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1. Introduction

Let 2 be a C*- smooth pseudoconvex domain in C**1 and &, € 3.2. Let p be a local defining function
for 02 near &, and let the multitype M (&) = (1, my, ..., my,) be finite. (For detail definition of multitype,
we refer the reader to [1].) Then there are distinguished coordinates z = (z,, z') with z' = (24, ..., z,,) such
that £, = 0 and p(z) can be expanded near 0 as follows:

p(z) = Re(z) + P(z) + R(2),
where P isa (1/m,, ...,1/m,,)-homogeneous plurisubharmonic polynomial that contains no pluriharmonic
terms, R is smooth and satisfies
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for some constant y > 1 and C > 0. Here and in what follows, a polynomial P is said to be
(1/my, ...,1/my)-homogeneous if P(t/™Mizy, ...t ™z, ) = tP(z,...,z,) for all t¢>0 and
(z4,...,2,) € C™.
The domain (2 is called h-extendible at p if the model
Mp:={z = (zy,2') € Cx C":Re(zy) + P(z") <0}
is of finite type. Consequently, M; is degenerate, i.e., its boundary contains no nontrivial analytic set passing

through the origin, and it is taut (cf. [2, Theorem 3.13]). (For several equivalent conditions to the h-
extendibility, we refer the reader to [3].)

Fors, M, N > 0, let us denote by
['(s;M,N) = {z € Q: |Im(z,)| < M|dist(z,02)|, 5(2') < N|dist(z,2)|°},
where g(z') : = }l=1|zj|mf . Here and in what follows, dist(z, 32) denotes the Euclidean distance from z

to the boundary 4£2. In addition, < and = denote inequality up to a positive constant. We will also use ~ for
the combination of < and =.

For the sake of simplicity, we define the so-called A-cone with vertex at é, by I' : = I'(1; M, N) and
denote by I'S : = I'(s; M, N) for some M, N > 0. We note that |zj|mj S |dist(z,00)],j =1, ..,n,forz €
I'. Recall that a sequence {n;} < 2 is said to converge nontangentially to &, if |[n; — &| < dist(n;, 022).

Fix a sufficiently small neighborhood U of &, in C™**1, we may assume that for any point n € U n £2,

there exists a positive real number e(n) > 0 such that the point 77 : = (7o + €(), N1, ..., Ny) IS in the
hypersurface {p = 0}. We note that e(n) = [p(n)| = dist(n, 302).

Let us recall the higher order Kobayashi metrics (see [2]). For each integer k > 1, the k-th order
Kobayashi metric is defined by

1
A

where 4 denotes the unit disc in C and v(¢) denotes the vanishing order of ¢ at 0. We note that F,, : = F3
is just the Kobayashi metric.

Now we define a dilation:
(21, o, z) = (Y ™z, ..., M0z, £ > 0.

Then for any sequence {n;} < I" converging to the vertex &, there exists a subsequence {n;,} < {n;}
such that

FE(z,X) = inf{ :1> 0,39 € Hol(4,0), (0) = 2,v(¢) = k, ¥ (0) = kux},

}i—glonl/f(nj{)(n]’f’) =a€eC

(Notethat @ = 0if{n;,} c I'* forsome s > 1.) For such a € C", the associated model Mp ,, is defined
as follows:
Mp o ={(20,2") € Cx C*:Re(zy) + P(z' + a) — P(a) < 0}.
For simplicity, let us write Mp for Mp ,.

The Kobayashi metric has been interested in complex analysis of several variables. In particular, the
asymptotic boundary behavior of the Kobayashi metric has been a major area of study. In 1975, I. Graham
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[4] gave a precise weighted boundary limits of the Kobayashi metric for strongly pseudoconvex domains.
There have been many estimates for the metric on several classes of weakly pseudoconvex domains ever
since (cf. [4-10]). In particular, the sharp bounds for the metric on pseudoconvex domains of finite type in
€2 [4], smoothly bounded convex domains of finite type in C*(n > 2) [5] and decoupled domains of finite
type [9] are obtained in terms of small/large constants. For general weakly pseudoconvex domains of finite
type, there are no sharp bounds known. As a matter of fact, the usual sharp lower estimates for the Kobayashi
metric as in [4] do not hold for general domains of finite type.

