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Abstract: in this work we investigate the indentation response of the auxetic cellular structure 

materials. The auxetic cellular structure material is selected as the newly bone-inspired cellular 

structure material. The elastic material properties of this material are characterized by nine elastic 

constants. Thus, to study the indentation responses of the auxetic bone-inspired cellular structure 

materials, the solutions for the indentation of a rigid indenter on an anisotropic elastic half-plane are 

employed. It was found that auxetic (with a negative Poisson ratio) bone-inspired cellular structure 

materials can effectively reduce the local contact pressure under the indenter compared to those with 

positive and zero Poisson ratios. The auxetic BCS material, therefore, has great potential in 

protecting key engineering structures. 
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1. Introduction* 

In recent years, material science and engineering have witnessed significant advancements in the 

design and application of cellular materials. These materials possess several advantages, such as 

lightweight, excellent energy absorption, and impact resistance, which lead to their widespread use in 

various engineering applications [1-4]. Among different cellular structure materials, bone-inspired 

materials have shown great potential in mitigating the influences of extreme loadings and have recently 

attracted the attention of many researchers [5-9]. Indentation response is a critical parameter in 

evaluating the durability and robustness of materials. It can refer to the ability to withstand localized 

________ 
* Corresponding author. 
  E-mail address: thuong.nv@vnu.edu.vn 

 https//doi.org/10.25073/2588-1124/vnumap.4991 



N. V. Luan et al. / VNU Journal of Science: Mathematics – Physics, Vol. 41, No. 2 (2025) 75-83 76 

deformation and stress when subjected to an indenting force. This property is vital across a wide range 

of applications, from protective and impact-resistant components to structural supports and medical 

implants [10, 11]. Introducing auxetic bone-inspired cellular structures (ABCS) into these domains 

promises superior performance. To the best of the author's knowledge, no published work has 

investigated the indentation response of bone-inspired cellular materials (BCS) in the literature. This 

paper explores the indentation responses of the ABCS structure, focusing on their contact behavior under 

the indenting force and comparing their performance with positive and zero Poisson ratio BCS materials. 

Understanding the contact behaviors of the ABCS provides valuable insights into indentation response, 

which could pave the way for innovative material solutions with enhanced resilience and functionality. 

 

 

Figure 1. (a) Bone-inspired cellular structure material and (b) its geometric parameters  [9]. 

2. A brief on Bone-inspired Cellular Structure Materials 

The BCS material was first introduced in the published paper [7, 8] based on the hybrid design of 

cancellous bone. The BCS model consists of two different sub-cells with nine-cell walls whose 

geometric parameters are depicted in Fig. 1. In this figure, 
il and ( ) ,  1,2,...,9w

it i   are, respectively, the 

length and the cell wall’s thicknesses.  If we let β and α be, respectively, the upper and lower sub-cell 

angles, H and W be, respectively, the height and width of the unit cell, and  
ul  and 

bl  be, respectively, 

the upper and lower tie lengths, the length of the cell walls can be evaluated as [9] 
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Using Castigliano's theorem and the mechanisms of shear strain/stress deformation in the analysis, 

it was found that BCS materials can be homogenized and represented through 9 independent elastic 

constants depending on the angle β [9]. The Poisson ratios, therefore, can vary from positive to negative 

[9]. When the Poisson ratio is negative, the materials are called auxetic BCS materials. If PLA is 

considered the base material of BCS cells for three different horizontal cell wall thicknesses, the material 

properties of BCS materials are listed below. In this table, Case 1 has a uniform thickness of 1 mm, Case 

2 has double horizontal cell walls of 2 mm and 1 mm for other cell walls, and Case 3 has a triple 

horizontal cell wall and 1 mm for other cell walls. The subscripts 1, 2, and 3 denote the x, y and z 

directions, respectively. 

Table 1. Equivalent elastic constants of BCS materials for three different cases [9].  

Here, the unit of the elastic and shear moduli is MPa 

  β E1 E2 E3 G31 G32 G12 υ13 υ23 υ12 

Case 1 

55 21.02 59.48 680.5 142.14 109.89 0.34 0.011 0.031 0.13 

82.5 21.51 83.04 692.12 142.73 113.62 0.24 0.011 0.042 0 

130 20.06 52.09 753.8 172.13 107.06 0.13 0.009 0.024 -0.19 

Case 2 

55 22.06 60.01 987.57 255.88 109.89 0.56 0.008 0.021 0.13 

82.5 22.71 84.56 1022.63 265.14 113.62 0.47 0.008 0.029 0 

130 21.24 57.67 1124.38 309.38 107.06 0.31 0.007 0.018 -0.21 

Case 3 

55 22.43 60.22 1294.65 369.61 109.89 0.6 0.006 0.016 0.13 

82.5 23.15 85.42 1353.14 387.55 113.62 0.52 0.006 0.022 0 

130 21.67 69.91 1494.95 446.63 107.05 0.36 0.005 0.016 -0.22 

With the above equivalent elastic constants, we employ the solutions of the indentation of a rigid 

indenter on an anisotropic elastic half-plane to investigate the indentation response of BCS materials. 

