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1. Introduction* 

 Let 𝛺 be a 𝒞∞- smooth pseudoconvex domain in ℂ𝑛+1 and 𝜉0 ∈ ∂𝛺. Let 𝜌 be a local defining function 

for 𝛺 near 𝜉0 and let the multitype ℳ(𝜉0) = (1,𝑚1, … ,𝑚𝑛) be finite. (For detail definition of multitype, 

we refer the reader to [1].) Then there are distinguished coordinates 𝑧 = (𝑧0, 𝑧′) with 𝑧′ = (𝑧1, … , 𝑧𝑛) such 

that 𝜉0 = 0 and 𝜌(𝑧) can be expanded near 0 as follows: 

𝜌(𝑧) = Re(𝑧0) + 𝑃(𝑧′) + 𝑅(𝑧), 

where 𝑃 is a (1/𝑚1, … ,1/𝑚𝑛)-homogeneous plurisubharmonic polynomial that contains no pluriharmonic 

terms, 𝑅 is smooth and satisfies 
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|𝑅(𝑧)| ≤ 𝐶 (|𝑧0| +∑|𝑧𝑗|
𝑚𝑗

𝑛

𝑗=1

)

𝛾

, 

for some constant 𝛾 > 1 and 𝐶 > 0. Here and in what follows, a polynomial 𝑃 is said to be 

(1/𝑚1, … ,1/𝑚𝑛)-homogeneous if 𝑃(𝑡1/𝑚1𝑧1, … , 𝑡
1/𝑚𝑛𝑧𝑛) = 𝑡𝑃(𝑧1, … , 𝑧𝑛) for all 𝑡 ≥ 0 and 

(𝑧1, … , 𝑧𝑛) ∈ ℂ
𝑛. 

The domain 𝛺 is called ℎ-extendible at 𝑝 if the model 

𝑀𝑃 : = {𝑧 = (𝑧0, 𝑧′) ∈ ℂ × ℂ
𝑛: Re(𝑧0) + 𝑃(𝑧′) < 0} 

is of finite type. Consequently, 𝑀𝑃 is degenerate, i.e., its boundary contains no nontrivial analytic set passing 

through the origin, and it is taut (cf. [2, Theorem 3.13]). (For several equivalent conditions to the ℎ-

extendibility, we refer the reader to [3].) 

For 𝑠,𝑀,𝑁 > 0, let us denote by 

𝛤(𝑠;𝑀,𝑁) = {𝑧 ∈ 𝛺: |Im(𝑧0)| ≤ 𝑀|dist(𝑧, ∂𝛺)|, 𝜎(𝑧′) ≤ 𝑁|dist(𝑧, ∂𝛺)|
𝑠}, 

where 𝜎(𝑧′) : = ∑ |𝑧𝑗|
𝑚𝑗𝑛

𝑗=1 . Here and in what follows, dist(𝑧, ∂𝛺) denotes the Euclidean distance from 𝑧 

to the boundary ∂𝛺. In addition, ≲ and ≳ denote inequality up to a positive constant. We will also use ≈ for 

the combination of ≲ and ≳. 

For the sake of simplicity, we define the so-called 𝛬-cone with vertex at 𝜉0 by 𝛤 := 𝛤(1;𝑀,𝑁) and 

denote by 𝛤𝑠 : = 𝛤(𝑠;𝑀,𝑁) for some 𝑀,𝑁 > 0. We note that |𝑧𝑗|
𝑚𝑗 ≲ |dist(𝑧, ∂𝛺)|, 𝑗 = 1,… , 𝑛, for 𝑧 ∈

𝛤. Recall that a sequence {𝜂𝑗} ⊂ 𝛺 is said to converge nontangentially to 𝜉0 if |𝜂𝑗 − 𝜉0| ≲ dist(𝜂𝑗, ∂𝛺). 

Fix a sufficiently small neighborhood 𝑈 of 𝜉0 in ℂ𝑛+1, we may assume that for any point 𝜂 ∈ 𝑈 ∩ 𝛺, 

there exists a positive real number 𝜖(𝜂) > 0 such that the point �̃� : = (𝜂0 + 𝜖(𝜂), 𝜂1, … , 𝜂𝑛) is in the 

hypersurface {𝜌 = 0}. We note that 𝜖(𝜂) = |𝜌(𝜂)| ≈ dist(𝜂, ∂𝛺). 

Let us recall the higher order Kobayashi metrics (see [2]). For each integer 𝑘 ≥ 1, the 𝑘-th order 

Kobayashi metric is defined by 

𝐹𝛺
𝑘(𝑧, 𝑋) = inf {

1

𝜆
: 𝜆 > 0, ∃𝜑 ∈ Hol(𝛥, 𝛺),  𝜑(0) = 𝑧, 𝜈(𝜑) ≥ 𝑘, 𝜑(𝑘)(0) = 𝑘! 𝜆𝑋} , 

where 𝛥 denotes the unit disc in ℂ and 𝜈(𝜑) denotes the vanishing order of 𝜑 at 0. We note that 𝐹𝛺 : = 𝐹𝛺
1 

is just the Kobayashi metric. 

Now we define a dilation: 

𝜋𝑡(𝑧1, … , 𝑧𝑛) = (𝑡
1/𝑚1𝑧1, … , 𝑡

1/𝑚𝑛𝑧𝑛),  𝑡 ≥ 0. 

Then for any sequence {𝜂𝑗} ⊂ 𝛤 converging to the vertex 𝜉0, there exists a subsequence {𝜂𝑗ℓ} ⊂ {𝜂𝑗} 

such that 

lim
ℓ→∞

𝜋
1/𝜖(𝜂𝑗ℓ)

(𝜂𝑗ℓ′) = 𝛼 ∈ ℂ
𝑛. 