After that Yu [2] considered the same problem for the general Kobayashi metrics on weakly
pseudoconvex domains. Their focus here is again on the precise relationship between the (weighted)
boundary limits of the metrics and the Levi invariants of the domain, in the same spirit of Graham's result in
[11]. The main difficulty in the case of weakly pseudoconvex domain is that the local Levi geometry of the
domain is in general much more complicated and is still not well understood. In particular, there is no
universal model for all weakly pseudoconvex domains to compare with. To overcome this difficulty, they
first deformed the domain with respect to its multitype and then blow it up to a taut (but unbounded model)
domain. The main result of this paper generalizes Graham's result in [11] to a very large class of weakly
pseudoconvex domains, called h-extendible domains, which includes almost all the interesting domains
mentioned above.

However, in [2] the weighted boundary limits of general Kobayashi metrics are taken over all points in
a nontangential cone. The purpose of this paper is to ensure that the Yu’s result still holds for A-nontangential
limits. Namely, we prove the following theorem.

Theorem 1.1. Let 2 be a C*-smooth boundary pseudoconvex domain in C**1 and &, € 002 such that
0 is h-extendible at &,. Suppose that the multitype of &, is (1, my, ..., m;,) with m,, < +oo and let 4 =
(1/my, ...,1/m,). Suppose also that the defining function p of 2 near 0 has the form
p(z) = Re(zo) + P(z') + R(2),
where P is a A-homogeneous plurisubharmonic polynomial that contains no pluriharmonic terms, R is

smooth and satisfies
Y

n
.
R@I < 120+ ) 5™ |,
=

for some constant y > 1 and C > 0. Let {n;} = {(njo,nj’)} c2nUnNT be a sequence of points
converging to 0 such that

limnl/e(n]_)(nj’) =a €C™

jooo
Then, we have
Flw (15 (7)), X) = Fiip o (©',=1),X)
= Fz’ép((—l — P(a),a),X), VX € C*1,
Corollary 1.2. Let 2, &, I'S be given as in the Theorem 1.1. If s > 1, then we have

. _ _ li n+1
nnurlwlrr?an—)oFﬂnU(n'X)lp(n)l - FMP(( 110 )IXN(O))' vXeC ’

where Xy, (0) is the complex normal component of X at &, = 0.
In order to prove the existence of A-nontangential limits of the general Kobayashi metrics at an

h-extendible boundary point, we shall blow up the domain 2 by using a rescaling argument. More
precisely, we shall construct a sequence of domains {£2;} which are the images of 2 N U under a

lim
2nUNI1;-0
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sequence of dilations and translations such that (2; converges to Mp as j — oo. Therefore, the proof of
Theorem 1.1 follows from a stability result for general Kobayashi metrics (cf. Theorem 2.3).

2. Stability of the General Kobayashi Metrics

In this section, we shall focus attention on the stability of general Kobayashi metrics. To do this, let us
recall that a sequence of domains {2,352 in C™*1 is said to converge to 2, € C**1 if and only if

For any compact subset K < £, there exists j, = jo(K) such that K < (; forall j = j,; and
If K is a compact subset which is contained in £2; for all sufficiently large j, then K c ..

In [12], the first author and Nguyen Quang Dieu proved the following proposition which we shall give a
short proof for the reader’s convenience.

Proposition 2.1 ([12]). Assume that {D;} is a sequence of domains in C™*1 converging to the model
M, of finite type. Assume also that w is a domain in C* and g;:w — D; is a sequence of holomorphic
mappings such that {g;(a)} € Mp for some a € w. Then {o;} contains a subsequence that converges locally
uniformly to a holomorphic map o: w - Mp.

In order to give a proof of Proposition 2.1, we need the following lemma.

