalize Hamiltonians, in order to yield the steady-state solutions of the corresponding 

Schrödinger equation. 

 𝑐𝒌 = 𝑢𝒌𝛼𝑘 + 𝑣𝑘𝛽−𝑘
†  ,   𝑑−𝒌 = 𝑢𝑘𝛽−𝑘 − 𝑣𝑘𝛼𝑘

†
 (10) 

where 𝛼𝑘 and 𝛽−𝑘 are the annihilation operators of Bogoliubov quasiparticles,  𝑢𝒌 and 𝑣𝑘 are 

Bogoliubov parameters.  

The mean-fields 𝜒𝑘
𝜇

 are determined by the stationary condition of the functional, 

 
ℱ = −𝑇 ln 𝑇𝑟 (𝑒−

𝐻0
′

𝑇 ) + 〈〈𝐻1
′〉〉 + 𝜆 ∑[〈〈(𝑐𝒌

†𝝉0𝑐𝒌)〉〉 − 1]

𝒌

 
 

(11) 

where 〈〈… 〉〉 denotes the statistical average defined by the Hamiltonian 𝐻0
′ . The Lagrange multiplier  

is introduced to impose the charge neutrality condition, ∑ 〈〈𝑐𝒌1
† 𝑐𝒌1 − 𝑐𝒌2𝑐𝒌2

† 〉〉𝑘 = 0. 

That gives the following self-consistent equations for the Hartree-Fock self-energies 

 
𝜒𝒌

0 = −
1

2
∑ 𝑉𝒌−𝒑 [𝐹𝒑

(+)
− 1]

𝒑

;      𝜒𝒌
3 = −

1

2
∑ 𝑉𝒌−𝒑𝐹𝒑

(−) (ℇ𝒑
3 + 𝜒𝒑

3)

𝐸𝒑
′′

𝒑

 

𝜒𝒌
1 + 𝑖𝜒𝒌

2 = −
1

2
∑ 𝑉𝒌−𝒑𝐹𝒑

(−)
[
𝜒𝒑

1 + 𝑖𝜒𝒑
2

𝐸𝒑
′′ ]

𝒑

 

 

 

(12) 

where, 𝜒𝒌
0 + 𝜒𝒌

3 (𝜒𝒌
0 − 𝜒𝒌

3) is the Hartree–Fock self-energy of conduction (valence) band electrons, 

𝜒𝒌
1 + 𝑖𝜒𝒌

2 is the order parameter of the e-h BCS state.  

2.2. Transverse Dielectric Function  

To investigate the exciton Mott transition in the THz absorption spectra, we are going to calculate 

the transverse dielectric function. The equation for the transverse dielectric function is obtained from 

Maxwell’s equations and is expressed in the current density operator related to the interaction between 

carriers and THz field.  

 

[𝜀𝒒(𝜔) − 1]𝐸𝜆(𝑞, 𝜔) = −
4𝜋

𝜔2
∫ 𝑑𝑡𝑒𝑖𝜔𝑡

𝜕𝐽𝜆(𝑞, 𝑡)

𝜕𝑡

+∞

−∞

 

 

(13) 

Regarding the radiation-matter interaction Hamiltonian 𝐻1(𝑡) + 𝐻2(𝑡) as the perturbation, then the 

transverse dielectric function can be calculated using the linear response theory, and the result is 

 
𝜀𝒒(𝜔) = 1 −

4𝜋𝑒2

𝑚𝜔2
𝒩𝑓𝑟𝑒𝑒 +

4𝜋𝑖𝑒2

𝜔2
𝒢𝒒(𝜔) 

 

(14) 
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where, 𝒢𝒒(𝜔) is the Fourier transform of current-current correlation function 

 𝒢𝒒(𝑡) ≡ −𝑖𝜃(𝑡) 〈[𝑗𝒒
𝜆(𝑡), 𝑗−𝒒

𝜆 (0)]〉 (15) 

Here 〈… 〉 stands for the quantum statistical average with the density operator 𝜌 = exp[ − 𝛽𝒦]/𝑍 

where 𝑍 ≡ Tr exp[−𝛽𝒦] with 𝒦 ≡ 𝐻𝑒−ℎ − ∑ ∑ 𝜇𝑎𝑐†
𝒌𝑎𝑐𝒌𝑎𝑎𝒌 ; 𝒩𝑓𝑟𝑒𝑒 is the density of ionized plasma 

which plays an important role to conductivity, and 𝑚 = 𝑚𝑒𝑚ℎ/(𝑚𝑒 + 𝑚ℎ) is the reduced mass of e-h 

pairs. 