(Note that 𝛼 = 0 if {𝜂𝑗ℓ} ⊂ 𝛤
𝑠 for some 𝑠 > 1.) For such 𝛼 ∈ ℂ𝑛, the associated model 𝑀𝑃,𝛼 is defined 

as follows: 

𝑀𝑃,𝛼 = {(𝑧0, 𝑧′) ∈ ℂ × ℂ
𝑛: Re(𝑧0) + 𝑃(𝑧′ + 𝛼) − 𝑃(𝛼) < 0}. 

For simplicity, let us write 𝑀𝑃 for 𝑀𝑃,0. 

The Kobayashi metric has been interested in complex analysis of several variables. In particular, the 

asymptotic boundary behavior of the Kobayashi metric has been a major area of study. In 1975, I. Graham 
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[4] gave a precise weighted boundary limits of the Kobayashi metric for strongly pseudoconvex domains. 

There have been many estimates for the metric on several classes of weakly pseudoconvex domains ever 

since (cf. [4-10]). In particular, the sharp bounds for the metric on pseudoconvex domains of finite type in 

ℂ2 [4], smoothly bounded convex domains of finite type in ℂ𝑛(𝑛 ≥ 2) [5] and decoupled domains of finite 

type [9] are obtained in terms of small/large constants. For general weakly pseudoconvex domains of finite 

type, there are no sharp bounds known. As a matter of fact, the usual sharp lower estimates for the Kobayashi 

metric as in [4] do not hold for general domains of finite type.  

After that Yu [2] considered the same problem for the general Kobayashi metrics on weakly 

pseudoconvex domains. Their focus here is again on the precise relationship between the (weighted) 

boundary limits of the metrics and the Levi invariants of the domain, in the same spirit of Graham's result in 

[11]. The main difficulty in the case of weakly pseudoconvex domain is that the local Levi geometry of the 

domain is in general much more complicated and is still not well understood. In particular, there is no 

universal model for all weakly pseudoconvex domains to compare with. To overcome this difficulty, they 

first deformed the domain with respect to its multitype and then blow it up to a taut (but unbounded model) 

domain. The main result of this paper generalizes Graham's result in [11] to a very large class of weakly 

pseudoconvex domains, called ℎ-extendible domains, which includes almost all the interesting domains 

mentioned above. 

However, in [2] the weighted boundary limits of general Kobayashi metrics are taken over all points in 

a nontangential cone. The purpose of this paper is to ensure that the Yu’s result still holds for 𝛬-nontangential 

limits. Namely, we prove the following theorem. 

Theorem 1.1.  Let 𝛺 be a 𝒞∞-smooth boundary pseudoconvex domain in ℂ𝑛+1 and 𝜉0 ∈ ∂𝛺 such that 

𝛺 is ℎ-extendible at 𝜉0. Suppose that the multitype of 𝜉0 is (1,𝑚1, … ,𝑚𝑛) with 𝑚𝑛 < +∞ and let 𝛬 =
(1/𝑚1, … ,1/𝑚𝑛). Suppose also that the defining function 𝜌 of 𝛺 near 0 has the form  

𝜌(𝑧) = Re(𝑧0) + 𝑃(𝑧′) + 𝑅(𝑧), 

where 𝑃 is a 𝛬-homogeneous plurisubharmonic polynomial that contains no pluriharmonic terms, 𝑅 is 

smooth and satisfies 

|𝑅(𝑧)| ≤ 𝐶 (|𝑧0| +∑|𝑧𝑗|
𝑚𝑗

𝑛

𝑗=1

)

𝛾

, 

for some constant 𝛾 > 1 and 𝐶 > 0. Let {𝜂𝑗} = {(𝜂𝑗0, 𝜂𝑗′)} ⊂ 𝛺 ∩ 𝑈 ∩ 𝛤 be a sequence of points 

converging to 0 such that 

lim
𝑗→∞

𝜋1/𝜖(𝜂𝑗)(𝜂𝑗′) = 𝛼 ∈ ℂ
𝑛. 

Then, we have 

lim
𝛺∩𝑈∩𝛤∋𝜂𝑗→0

𝐹𝛺∩𝑈
𝑘 (𝜂𝑗, (𝜋𝜖(𝜂𝑗))∗

𝑋) = 𝐹𝑀𝑃,𝛼
𝑘 ((0′,−1), 𝑋)

= 𝐹𝑀𝑃
𝑘 ((−1 − 𝑃(𝛼), 𝛼), 𝑋),  ∀ 𝑋 ∈ ℂ𝑛+1.

 

Corollary 1.2.  Let 𝛺, 𝜉0, 𝛤
𝑠 be given as in the Theorem 1.1. If 𝑠 > 1, then we have  

lim
𝛺∩𝑈∩𝛤𝑠∋𝜂→0

𝐹𝛺∩𝑈(𝜂, 𝑋)|𝜌(𝜂)| = 𝐹𝑀𝑃((−1,0′), 𝑋𝑁(0)),  ∀ 𝑋 ∈ ℂ𝑛+1, 

where 𝑋𝑁(0) is the complex normal component of 𝑋 at 𝜉0 = 0. 

In order to prove the existence of 𝛬-nontangential limits of the general Kobayashi metrics at an  
ℎ-extendible boundary point, we shall blow up the domain 𝛺 by using a rescaling argument. More 

precisely, we shall construct a sequence of domains {𝛺𝑗} which are the images of 𝛺 ∩ 𝑈 under a 
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sequence of dilations and translations such that 𝛺𝑗 converges to 𝑀𝑃 as 𝑗 → ∞. Therefore, the proof of 

Theorem 1.1 follows from a stability result for general Kobayashi metrics (cf. Theorem 2.3). 

2.  Stability of the General Kobayashi Metrics 

In this section, we shall focus attention on the stability of general Kobayashi metrics. To do this, let us 

recall that a sequence of domains {𝛺𝑗}𝑗=1
∞  in ℂ𝑛+1 is said to converge to 𝛺∞ ⊂ ℂ

𝑛+1 if and only if 

For any compact subset 𝐾 ⊂ 𝛺∞, there exists 𝑗0 = 𝑗0(𝐾) such that 𝐾 ⊂ 𝛺𝑗 for all 𝑗 ≥ 𝑗0; and 

If 𝐾 is a compact subset which is contained in 𝛺𝑗 for all sufficiently large 𝑗, then 𝐾 ⊂ 𝛺∞. 