Lemma 2.2. There exist small neighborhoods U, U’ of the origin and = € (0,1) such that one has, for j
large enough and for every analytic disc f: 4 — D;, that

flOeuv = f(ATO) cU,
where 4, = {z € C: |z| < t}.
Proof. We note that there exists a plurisubharmonic peak function for M, at (0,0") (see [3]). Thus we

may find 0 < r < r' < R" < R, aplurisubharmonic peak function ¢ on M, which is continuous on M such
thatg > 00on Mp N {|z| <r}and ¢ < 0on Mp N {r' < |z| < R'}. Let us fix e > 0 small enough. Since
the sequence {D;} converges to Mp as j — oo, one can find j, : = j,(€) = 1 such that for j > j, we have

D 0, :=M§U (<c"+1\{|z| < r}), 1)

where M5 : = {(z,w):Re(w) + P(z) < €}. By applying to £2,. and the peak function ¥ (z) : = ¢(z, —
€,7"), it follows that there exist neighborhoods U, U’ of (—¢, 0") and a constant T € (0,1) such that one has,
for every analytic disc f: 4 — 0, that

f(O el = f(4,) cU. (2)
Therefore, if we choose e > 0 small enough, then our proof finally follows with U : = U n Mp and U’
:=0U'n Mp. |
Proof of Proposition 2.1. We first define the following dilation
Zo 24 Zn
A€ (20,2, o) 2) = (?,El/ml,...,el/mn), €> 0. 3)

It is note that Lemma 2.2 is still true if 4 is replaced by the unit ball in C*. Set A : = {0j(a):j e N*} €
Mp. Since D; converges to Mp as j — oo, there exists an integer j, = jo(A) suchthat A € D; forall j > ji.
Choose a real number A, > 0 big enough so that 4%0(A4) c U’. Since M, is invariant under A€ for every
€ >0, one sees that {4%(D;)} converges to A% (Mp) = Mp. Therefore, it follows that A% o
0j(B(a,79)) cUNMp for all j=>j, where B(a,79):={z€ C"':|z—a| <70}, and hence
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0;(B(a, 1)) € (AAO)_l(U N Mp) € Mp. For any compact subset K of w, by using a finite covering of
balls of radius 7, and continuing the above process, one concludes that there exist a positive number A, and
an integer j such that o;(K) (AAK)_l(U N Mp) € Mp forall j > ji. Hence, if we denote by

Ly : = (4%)~1(U n Mp) ];(l_Jll 0;(K) € Mp, 4
then g;(K) < Ly forevery j > 1, as desired. In addition, by the Montel theorem and a diagonal process, the
sequence {o;} is normal and its limits are holomorphic mappings from w into the model Mp. This finishes
the proof. O

Now let {D;} be a sequence of domains in C"** converging to D,, < C™***. We consider the following
stability problem:
}LTOFDj(z,X) = Fp (2,X), V (z,X) € D x C™*1, 5

Some stability results for Kobayashi metric were established [13, 2]. In [13], the stability of the
Kobayashi metric is valid only for bounded domains. After, J. Yu [2] generalized their result for unbounded
domains D; that are contained in some fixed taut domain. We note that the tautness condition is not always
satisfied. However, thanks to Proposition 2.1we obtain the following theorem without that condition.

Theorem 2.3. Assume that {D;} is a sequence of domains in C™*1 converging to the model M of finite
type. Then, we have

1imng(z,X) = Fy,(2,X), V(z,X) €D x C", k> 1.
Jj—0c0
Moreover, the convergence takes place uniformly over compact subsets of D x C"**1,

Proof. We shall follow the proof of [2, Theorem 2.1] with minor modifications. To do this, let us fix
compact subsets K € Mp and L € C**1. Then it suffices to prove that F,S‘j (z,X) converges to F,(}P (z,X)

uniformly on K X L. Indeed, suppose otherwise.
Then there exist €, > 0, a sequence of points {z;,} < K and a sequence X;, < L such that
k k
|FE, (7, %,) = Fisp (7, %,)| > €0 V2 1. (6)
By the homogeneity of the Kobayashi metrics F¥(z, X) in X, we may assume that || X;, I=1 for all
¢ = 1. Moreover, passing to subsequences, we may also assume that z;, - z, € K and X;, —» X, € L as
£ — 0. Since Mp is taut, it follows from [11] that F,{}P (z,X) is continuous on D x C™*1. Hence, we obtain
Fz\lflp (ij:ng) - FI\I/CIP (20,X0) )
and thus we have
|FE, (21, %;,) = Fis, (20, X0)| > €0/2 (8)
for € big enough.
By definition, for any & € (0,1) there exists a sequence of analytic discs ¢;, € Hol(A, D; {,) such that
(pN(O) = ZO'V((pjg) =k, (pj(f)(()) = k'/lng]{,, where /1“, > 0,and