3. Indentation of BCS Materials 

Consider a frictional contact of a parabolic indenter on an elastic foundation made of the BCS 

material (see Fig. 2). The main focus of the problem is to determine the contact stress, contact region, 

and surface deformation. For the present problem, the contact region, contact stress, and surface 

deformation can be described by the following set of equations, written in the Cartesian coordinate 

(x,y,z) [12-14] 
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where P is the applied load in direction y; 2( ) / 2f x x R  is the profile of the parabolic indenter, where 

R is the radius of the curvature; - a and b denote two ends of the contact region, ,a w b w   where w is 

the width of the indenter; 
iu  and , 1,2,3it i   are the displacements and tractions in the x, y, and z 

directions. 
ij  and , , 1,2,3,ij i j   are strains and stresses. The traction and stresses are related by 

, , 1,2,3,i ij jt n i j    where 
jn  denotes the unit normal vector of the contact surface; ijklC  is the elastic 

stiffness tensor obtained from Table 1 using the relation (1.43) or (1.46) in [15] and   is the friction 

coefficient of the contact surface, and its sign depends on the loading direction [12-14]. 

 

Figure 2. Frictional indentation of a parabolic indenter on a BCS foundation. 

The literature provides several ways to solve the above equations [15-17]. Among these methods, 

the Stroh complex variable formalism and the analytical continuation method are interesting to many 

researchers due to their mathematical elegance and ability to solve complex problems with 

anisotropic/orthotropic elastic materials. Using the Stroh complex variable formalism and the analytical 

continuation method, the solutions to the problem can be formulated as a Hilbert problem, and its 

solutions can be presented as follows [15].  
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In the above equations, 
2 ( )p  is the sectional holomorphic complex function and 

2 ( )p  stands for 

its derivative w.r.t p, where p x y  ;   is the material eigenvalue; A and B are the material 

eigenmatrices. As how to obtain  , A and B, please refer to the book of Hwu [15] for detailed 

procedures.   is the friction coefficient and the sign ahead of   depends on the intended sliding 

direction of the indenter; 
22 21m m   where 

21m  and 
22m are the {21} and {22} components of the 

matrix 1
M  where 

1i  M BA  [15].  The contact region denoted by -a and b (a>0 and b>0) can be 

obtained by setting the normal traction 
2( )t x  in Eq. (10) equal to zero at x=-a and x=b. The resulting 

expressions are   
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Figure 3. Contact pressure under the indenter for different types of BCS materials. Here, 0 / 2P a   . 

4. Results and Discussion 

4.1. Indentation Response of BCS Materials 

This section considers the frictionless contact of a rigid indenter and an elastic foundation. The 

indenter width is 0.02 m, and its radius of curvature is R = 2 m. It is subjected to the load P = - 100 N/m. 

The elastic foundation is made of BCS materials whose properties are selected as Case 1 in Table 1. 

Figure 3 presents the contact pressure under the indenter for the different BCS materials. We see that 

our analytical results are well-matched with those obtained by the boundary element method [18] for 

the case of the negative Poisson ratio. We also observe that the magnitude of contact pressure is smallest 
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when the Poisson ratio is negative. With the smaller contact pressure, the ABCS provides a better 

performance in protecting engineering structures than those with positive and zero Poisson ratios. 

4.2. Effect of Friction 

To study the effect of friction, we consider the indentation of a parabolic indenter on an auxetic BCS 

material, whose material properties are given as Case 1 with the Poisson ratio v = - 0.19. Fig. 4 depicts 

the contact pressure under the indenter. It can be observed that when the friction coefficient increases, 

the contact region moves to the right, which is similar to the observation obtained in [12-14, 18, 19] for 

the other composite materials. 

 

Figure 4. Contact pressure along the auxetic BCS foundation surface with different frictional coefficients. 

4.3. Effect of BCS Cell Wall Thickness 

 

Figure 5. Influence of the horizontal cell wall thickness on the contact pressure along  

the contact surface of BCS materials. 
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To study the influence of the cell wall thickness, we consider the indentation of the ABCS materials 

whose cell wall thickness varies as uniform, double, and triple thicknesses mentioned in Table 1. Figs. 

5 and 6 show the contact pressure under the indenter and the surface deformation along the BCS upper 

surface for three different cases. It can be deduced from these figures that the contact region reduces, 

the contact stress under the indenter increases, and the relative magnitude of the surface deformation 

reduces when the horizontal cell wall thickness increases, which is reasonable and consistent with our 

engineer’s intuition. By controlling the thickness of the BCS cell wall, we can control its performance 

under the indentation. 

 

Figure 6. Influence of the horizontal cell wall thickness on the surface deformation along  

the contact surface of BCS. 

4.4. Effect of Indenter Profile 

 

Figure 7. Influence of the indenter profile on the surface deformation along the contact surface of BCS. 

In this section, the influence of the punch profile on the indentation responses of the auxetic material 

is investigated. The material is chosen as Case 1 with the Poisson ratio v = - 0.19. The radius of the 

indenter is R = 1,2, and 3 m. Figs. 7 and 8 show the contact pressure and surface deformation of the 
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BCS foundation. From these figures, we see that the contact region increases, and the maximum contact 

pressure and the relative surface deformation reduce when the radius of the indenter increases. These 

observations are reasonable and consistent with our engineer’s intuition. 

 

Figure 8. Influence of the indenter profile on the contact pressure along the contact surface of BCS. 

5. Conclusions 

We investigated the indentation response of the bone-inspired cellular structure material using the 

Stroh complex formalism and the analytical continuation method. We found that the auxetic BCS 

materials reduce the localized contact stress, providing better indentation protection than those with 

positive and zero Poisson ratios. The indentation response of the BCS materials can also be controlled 

by the cell wall thickness. Besides these findings, we also investigated the influence of friction 

coefficients and indenter profiles on the contact and indentation behaviors. The investigations presented 

in this work provide helpful information on designing and optimizing structural systems with bone-

inspired cellular structure materials.  
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