In [12], the first author and Nguyen Quang Dieu proved the following proposition which we shall give a 

short proof for the reader’s convenience. 

Proposition 2.1 ([12]).  Assume that {𝐷𝑗} is a sequence of domains in ℂ𝑛+1 converging to the model 

𝑀𝑃 of finite type. Assume also that 𝜔 is a domain in ℂ𝑘 and 𝜎𝑗: 𝜔 → 𝐷𝑗 is a sequence of holomorphic 

mappings such that {𝜎𝑗(𝑎)} ⋐ 𝑀𝑃 for some 𝑎 ∈ 𝜔. Then {𝜎𝑗} contains a subsequence that converges locally 

uniformly to a holomorphic map 𝜎:𝜔 → 𝑀𝑃. 

In order to give a proof of Proposition 2.1, we need the following lemma. 

Lemma 2.2.  There exist small neighborhoods 𝑈,𝑈′ of the origin and 𝜏 ∈ (0,1) such that one has, for 𝑗 
large enough and for every analytic disc 𝑓: 𝛥 → 𝐷𝑗, that 

𝑓(0) ∈ 𝑈′  ⇒  𝑓(𝛥𝜏0) ⊂ 𝑈,  

where 𝛥𝜏 = {𝑧 ∈ ℂ: |𝑧| < 𝜏}. 

Proof. We note that there exists a plurisubharmonic peak function for 𝑀𝑃 at (0,0′) (see [3]). Thus we 

may find 0 < 𝑟 < 𝑟′ < 𝑅′ < 𝑅, a plurisubharmonic peak function 𝜑 on 𝑀𝑃 which is continuous on 𝑀𝑃 such 

that 𝜑 > 0 on 𝑀𝑃 ∩ {|𝑧| < 𝑟} and 𝜑 < 0 on 𝑀𝑃 ∩ {𝑟′ < |𝑧| < 𝑅′}. Let us fix 𝜖 > 0 small enough. Since 

the sequence {𝐷𝑗} converges to 𝑀𝑃 as 𝑗 → ∞, one can find 𝑗0 : = 𝑗0(𝜖) ≥ 1 such that for 𝑗 ≥ 𝑗0 we have 

𝐷𝑗 ⊂ 𝛺𝑟 : = 𝑀𝑃
𝜖 ∪ (ℂ𝑛+1\{|𝑧| < 𝑟}) , (1) 

where 𝑀𝑃
𝜖 : = {(𝑧, 𝑤): Re(𝑤) + 𝑃(𝑧) < 𝜖}. By applying to 𝛺𝑟 and the peak function 𝜓(𝑧) := 𝜑(𝑧0 −

𝜖, 𝑧′), it follows that there exist neighborhoods �̃�, �̃�′ of (−𝜖, 0′) and a constant 𝜏 ∈ (0,1) such that one has, 

for every analytic disc 𝑓: 𝛥 → 𝛺𝑟, that 

𝑓(0) ∈ �̃�′  ⇒  𝑓(𝛥𝜏) ⊂ �̃�. (2) 

Therefore, if we choose 𝜖 > 0 small enough, then our proof finally follows with 𝑈 := �̃� ∩ 𝑀𝑃 and 𝑈′
:= �̃�′ ∩ 𝑀𝑃.                ◻ 

Proof of Proposition 2.1. We first define the following dilation 

𝛥𝜖(𝑧0, 𝑧1, … , 𝑧𝑛) = (
𝑧0
𝜖
,
𝑧1
𝜖1/𝑚1

, … ,
𝑧𝑛
𝜖1/𝑚𝑛

) ,  𝜖 > 0. (3) 

It is note that Lemma 2.2 is still true if 𝛥 is replaced by the unit ball in ℂ𝑘. Set 𝐴 := {𝜎𝑗(𝑎): 𝑗 ∈ ℕ
∗} ⋐

𝑀𝑃. Since 𝐷𝑗 converges to 𝑀𝑃 as 𝑗 → ∞, there exists an integer 𝑗0 = 𝑗0(𝐴) such that 𝐴 ⋐ 𝐷𝑗 for all 𝑗 ≥ 𝑗0. 

Choose a real number 𝜆0 > 0 big enough so that 𝛥𝜆0(𝐴) ⊂ 𝑈′. Since 𝑀𝑃 is invariant under 𝛥𝜖 for every 

𝜖 > 0, one sees that {𝛥𝜆0(𝐷𝑗)} converges to 𝛥𝜆0(𝑀𝑃) = 𝑀𝑃. Therefore, it follows that 𝛥𝜆0 ∘

𝜎𝑗(𝐵(𝑎, 𝜏0)) ⊂ 𝑈 ∩𝑀𝑃 for all 𝑗 ≥ 𝑗0, where 𝐵(𝑎, 𝜏0) := {𝑧 ∈ ℂ
𝑛+1: |𝑧 − 𝑎| < 𝜏0}, and hence 
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𝜎𝑗(𝐵(𝑎, 𝜏0)) ⊂ (𝛥
𝜆0)

−1
(𝑈 ∩ 𝑀𝑃) ⋐ 𝑀𝑃. For any compact subset 𝐾 of 𝜔, by using a finite covering of 

balls of radius 𝜏0 and continuing the above process, one concludes that there exist a positive number 𝜆𝐾 and 

an integer 𝑗𝐾 such that 𝜎𝑗(𝐾) ⊂ (𝛥
𝜆𝐾)