1
Fg;,(7,,X;,) 2 . 8. 9)
(2

It follows from Proposition 2.1 that every subsequence of the sequence {¢;,} has a subsequence

converging to some analytic disc 1 € Hol(4, M;) such that (0) = z,, v(y) = k, ) (0) = k! AX,, for
some A > 0. Thus, one obtains that
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k!
Fyi, (20, Xo) < W (10)

for any such 1. Therefore, one has
lim inf g, (2,,X;,) = Fyi, (20, Xo) = 6. (11)

On the other hand, as in , by the tautness of Mp, there exists a analytic disc ¢ € Hol(4, Mp) such that
9(0) = 2o, v(p) = k, ¥ (0) = k! Xy, where A = 1/F¥ (20, Xo).

Now for § € (0,1), let us define an analytic disc 1/)]5[: A - C™*1 py settings:
P2 () :=((A—8)7) + A1 — O TK(X;, — Xo) + (z, — zo)forall { € A. (12)
Since ¢ ((1 — 6)2) is a compact subset of Mp and X;, > X, z;, = z, as € — oo, it follows that
Y2 (4) c Dy, for all sufficiently large #, that is, 1, € Hol(4, D;,). Moreover, by construction, 3¢ (0) =

2j,,v(¥)) = kand (wg)(k)(O) = k! (1 — 8)¥AX;,. Therefore, again by definition, one has
1 1

k — k
FDj{;(Zjl"Xj{’) = (1-96)k2 - (1—8)k FMP(ZO'XO) (13)
for all large . Thus, letting § - 0™, one concludes that
1ir;1_)s£p F[’,‘jf (2,.X;,) < Fiy, (20, Xo)- (14)
By (11), (14), and (8), we seek a contradiction. Hence, the proof is complete. i

3. Weighted Boundary Limits of the General Kobayashi Metrics
This section is devoted to a proof of Theorem 1.1. First of all, we recall the following definition and
proposition (see [12, Section 3] or [2, Section 4]).

Definition 3.1. Let A = (14, ..., 4,,) be a fixed n-tuple of positive numbers and u > 0. We denote by
0 (u, A) the set of smooth functions f defined near the origin of C™ such that

n
Daﬁﬂf(o) = 0 whenever Z(aj + ﬁj) A<
j=1
Ifn = 1and A = (1) then we use O(w) to denote the functions vanishing to order at least u at the origin.
Proposition 3.1.

of of . o
If f €0, A) thengjanda—z_jare inO(u—24;,4)forj=1,..,n

Suppose that f;, 1 < i < N, are functions with f; € O(u;, 4). Then

N N
Hfi € O(u, A), where p = Z#i-
i=1 i=1

If £ € O(w, A), then there are constants €, § > 0 such that |f (2)| < C(a, (z))’”s for all z in a small
neighborhood of 0.
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Now let 2 and &, be given as in Theorem 1.1. We note that the multitype of &, is (1,m, ..., m,,) with
m, < +oo. Then by [2, Lemma 4.11] there are local holomorphic coordinates (z,, z") in which p = 0 and
£ can be described a small neighborhood U of &, = 0 as follows:

2NnU={(zy,2") € U:Re(zy) + P(z") + R;(2) + R,(Im zy) + (Im zy)R(2) < 0}.

Here P is a A-homogeneous plurisubharmonic real-valued polynomial containing no pluriharmonic
terms, R, € O(1,4),R € 0(1/2,A),and R, € 0(2).