Applying Bogoliubov transformation current-current correlation function 𝒢𝒒(𝑡) becomes 

 

𝒢𝒒(𝑡) = ∑ ∑ ∑(𝒌 ∙  𝒆𝒒
𝜆)(𝒑 ∙  𝒆𝒒

𝜆)𝐾𝒌
𝜇

Π𝒌,𝒑
𝜇𝜈 (𝑡)𝐾𝒑

𝜈

𝒌,𝒑

3

𝜈=0

3

𝜇=0

 
         

(16) 

where the four-component vector, 𝐾𝒌
0 ≡

1

𝑚𝑒
−

1

𝑚ℎ
;  𝐾𝒌

1 ≡
2𝑢𝒌𝑣𝒌

𝑚
;  𝐾𝒌

2 ≡ 0; 𝐾𝒌
3 ≡

(𝑢𝒌
2+𝑣𝒌

2)

𝑚
 . The 44 

matrix correlation function Π𝒌,𝒑
𝜇𝜈 (𝑡) is defined as 

 Π𝒌,𝒑
𝜇𝜈 (𝑡) ≡ −𝑖𝜃(𝑡)〈[𝑒𝑖𝐻𝑡(𝜙𝒌

†𝝉𝜇𝜙𝒌)𝑒−𝑖𝐻𝑡, (𝜙𝒑
†𝝉𝜈𝜙𝒑)]〉    

(17) 

where 𝜙𝒌 = (
𝛼𝑘

†

𝛽−𝑘

) is the two-component operator in Nambu presentation, the Nambu pseudo spinor. 

And we introduce a convenient auxiliary function  

 Ψ𝒌
𝜇(𝑡) = 2 ∑(𝒑 ∙  𝒆𝒒

𝜆)𝑢𝒑𝑣𝒑Π𝒌,𝒑
𝜇1 (𝑡)

𝒑

 
   

(18) 

By employing the simple time-dependent Hartree-Fock approximation (TDHFA), we assume that 

two particles propagate independently 

 〈[𝜙𝒌
†𝜙𝒑

†𝜙𝒒𝜙𝒓 , 𝜙𝒔
†𝜙𝒕]〉

≃ 〈𝜙𝒌
†𝜙𝒓〉〈[𝜙𝒑

†𝜙𝒒 , 𝜙𝒔
†𝜙𝒕]〉 − 〈𝜙𝒌

†𝜙𝒒〉〈[𝜙𝒑
†𝜙𝒓 , 𝜙𝒔

†𝜙𝒕]〉

+ 〈𝜙𝒑
†𝜙𝒒〉〈[𝜙𝒌

†𝜙𝒓 , 𝜙𝒔
†𝜙𝒕]〉 − 〈𝜙𝒑

†𝜙𝒓〉〈[𝜙𝒌
†𝜙𝒒 , 𝜙𝒔

†𝜙𝒕]〉 

    

(19) 

We obtain the equation of motion in the form of Bethe-Salpeter equations for Fourier transform of 

auxiliary function Ψ𝒌
𝜇(𝑡) as follow 

 

 

 

 

 

−𝑖𝜔Ψ𝒌
1(𝜔) + 2𝑖𝐸𝒌

′′Ψ𝒌
2(𝜔) = −𝑖𝐹𝜅

(−)
∑ ∑ 𝑉𝒌−𝒑𝐶𝒌,𝒑

2 Ψ𝒑
2(𝜔)

𝒑𝑗=1,2

 

𝑖𝜔Ψ𝒌
2(𝜔) + 2𝑖𝐸𝒌

′′Ψ𝒌
1(𝜔)

= −𝑖𝐹𝒌
(−)

∑ ∑ 𝑉𝒌−𝒑𝐶𝒌,𝒑
1 Ψ𝒑

1(𝜔)

𝒑𝑗=1,2

+ 4𝑢𝒌𝑣𝒌〈𝜙𝒌
†𝝉3𝜙𝒌〉(𝒌 ∙  𝒆𝒒

𝜆) 

        

 

     

(20) 

Based on the equation-of-motion of dielectric function and the set of equation derived we have 

developed the numerical computation programs to numerically calculate THz absorption spectra. 