−1
(𝑈 ∩ 𝑀𝑃) ⋐ 𝑀𝑃 for all 𝑗 ≥ 𝑗𝐾. Hence, if we denote by 

𝐿𝐾 : = (𝛥
𝜆𝐾)−1(𝑈 ∩ 𝑀𝑃) ∪

𝑗𝐾−1

𝑗=1
𝜎𝑗(𝐾) ⋐ 𝑀𝑃 , (4) 

then 𝜎𝑗(𝐾) ⊂ 𝐿𝐾 for every 𝑗 ≥ 1, as desired. In addition, by the Montel theorem and a diagonal process, the 

sequence {𝜎𝑗} is normal and its limits are holomorphic mappings from 𝜔 into the model 𝑀𝑃. This finishes 

the proof.              ◻ 

Now let {𝐷𝑗} be a sequence of domains in ℂ𝑛+1 converging to 𝐷∞ ⊂ ℂ
𝑛+1. We consider the following 

stability problem: 

lim
𝑗→∞

𝐹𝐷𝑗(𝑧, 𝑋) = 𝐹𝐷∞(𝑧, 𝑋),  ∀ (𝑧, 𝑋) ∈ 𝐷 × ℂ
𝑛+1. (5) 

Some stability results for Kobayashi metric were established [13, 2]. In [13], the stability of the 

Kobayashi metric is valid only for bounded domains. After, J. Yu [2] generalized their result for unbounded 

domains 𝐷𝑗 that are contained in some fixed taut domain. We note that the tautness condition is not always 

satisfied. However, thanks to Proposition 2.1we obtain the following theorem without that condition. 

Theorem 2.3.  Assume that {𝐷𝑗} is a sequence of domains in ℂ𝑛+1 converging to the model 𝑀𝑃 of finite 

type. Then, we have 

lim
𝑗→∞

𝐹𝐷𝑗
𝑘 (𝑧, 𝑋) = 𝐹𝑀𝑃

𝑘 (𝑧, 𝑋),  ∀ (𝑧, 𝑋) ∈ 𝐷 × ℂ𝑛+1,  𝑘 ≥ 1. 

Moreover, the convergence takes place uniformly over compact subsets of 𝐷 × ℂ𝑛+1. 

Proof. We shall follow the proof of [2, Theorem 2.1] with minor modifications. To do this, let us fix 

compact subsets 𝐾 ⋐ 𝑀𝑃 and 𝐿 ⋐ ℂ𝑛+1. Then it suffices to prove that 𝐹𝐷𝑗
𝑘 (𝑧, 𝑋) converges to 𝐹𝑀𝑃

𝑘 (𝑧, 𝑋) 

uniformly on 𝐾 × 𝐿. Indeed, suppose otherwise.  

Then there exist 𝜖0 > 0, a sequence of points {𝑧𝑗ℓ} ⊂ 𝐾 and a sequence 𝑋𝑗ℓ ⊂ 𝐿 such that 

|𝐹𝐷𝑗ℓ
𝑘 (𝑧𝑗ℓ , 𝑋𝑗ℓ) − 𝐹𝑀𝑃

𝑘 (𝑧𝑗ℓ , 𝑋𝑗ℓ)| > 𝜖0,  ∀ ℓ ≥ 1. (6) 

By the homogeneity of the Kobayashi metrics 𝐹𝑘(𝑧, 𝑋) in 𝑋, we may assume that ∥ 𝑋𝑗ℓ ∥= 1 for all 

ℓ ≥ 1. Moreover, passing to subsequences, we may also assume that 𝑧𝑗ℓ → 𝑧0 ∈ 𝐾 and 𝑋𝑗ℓ → 𝑋0 ∈ 𝐿 as 

ℓ → ∞. Since 𝑀𝑃 is taut, it follows from [11] that 𝐹𝑀𝑃
𝑘 (𝑧, 𝑋) is continuous on 𝐷 × ℂ𝑛+1. Hence, we obtain 

𝐹𝑀𝑃
𝑘 (𝑧𝑗ℓ , 𝑋𝑗ℓ) → 𝐹𝑀𝑃

𝑘 (𝑧0, 𝑋0) (7) 

and thus we have 

|𝐹𝐷𝑗ℓ
𝑘 (𝑧𝑗ℓ , 𝑋𝑗ℓ) − 𝐹𝑀𝑃

𝑘 (𝑧0, 𝑋0)| > 𝜖0/2 (8)

for ℓ big enough. 

By definition, for any 𝛿 ∈ (0,1) there exists a sequence of analytic discs 𝜑𝑗ℓ ∈ Hol(𝛥, 𝐷𝑗ℓ) such that 

𝜑𝑗ℓ(0) = 𝑧0, 𝜈(𝜑𝑗ℓ) = 𝑘, 𝜑𝑗ℓ
(𝑘)(0) = 𝑘! 𝜆𝑗ℓ𝑋𝑗ℓ , where 𝜆𝑗ℓ > 0, and 

𝐹𝐷𝑗ℓ
𝑘 (𝑧𝑗ℓ , 𝑋𝑗ℓ) ≥

1

𝜆𝑗ℓ
− 𝛿. (9) 

It follows from Proposition 2.1 that every subsequence of the sequence {𝜑𝑗ℓ} has a subsequence 

converging to some analytic disc 𝜓 ∈ Hol(𝛥,𝑀𝑃) such that 𝜓(0) = 𝑧0, 𝜈(𝜓) = 𝑘,𝜓
(𝑘)(0) = 𝑘! 𝜆𝑋0, for 

some 𝜆 > 0. Thus, one obtains that 
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𝐹𝑀𝑃
𝑘 (𝑧0, 𝑋0) ≤

𝑘!

|𝜓(𝑘)(0)|
(10) 

for any such 𝜓. Therefore, one has 

liminf
ℓ→∞

𝐹𝐷𝑗ℓ
𝑘 (𝑧𝑗ℓ , 𝑋𝑗ℓ) ≥ 𝐹𝑀𝑃

𝑘 (𝑧0, 𝑋0) − 𝛿. (11) 

On the other hand, as in , by the tautness of 𝑀𝑃, there exists a analytic disc 𝜑 ∈ Hol(𝛥,𝑀𝑃) such that 

𝜑(0) = 𝑧0, 𝜈(𝜑) = 𝑘, 𝜑
(𝑘)(0) = 𝑘! 𝜆𝑋0, where 𝜆 = 1/𝐹𝑀𝑃

𝑘 (𝑧0, 𝑋0). 