Recall that for any point n = (n9,n")) € 2N U, e(n) denotes a real number such that 7
:= (1o + €(n),n") is in the hypersurface {p = 0}. Let {n;} = {(n;0,n;")} € 2 N U N T be any sequence
of points converging to 0. Let us write ; = (170,71, ---,Njn) € € X C™. Then, by definition, one has
|17 jk|mj s e(n j) forevery 1 < k < n. Therefore, after taking a subsequence, we may assume that

. N s Mj1 Mjn
}Lrgnl/E(T)j)(nj ) = }I_H’l(’(e(n-)l/ml ’ ."’6(77 ')l/mn
J j

Theorem 3.2. Let 2 be a C*-smooth pseudoconvex domain in C™ and 0 € 92 such that 2 is h-
extendible at 0. Suppose that the multitype of 0 is (1,mg,...,m,) with m, < +oco and let A =
(1/my, ...,1/m;,). Suppose also that the defining function p of 22 near 0 has the form

p(2,2") = Re(zp) + P(z') + R1(2) + Ry(Im zp) + (Im zo)R(2),

where P is a A-homogeneous plurisubharmonic real-valued polynomial containing no pluriharmonic
monomials, R; € 0(1,4),R € 0(1/2,4) and R, € 0(2). Let {n;} = {(njo,nj’)} caAnNnUNT be a
sequence of points converging to 0 such that

) =a € C".

limnl/e(nj)(aj) =q € C".

jooo

Then, we have
lim  Fk, (nj, (ne( , ) X) = Fk ((0,-1),X)
2NUNIran;—0 )], Pa
= Fii, (1= P(a),@),X), VX € C"*1,

Proof. Let {n; = (n jor M j’)} be a sequence of points converging A-nontangentially to the originin U n
{p < 0} =:U". Then let us consider the associated sequence of points 7j; = (77 jo T €M j’) € 002, where ¢;
1= e(n j) > 0. Define sequences of dilations 4¢/ and translations Ly respectively by

) Zy 21 Z
820,21, 1 20) = = 7mrs = 27 (15)
J € €
and
Ly, (2) = (20,2) — 7; = (20 —njo — €,2" — ). (16)

By using the change of variables (Z,,2") : = 4% o Ly, (2o, z'),ie,

{Zo —Njo = €jZo

(17)

1/mk~
Zk —Njk = € 2, k=1,..,n,

we obtainthat A o Ly, (nj0,m;") = (—1,0") forevery j € N*. Furthermore, by using Taylor’s theorem,
the hypersurface A€ o Ly ({p = 0}) is defined by an equation of the form
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0=¢p (L5} e (412 )
= Re(Z) + R;'(b;)Im(Z,) + Im(Zy)R(a;) + €7 0(¢;) + P(2)

DPP(a; pPDp
+2Re z ﬂewdp)_l(f’)l?_k z (a]) wt(p+q) 1(~/)p( )

| Jj ] €j
IpI>0 & Ipl.Iql>0 pia!
wt(p)<1 wt(p+q)<1
+2Re DPRy() wew-1 5 | M wiwr0-1z (7) (19
| J ] €j
IpI>0 p: Ipl.Iql>0 pla!
wt(p)<1 wt(p+q)<1
R(a DPD R(«a q
+Ej_1bj 2Re # W’f(P)(~')p + 4 ]Wt(p+q)(~l)p(~l) _
[p|>0 p: Ipl,lq|>0 pia!
wt(p)<1 wt(p+q)<1

Here and in what follows, the weight of a multi-index p = (p4, ..., pn) With respect to A =

(1/my, ...,1/my) is defined by
n
NP
m@_Zw'
Jj=1

Since {n;} < I converging to the origin, without loss of generality, we may assume that

limmy e (n;') = a € C,

]—)00

where . (z") = (tl/ Mz, e, tY mnzn) fort = 0. Hence, as in the proof of [12, Theorem 1] one has

DpP(aj) wt(p)—1 DpP<n'1/Ej(a]-)> _ DPP(a).

lim ——=e; = lim ;
Jjooo p! ] joo p! p!
14 . p .
lim Mewt(m_l = lim Mewt(m = 0 whenever wt(p) < 1;

jooo p! ] jooo p! ]

— pp? . _
DPBUP(a)) we(pq)-1 DPD P(Tl'1/e]-(0!])> . pP5p(a)

}L%TEI - }Lrg pq! jow Dl whenever wt(p + q) <1,
. DPD'R(a; - . DPDR(a;

lim p'—ql,(a’) J.Wt(p”’) ' = lim T(a]) J.Wt(p”’) = 0 whenever wt(p) + wt(q) < 1;