3. Results and Discussion 

In the numerical analysis, we have used the units where the exciton Rydberg energy E0 and 

Botlzmann constant kB is unity. Following the previous works, [22-25] we have calculated the exciton 

density by using material parameters of 1s paraexcitons in Cu2O, in which exciton Bohr radius a0 = 0.74 
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nm for the low energy state, the effective mass of electron (hole) 0.99 𝑚0 (0.58 𝑚0), and 𝐸0 = 174 meV. 

Since this work is on the BCS-like pairing theory, we can investigate the THz absorption spectra in 

macroscopic quantum state, i.e., the Bose-Einstein condensed (BEC) state of excitons in low density 

state and exciton phase in high density regime.  

However, in this work we focus on the case when carrier temperature T satisfying 𝐸0 > 𝑇 > 𝑇𝑐, 

where 𝑇𝑐 is the critical temperature of the BCS – BEC crossover. 

 

Figure 1. Conductivity spectra at various e-h density at different temperature T. 

In Fig. 1, we show the conductivity spectra at various density regimes of e-h pairs in different 

temperature ranges. The sharp structures originate from the THz absorption which is accompanied by 

the intraexciton transition from 1s to 2p, 3p, ect. states. The broad absorption band due to the intraexciton 

transition from 1s to continuum state which is corresponding to ionized system. That is the evidence of 

the insulator-to-metal transition in optically excited semiconductor. The experiment in Cu2O [26] has 

observed the THz spectral components originating from 1s to 2p, 3p, etc. states. As shown in the Fig. 1, 

the spectral position of the intraexciton transitions is almost unchanged in the investigating range of 

temperature. This behavior can be well explained by considering the temperature dependence of e-h pair 

density in the Fig. 2(a), e-h pair density is almost independent of temperature. It agrees with the previous 

work [25], that is the spectral position of the 1s-2p transition almost independent of density up to 3 ×
1019 cm−3. We also found that the spectral components shift towards lower energy as density 𝒩 

increasing. The sharp peak structures due to transitions from 1s to 4p, 3p, and 2p gradually disappear. 

Eventually, the exciton structures in the THz absorption spectra disappear at high density regime, i.e., 

the exciton Mott transition occurs. 

In the Fig. 2 (c, d) we show the temperature dependence of Fermi momentum and the Coulomb-hole 

self-energy (Debye shift). Both Fermi momentum and Coulomb-hole energy hardly change as changing 

temperature. As their definitions, the state-filling effect measured by the Fermi momentum, and 

screening effect expressed in Coulomb-hole self-energy 𝒟 ≡
1

2
∑ [𝒱𝒑 − 𝑉𝒑]𝒑 , where 𝒱𝒑 (𝑉𝒑) is the bare 

(screened) Coulomb energy. They well explain the behavior of temperature dependence of e-h density 

and therefore the behavior of THz absorption spectra mentioned above is reasonable. The same behavior 
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is founded in temperature dependence of effective gap, that is corresponding to the least transition 

energy from 1s to ionization continuum, as shown in the Fig. 2(b). We have to mention that the density 

of the ionized plasma significantly contributes to reductions of exciton binding energy. 

 

Figure 2. (a) Temperature dependence of e-h pair density. (b, c, d) Temperature dependence of effective gap, 

Debye shift (the Coulomb-hole self-energy), and Fermi momentum at various e-h density regimes, respectively. 

4. Conclusion 

In summary, we have analyzed both density dependence and temperature dependence of THz 

absorption spectra in photoexcited semiconductors above the critical temperature of BCS-BEC 

crossover, and have shown that it can clearly study exciton Mott transition. It is shown that our present 

theory qualitatively explains the density and temperature dependence of the THz absorption spectra in 

comparing with experimental results. However, the present theory cannot explain the phenomena of 

increase in the linewidth near the exciton Mott transition point, and several behaviors observed in 

experiments [28-31]. These points are interesting not only in device application but also in fundamental 

physics. This problem will be considered by a study based on the approach of self-consistent T-matrix  

in a forthcoming work. 
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