Now for 𝛿 ∈ (0,1), let us define an analytic disc 𝜓𝑗ℓ
𝛿 : 𝛥 → ℂ𝑛+1 by settings: 

𝜓𝑗ℓ
𝛿 (𝜁) := 𝜑((1 − 𝛿)𝜁) + 𝜆(1 − 𝛿)𝑘𝜁𝑘(𝑋𝑗ℓ − 𝑋0) + (𝑧𝑗ℓ − 𝑧0)for all 𝜁 ∈ 𝛥. (12) 

Since 𝜑 ((1 − 𝛿)𝛥) is a compact subset of 𝑀𝑃 and 𝑋𝑗ℓ → 𝑋0, 𝑧𝑗ℓ → 𝑧0 as ℓ → ∞, it follows that 

𝜓𝑗ℓ
𝛿 (𝛥) ⊂ 𝐷𝑗ℓ for all sufficiently large ℓ, that is, 𝜓𝑗ℓ

𝛿 ∈ Hol(𝛥, 𝐷𝑗ℓ). Moreover, by construction, 𝜓𝑗ℓ
𝛿 (0) =

𝑧𝑗ℓ , 𝜈(𝜓𝑗ℓ
𝛿 ) = 𝑘 and (𝜓𝑗ℓ

𝛿 )
(𝑘)
(0) = 𝑘! (1 − 𝛿)𝑘𝜆𝑋𝑗ℓ . Therefore, again by definition, one has 

𝐹𝐷𝑗ℓ
𝑘 (𝑧𝑗ℓ , 𝑋𝑗ℓ) ≤

1

(1 − 𝛿)𝑘𝜆
=

1

(1 − 𝛿)𝑘
𝐹𝑀𝑃
𝑘 (𝑧0, 𝑋0) (13) 

for all large ℓ. Thus, letting 𝛿 → 0+, one concludes that 

limsup
ℓ→∞

𝐹𝐷𝑗ℓ
𝑘 (𝑧𝑗ℓ , 𝑋𝑗ℓ) ≤ 𝐹𝑀𝑃

𝑘 (𝑧0, 𝑋0). (14) 

By (11), (14), and (8), we seek a contradiction. Hence, the proof is complete.        ◻ 

3. Weighted Boundary Limits of the General Kobayashi Metrics 

This section is devoted to a proof of Theorem 1.1. First of all, we recall the following definition and 

proposition (see [12, Section 3] or [2, Section 4]). 

Definition 3.1.  Let 𝛬 = (𝜆1, … , 𝜆𝑛) be a fixed 𝑛-tuple of positive numbers and 𝜇 > 0. We denote by 

𝒪(𝜇, 𝛬) the set of smooth functions 𝑓 defined near the origin of ℂ𝑛 such that 

𝐷𝛼𝐷
𝛽
𝑓(0) = 0 whenever ∑(𝛼𝑗 + 𝛽𝑗)

𝑛

𝑗=1

𝜆𝑗 ≤ 𝜇.  

If 𝑛 = 1 and 𝛬 = (1) then we use 𝒪(𝜇) to denote the functions vanishing to order at least 𝜇 at the origin. 

Proposition 3.1.  

If 𝑓 ∈ 𝒪(𝜇, 𝛬) then 
∂𝑓

∂𝑧𝑗
 and 

∂𝑓

∂𝑧‾𝑗
 are in 𝒪(𝜇 − 𝜆𝑗, 𝛬) for 𝑗 = 1,… , 𝑛. 

Suppose that 𝑓𝑖,  1 ≤ 𝑖 ≤ 𝑁, are functions with 𝑓𝑖 ∈ 𝒪(𝜇𝑖 , 𝛬). Then 

∏𝑓𝑖

𝑁

𝑖=1

∈ 𝒪(𝜇, 𝛬),  where 𝜇 =∑𝜇𝑖

𝑁

𝑖=1

. 

If 𝑓 ∈ 𝒪(𝜇, 𝛬), then there are constants 𝐶, 𝛿 > 0 such that |𝑓(𝑧)| ≤ 𝐶(𝜎𝛬(𝑧))
𝜇+𝛿

 for all 𝑧 in a small 

neighborhood of 0. 
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Now let 𝛺 and 𝜉0 be given as in Theorem 1.1. We note that the multitype of 𝜉0 is (1,𝑚1, … ,𝑚𝑛) with 

𝑚𝑛 < +∞. Then by [2, Lemma 4.11] there are local holomorphic coordinates (𝑧0, 𝑧′) in which 𝑝 = 0 and 

𝛺 can be described a small neighborhood 𝑈 of 𝜉0 = 0 as follows: 

𝛺 ∩ 𝑈 = {(𝑧0, 𝑧′) ∈ 𝑈: Re(𝑧0) + 𝑃(𝑧′) + 𝑅1(𝑧) + 𝑅2(Im 𝑧0) + (Im 𝑧0)𝑅(𝑧) < 0}. 

Here 𝑃 is a 𝛬-homogeneous plurisubharmonic real-valued polynomial containing no pluriharmonic 

terms, 𝑅1 ∈ 𝒪(1, 𝛬), 𝑅 ∈ 𝒪(1/2, 𝛬), and 𝑅2 ∈ 𝒪(2). 