]—?w 4. ]—)m Y-

1imR2’(bj) = limR(a’j) = 0.
]—)00 ]—)OO
Hence, after taking some subsequence, we may assume that the sequence of domains (2; : =A% o
Lﬁj(U ~) converges to the following model
Mp o :=1{(Zp,2") € Cx C™:Re(Z) + P(Z2' + a) — P(a) < 0},

which is biholomorphically equivalent to the model Mp. Without loss of generality, in what follows we
always assume that {{2;} converges to Mp.

Since (2; converges to Mp as j — oo, Theorem 2.3 implies that
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lim F§ ((20,2),X) = Ffi, ,((Z0,2),X), ¥ ((20,2),X) € Mp x C**1, (19)

We note that the convergence takes place uniformly on any compact subsets of M, x C™**1. Moreover,
since 2; = T;(U N 2), where T; : = Afi o Lﬁj, it follows that

lim S (1,(n,),X) = lim oy (1, (1) ) = B ((-100,)
= Fii,((-1=P(a),@),X), VX € C"*1,
Hence, the proof follows easily from the fact that (T;*) = (me(y)).. i

(20)

Remark 3.1. In [2], by virtue of the nontangential convergence of the sequence {7}, it was proved that
all £2; are contained in a fixed taut domain. Hence, the the nontangential limits of Kobayashi metric are
obtained (see [2, Theorem 5.2])

Now we are ready to give a proof of Theorem 1.1.

Proof of Theorem 1.1. Let p be a local defining function for 2 on a neighborhood U of &, as in the
hypothesis, i.e., &, = 0 and

p(Z) = Re(Zy) + P(Z") + R(2), 21)

where P isa (1/m,, ...,1/m,,)-homogeneous plurisubharmonic polynomial that contains no pluriharmonic

terms, R is smooth and satisfies
y

n
R < ¢ 121+ ) |5 | . 22)
=1

for some constant y > 1 and C > 0. Moreover, by [2, Lemma 4.11], we may assume that, shrinking U if
necessary, there exists a biholomorphic map (z,, z") = ®(Z,, Z"), defined on U by

zZ =7
{ZO = Zo+ by (2)zg + by (ZYW? + b3(2"),
where by, b,, b are smooth functions of Z’ satisfying that bj(z’) = 0(|z|?), j = 1,2,3, such that
p(@71(z0,2")) = Re(zp) + P(2') + R (z") + R,(Im z;) + (Im z,)R(2), (24)
where P is a A-homogeneous plurisubharmonic real-valued polynomial containing no polynomials, R; €
0(1,4),R € 0(1/2,A) and R, € O(2).
Now let us denote by D : = @(U n 2) and then we apply Theorem 3.2 to obtain that

lim _Ff (n), (ne(,,j))*x) = Fly, ((-1,0),X)

(23)

DNrsn;—0 (25)
= Fyi,((-1=P(a),@),X), VX € C"*1,
Y. . = A -1 o Y. i i =
Let X, := (ne(nj))*x and Y, = (ne(n,-))* qb*,anJ. A computation shows that ]113)10 qb*_,,j Id and
hence
. s -1 _
fim¥ = im (25,), © P, (Teta), X = X (26)
Therefore, by the invariance of the metric one has
anl"larrryljaoFD (77;: (ne(’?i))*x) le"la%eoFD (r}],X]) 27)

= lim Fk ((—1,0'),1;-) = Ff ((=1,0),X).
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|
Proof of Corollary 1.2. For s > 1, one has
nnUrlwlrrglan—»onl/e(”)(a) =0 (28)
Therefore, according to the proof of Theorem 1.1, we conclude that
. k _ I
nnurlwlrrpanaoF””U (77; (ne(n))*Y) - F’l‘f’P((_l’O )’Y)’ VY eCT (29)
For X = (Xo,X"),setY :=e(n)X = |p(n)| and notice that
}]i_r)%(”e(n))*y = %iir(l)(”e(n))*e(n)X = Xo = Xy (S0)- (30)

Hence, the proof follows.
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