Recall that for any point 𝜂 = (𝜂0, 𝜂′)) ∈ 𝛺 ∩ 𝑈, 𝜖(𝜂) denotes a real number such that �̃�

: = (𝜂0 + 𝜖(𝜂), 𝜂′) is in the hypersurface {𝜌 = 0}. Let {𝜂𝑗} = {(𝜂𝑗0, 𝜂𝑗′)} ⊂ 𝛺 ∩ 𝑈 ∩ 𝛤 be any sequence 

of points converging to 0. Let us write 𝜂𝑗 = (𝜂𝑗0, 𝜂𝑗1, … , 𝜂𝑗𝑛) ∈ ℂ × ℂ
𝑛. Then, by definition, one has 

|𝜂𝑗𝑘|
𝑚𝑗
≲ 𝜖(𝜂𝑗) for every 1 ≤ 𝑘 ≤ 𝑛. Therefore, after taking a subsequence, we may assume that 

lim
𝑗→∞

𝜋1/𝜖(𝜂𝑗)(𝜂𝑗′) = lim
𝑗→∞

(
𝜂𝑗1

𝜖(𝜂𝑗)
1/𝑚1

, … ,
𝜂𝑗𝑛

𝜖(𝜂𝑗)
1/𝑚𝑛

) = 𝛼 ∈ ℂ𝑛. 

Theorem 3.2.  Let 𝛺 be a 𝒞∞-smooth pseudoconvex domain in ℂ𝑛 and 0 ∈ ∂𝛺 such that 𝛺 is ℎ-

extendible at 0. Suppose that the multitype of 0 is (1,𝑚1, … ,𝑚𝑛) with 𝑚𝑛 < +∞ and let 𝛬 =
(1/𝑚1, … ,1/𝑚𝑛). Suppose also that the defining function 𝜌 of 𝛺 near 0 has the form  

𝜌(𝑧0, 𝑧′) = Re(𝑧0) + 𝑃(𝑧′) + 𝑅1(𝑧′) + 𝑅2(Im 𝑧0) + (Im 𝑧0)𝑅(𝑧), 

where 𝑃 is a 𝛬-homogeneous plurisubharmonic real-valued polynomial containing no pluriharmonic 

monomials, 𝑅1 ∈ 𝒪(1, 𝛬), 𝑅 ∈ 𝒪(1/2, 𝛬) and 𝑅2 ∈ 𝒪(2). Let {𝜂𝑗} = {(𝜂𝑗0, 𝜂𝑗′)} ⊂ 𝛺 ∩ 𝑈 ∩ 𝛤 be a 

sequence of points converging to 0 such that 

lim
𝑗→∞

𝜋1/𝜖(𝜂𝑗)(𝛼𝑗) = 𝛼 ∈ ℂ
𝑛.  

Then, we have 

lim
𝛺∩𝑈∩𝛤∋𝜂𝑗→0

𝐹𝛺∩𝑈
𝑘 (𝜂𝑗 , (𝜋𝜖(𝜂𝑗))∗

𝑋) = 𝐹𝑀𝑃,𝛼
𝑘 ((0′,−1), 𝑋)

= 𝐹𝑀𝑃
𝑘 ((−1 − 𝑃(𝛼), 𝛼), 𝑋),  ∀ 𝑋 ∈ ℂ𝑛+1.

 

Proof. Let {𝜂𝑗 = (𝜂𝑗0, 𝜂𝑗′)} be a sequence of points converging 𝛬-nontangentially to the origin in 𝑈 ∩

{𝜌 < 0} =:𝑈−. Then let us consider the associated sequence of points �̃�𝑗 = (𝜂𝑗0 + 𝜖𝑗, 𝜂𝑗′) ∈ ∂𝛺, where 𝜖𝑗
: = 𝜖(𝜂𝑗) > 0. Define sequences of dilations 𝛥𝜖𝑗 and translations 𝐿�̃�𝑗 respectively by 

𝛥𝜖𝑗(𝑧0, 𝑧1, … , 𝑧𝑛) = (
𝑧0
𝜖𝑗
,
𝑧1

𝜖𝑗
1/𝑚1

, … ,
𝑧𝑛

𝜖𝑗
1/𝑚𝑛

) (15) 

and 

𝐿�̃�𝑗(𝑧) = (𝑧0, 𝑧′) − �̃�𝑗 = (𝑧0 − 𝜂𝑗0 − 𝜖𝑗, 𝑧
′ − 𝜂𝑗

′). (16) 

By using the change of variables (�̃�0, �̃�′) : = 𝛥
𝜖𝑗 ∘ 𝐿𝜂𝑗(𝑧0, 𝑧′), i.e., 

{
𝑧0 − 𝜂𝑗0 = 𝜖𝑗�̃�0

𝑧𝑘 − 𝜂𝑗𝑘 = 𝜖𝑗
1/𝑚𝑘 �̃�𝑘,  𝑘 = 1,… , 𝑛,

(17) 

we obtain that 𝛥𝜖𝑗 ∘ 𝐿�̃�𝑗(𝜂𝑗0, 𝜂𝑗′) = (−1,0′) for every 𝑗 ∈ ℕ∗. Furthermore, by using Taylor’s theorem, 

the hypersurface 𝛥𝜖𝑗 ∘ 𝐿�̃�𝑗({𝜌 = 0}) is defined by an equation of the form 
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0 = 𝜖𝑗
−1𝜌 (𝐿�̃�𝑗

−1 ∘ (𝛥𝜖𝑗)−1(�̃�0, �̃�′))

= Re(�̃�0) + 𝑅2′(𝑏𝑗)Im(�̃�0) + Im(�̃�0)𝑅(𝛼𝑗) + 𝜖𝑗
−1𝑜(𝜖𝑗) + 𝑃(�̃�′)

 +2Re ∑
𝐷𝑝𝑃(𝛼𝑗)

𝑝!
|𝑝|>0
𝑤𝑡(𝑝)≤1

𝜖𝑗
𝑤𝑡(𝑝)−1(�̃�′)𝑝 + ∑

𝐷𝑝𝐷
𝑞
𝑃(𝛼𝑗)

𝑝! 𝑞!
|𝑝|,|𝑞|>0
𝑤𝑡(𝑝+𝑞)<1

𝜖𝑗
𝑤𝑡(𝑝+𝑞)−1(�̃�′)𝑝 (�̃�′)

𝑞

+2Re ∑
𝐷𝑝𝑅1(𝛼𝑗)

𝑝!
|𝑝|>0

𝑤𝑡(𝑝)≤1

𝜖𝑗
𝑤𝑡(𝑝)−1(�̃�′)𝑝 + ∑

𝐷𝑝𝐷
𝑞
𝑅1(𝛼)

𝑝! 𝑞!
|𝑝|,|𝑞|>0

𝑤𝑡(𝑝+𝑞)≤1

𝜖𝑗
𝑤𝑡(𝑝+𝑞)−1(�̃�′)𝑝 (�̃�′)

𝑞

+𝜖𝑗
−1𝑏𝑗

(

 
 
2Re ∑

𝐷𝑝𝑅(𝛼𝑗)

𝑝!
|𝑝|>0

𝑤𝑡(𝑝)≤1

𝜖𝑗
𝑤𝑡(𝑝)(�̃�′)𝑝 + ∑

𝐷𝑝𝐷
𝑞
𝑅(𝛼𝑗)

𝑝! 𝑞!
|𝑝|,|𝑞|>0

𝑤𝑡(𝑝+𝑞)≤1

𝜖𝑗
𝑤𝑡(𝑝+𝑞)(�̃�′)𝑝 (�̃�′)

𝑞

)

 
 
.

(18) 

Here and in what follows, the weight of a multi-index 𝑝 = (𝑝1, … , 𝑝𝑛) with respect to 𝛬 =
(1/𝑚1, … ,1/𝑚𝑛) is defined by 

𝑤𝑡(𝑝) =∑
𝑝𝑗

𝑚𝑗

𝑛

𝑗=1

. 

Since {𝜂𝑗} ⊂ 𝛤 converging to the origin, without loss of generality, we may assume that 

lim
𝑗→∞

𝜋1/𝜖𝑗(𝜂𝑗′) = 𝛼 ∈ ℂ
𝑛, 

where 𝜋𝑡(𝑧′) = (𝑡
1/𝑚1𝑧1, … , 𝑡

1/𝑚𝑛𝑧𝑛) for 𝑡 ≥ 0. Hence, as in the proof of [12, Theorem 1] one has 

lim
𝑗→∞

𝐷𝑝𝑃(𝛼𝑗)

𝑝!
𝜖𝑗
𝑤𝑡(𝑝)−1

= lim
𝑗→∞

𝐷𝑝𝑃(𝜋1/𝜖𝑗(𝛼𝑗))

𝑝!
=
𝐷𝑝𝑃(𝛼)

𝑝!
; 

lim
𝑗→∞

𝐷𝑝𝑅1(𝛼𝑗)

𝑝!
𝜖𝑗
𝑤𝑡(𝑝)−1

= lim
𝑗→∞

𝐷𝑝𝑅(𝛼𝑗)

𝑝!
𝜖𝑗
𝑤𝑡(𝑝)

= 0 whenever 𝑤𝑡(𝑝) ≤ 1; 

lim
𝑗→∞

𝐷𝑝𝐷
𝑞
𝑃(𝛼𝑗)

𝑝!𝑞!
𝜖𝑗
𝑤𝑡(𝑝+𝑞)−1

= lim
𝑗→∞

𝐷𝑝𝐷
𝑞
𝑃(𝜋1/𝜖𝑗(𝛼𝑗))

𝑝!𝑞!
= lim
𝑗→∞

𝐷𝑝𝐷
𝑞
𝑃(𝛼)

𝑝!𝑞!
 whenever 𝑤𝑡(𝑝 + 𝑞) < 1; 

lim
𝑗→∞

𝐷𝑝𝐷
𝑞
𝑅1(𝛼𝑗)

𝑝!𝑞!
𝜖𝑗
𝑤𝑡(𝑝+𝑞)−1

= lim
𝑗→∞

𝐷𝑝𝐷
𝑞
𝑅(𝛼𝑗)

𝑝!𝑞!
𝜖𝑗
𝑤𝑡(𝑝+𝑞)

= 0 whenever 𝑤𝑡(𝑝) + 𝑤𝑡(𝑞) ≤ 1; 

lim
𝑗→∞

𝑅2′(𝑏𝑗) = lim
𝑗→∞

𝑅(𝛼𝑗) = 0. 

Hence, after taking some subsequence, we may assume that the sequence of domains 𝛺𝑗 : = 𝛥
𝜖𝑗 ∘

𝐿�̃�𝑗(𝑈
−) converges to the following model 

𝑀𝑃,𝛼 : = {(�̃�0, �̃�′) ∈ ℂ × ℂ
𝑛: Re(�̃�0) + 𝑃(�̃�′ + 𝛼) − 𝑃(𝛼) < 0}, 

which is biholomorphically equivalent to the model 𝑀𝑃. Without loss of generality, in what follows we 

always assume that {𝛺𝑗} converges to 𝑀𝑃. 

Since 𝛺𝑗 converges to 𝑀𝑃 as 𝑗 → ∞, Theorem 2.3 implies that 
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lim
𝑗→∞

𝐹𝛺𝑗
𝑘 ((�̃�0, �̃�′), 𝑋) = 𝐹𝑀𝑃,𝛼

𝑘 ((�̃�0, �̃�′), 𝑋),  ∀ ((�̃�0, �̃�′), 𝑋) ∈ 𝑀𝑃 × ℂ
𝑛+1. (19) 

We note that the convergence takes place uniformly on any compact subsets of 𝑀𝑃 × ℂ
𝑛+1. Moreover, 

since 𝛺𝑗 = 𝑇𝑗(𝑈 ∩ 𝛺), where 𝑇𝑗 : = 𝛥
𝜖𝑗 ∘ 𝐿�̃�𝑗, it follows that 

lim
𝑗→∞

𝐹𝛺𝑗
𝑘 (𝑇𝑗(𝜂𝑗), 𝑋) = lim

𝑗→∞
𝐹𝛺∩𝑈
𝑘 (𝜂𝑗, (𝑇𝑗

−1)
∗
𝑋) = 𝐹𝑀𝑃,𝛼

𝑘 ((−1,0′), 𝑋)

= 𝐹𝑀𝑃
𝑘 ((−1 − 𝑃(𝛼), 𝛼), 𝑋),  ∀ 𝑋 ∈ ℂ𝑛+1.

(20) 

Hence, the proof follows easily from the fact that (𝑇𝑗
−1)

∗
= (𝜋𝜖(𝜂))∗

.         ◻ 

Remark 3.1.  In [2], by virtue of the nontangential convergence of the sequence {𝜂𝑗}, it was proved that 

all 𝛺𝑗 are contained in a fixed taut domain. Hence, the the nontangential limits of Kobayashi metric are 

obtained (see [2, Theorem 5.2]) 

Now we are ready to give a proof of Theorem 1.1. 

Proof of Theorem 1.1. Let 𝜌 be a local defining function for 𝛺 on a neighborhood 𝑈 of 𝜉0 as in the 

hypothesis, i.e., 𝜉0 = 0 and 

𝜌(�̃�) = Re(�̃�0) + 𝑃(�̃�′) + 𝑅(�̃�), (21) 

where 𝑃 is a (1/𝑚1, … ,1/𝑚𝑛)-homogeneous plurisubharmonic polynomial that contains no pluriharmonic 

terms, 𝑅 is smooth and satisfies 

|𝑅(�̃�)| ≤ 𝐶 (|�̃�0| +∑|�̃�𝑗|
𝑚𝑗

𝑛

𝑗=1

)

𝛾

, (22) 

for some constant 𝛾 > 1 and 𝐶 > 0. Moreover, by [2, Lemma 4.11], we may assume that, shrinking 𝑈 if 

necessary, there exists a biholomorphic map (𝑧0, 𝑧′) = 𝛷(�̃�0, �̃�′), defined on 𝑈 by 

{
𝑧′ = �̃�′;

𝑧0 = �̃�0 + 𝑏1(�̃�′)𝑧0 + 𝑏2(�̃�′)𝑤
2 + 𝑏3(�̃�′),

(23) 

where 𝑏1, 𝑏2, 𝑏3 are smooth functions of �̃�′ satisfying that 𝑏𝑗(�̃�′) = 𝑂(|𝑧|
2),  𝑗 = 1,2,3, such that 

𝜌(𝛷−1(𝑧0, 𝑧′)) = Re(𝑧0) + 𝑃(𝑧′) + 𝑅1(𝑧′) + 𝑅2(Im 𝑧0) + (Im 𝑧0)𝑅(𝑧′), (24) 

where 𝑃 is a 𝛬-homogeneous plurisubharmonic real-valued polynomial containing no polynomials, 𝑅1 ∈
𝒪(1, 𝛬), 𝑅 ∈ 𝒪(1/2, 𝛬) and 𝑅2 ∈ 𝒪(2). 

Now let us denote by 𝐷 := 𝛷(𝑈 ∩ 𝛺) and then we apply Theorem 3.2 to obtain that 

lim
𝐷∩𝛤∋𝜂𝑗→0

𝐹𝐷
𝑘 (𝜂𝑗, (𝜋𝜖(𝜂𝑗))∗

𝑋) = 𝐹𝑀𝑃,𝛼
𝑘 ((−1,0′), 𝑋)

= 𝐹𝑀𝑃
𝑘 ((−1 − 𝑃(𝛼), 𝛼), 𝑋),  ∀ 𝑋 ∈ ℂ𝑛+1.

(25) 

Let �̃�𝑗 : = (𝜋𝜖(𝜂𝑗))∗
𝑋 and 𝑌𝑗 = (𝜋𝜖(𝜂𝑗)

−1 )∗ ∘ 𝛷∗,𝜂𝑗�̃�𝑗. A computation shows that lim
𝑗→∞

𝛷∗,𝜂𝑗 = Id and 

hence 

lim
𝑗→∞

𝑌𝑗 = lim
𝑗→∞

(𝜋𝜖(𝜂𝑗)
−1 )

∗
∘ 𝛷∗,𝜂𝑗 (𝜋𝜖(𝜂𝑗))∗

𝑋 = 𝑋. (26) 

Therefore, by the invariance of the metric one has 

lim
𝛺∩𝛤∋𝜂𝑗→0

𝐹𝐷
𝑘 (𝜂𝑗, (𝜋𝜖(𝜂𝑗))∗

𝑋) = lim
𝛺∩𝛤∋𝜂𝑗→0

𝐹𝐷
𝑘(𝜂𝑗, �̃�𝑗)

= lim
𝑗→∞

𝐹𝛺𝑗
𝑘 ((−1,0′), 𝑌𝑗) = 𝐹𝑀𝑃

𝑘 ((−1,0′), 𝑋).
(27) 
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◻ 

Proof of Corollary 1.2. For 𝑠 > 1, one has 

lim
𝛺∩𝑈∩𝛤𝑠∋𝜂→0

𝜋1/𝜖(𝜂)(𝛼) = 0. (28) 

Therefore, according to the proof of Theorem 1.1, we conclude that 

lim
𝛺∩𝑈∩𝛤𝑠∋𝜂→0

𝐹𝛺∩𝑈
𝑘 (𝜂, (𝜋𝜖(𝜂))∗

𝑌) = 𝐹𝑀𝑃
𝑘 ((−1,0′), 𝑌),  ∀ 𝑌 ∈ ℂ𝑛+1. (29) 

For 𝑋 = (𝑋0, 𝑋′), set 𝑌 := 𝜖(𝜂)𝑋 = |𝜌(𝜂)| and notice that 

lim
𝜂→0
(𝜋𝜖(𝜂))∗

𝑌 = lim
𝜂→0
(𝜋𝜖(𝜂))∗

𝜖(𝜂)𝑋 = 𝑋0 = 𝑋𝑁(𝜉0). (30) 

Hence, the proof follows.               
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