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Abstract: The anharmonic X-ray absorption fine structure (XAFS) cumulants of gaseous bromine
(Br2) in an expansion to the 4™ order have been calculated under the influence of thermal disorder.
The thermodynamic parameters of Br, have considered the influence of nearest neighbors on the
backscattering and absorbing atoms. The temperature-dependent XAFS cumulants were calculated
explicitly and simply from the calculation model developed based on the classical statistical theory
within the correlated Einstein model. The obtained numerical results of Br; at temperatures from
0 to 600 K fit with those obtained from the experimental XAFS data and other theoretical
approaches at various temperatures. These results indicate that the present theoretical model
helps analyze experimental XAFS signals of gaseous bromine and other gases.

Keywords: High-oder XAFS cumulants, thermal disorders, gaseous bromine, classical statistics,
correlated Einstein model.

1. Introduction

Nowadays, many of the thermodynamic properties and structural parameters of materials can be
identified using the X-ray absorption fine structure (XAFS) analysis [1-3]. The thermal average of the
XAFS oscillation function of a single coordination shell has the form [4]:
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(k)= A(k)sin®(k), )
where k is the photoelectron wavenumber, ®(k) and A(k) are the XAFS phase and amplitude,
respectively.

Normally, the cumulant expansion approach is used to describe anharmonic XAFS oscillations

[5]. The formalism of the XAFS function, including anharmonic effects for a single coordination

shell, can be represented within the framework of the plane-wave approximations and single-
scattering as follows [6]:

z(k)=F(k) e—zk;/z(k) Im{eiﬂk) eXp{ZikR + Zn:%a(") } (2)

where o' is the n-th order cumulant, F (k) is the atomic backscattering amplitude, R =(r)

is the average interatomic distance with < > denotes the thermal average and r is the instantaneous

interatomic distance, ¢(k) is a net phase shift, and A(k) is the electron mean free path of
photoelectrons.

The information on thermal vibrations can be extracted from fitting theoretical XAFS signals to
experimental XAFS signals via several defined parameters [7]. Still, thermal disorders are sensitive
to XAFS oscillations and cause anharmonic effects [5], as seen in Figure 1. It is observable that the

anharmonicity of the XAFS oscillation is significant, as observed via the peak shifts and their heights
[8], so thermal disorders should be considered in the XAFS signal analysis.
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Figure 1. The K-edge XAFS signals k3;((k,T) of Br, were measured at various temperatures [6].

Nowadays, gaseous bromine (Br;) has been widely used in producing crucial materials, such as
flame retardants, chemical intermediates, pharmaceuticals, insecticides, dyestuffs, and agricultural
chemicals [9]. Meanwhile, the 2™, 3", and 4" XAFS cumulants of Br. in the temperature-dependent
were obtained from the experimental data and path-integral effective-potential (PIEP) method by
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Yokoyama [10]. Herein, the experimental XAFS data at 300 K, 363 K, 423 K, 483 K, and 543 K are
measured at the Institute of Materials Structure Science (IMSS), Tsukuba, Japan [6, 10]. Then, the 1%
XAFS cumulant of Br; was also calculated in the temperature-dependent from the PIEP method by Hai
& Hieu [11]. Still, the calculated expressions cannot be obtained in explicit forms using this
method.

Recently, in analyzing the anharmonic XAFS data analysis, some suitable theoretical models have
been developed using suitable statistical theories based on the correlated Debye (CD) and correlated
Einstein (CE) models [12-15]. An anharmonic correlated Debye (ACD) can effectively consider the
phonon-dispersion effect with variable frequencies to describe the acoustic phonon branch in crystals
[13, 14]. Still, its limitation is that the anharmonic EXAFS cumulants are not obtained in explicit
expressions, so it takes a lot of computational effort to perform the anharmonic EXAFS data analysis.
Meanwhile, a classical statistical theory within the correlated Einstein model (hereinafter referred to as
the CACE model) has been employed to effectively process the XAFS cumulants of matters [8, 15].
This model uses only one effective frequency to describe thermal vibrations, but it is very convenient
for analyzing anharmonic XAFS data. This is because this model allows temperature-dependent XAFS
cumulants to be expressed in simple and explicit forms [16]. Still, it has not yet been applied to analyze
the high-order XAFS cumulants of Br, under the influence of thermal disorder. Hence, analyzing
temperature-dependent high-order XAFS cumulants of Br, using the CACE model will be essential to
optimize the analytical technigue of the experimental XAFS data.

2. Formalism and Calculation Model

In the cumulants expansion approach, the accuracy of anharmonic XAFS data analysis can be
improved by extending the anharmonic XAFS signal in approximation up to the 4" order [5]. The low-

order moments of the radial pair distribution (RPD) function p(r,T) are directly linked to the

temperature-dependent XAFS cumulants [17], so these moments can be used to express the first four
XAFS cumulants in analyzing the anharmonic XAFS data as follows [6].

o =(r) -1, =(x), ©

o =a* =((r—(r))') = (") ~(x)" @)

o =((x=()")= (') =30 )x) +2(x)" ©

((x=00)") =3[ {(x=00)) | = () #1200 ) =30 -4 () (x)-60", @

where X =T —I; is the deviation interatomic distance from the equilibrium position, and cumulants 0'(1) ,

(4)

o

0'(2), 0'(3), and 0'(4) describes the centroid, variance, asymmetry, and flatness of the RPD function,
respectively.

Normally, one needs to determine an anharmonic effective (AE) potential from the atomic
interaction (Al) potential of the single bond (SB) pairs in the crystal lattice, which is used to identify the
thermodynamic parameters of the system [8]. After ignoring the constant contribution in the
approximate expansion to the 4" order, the AE potential can be presented in the form [6]:
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V. (X) :%keff X2 —kx* +k,x*, (7

where k is an effective force constant, k, and k, are the anharmonic force constants.

In the correlated Einstein model theory reported by Hung et al. [18], each atomic thermal vibration
can be processed as a phonon and characterized via the correlated Einstein frequency . and
temperature 6. [19]. Utilizing the effective force constant, these parameters of Br, can be defined as
follows:

K

o, =, [-L ®)
u

6. =", ©
B

where kg is the Boltzmann constant and h is the reduced Planck constant.
In the classical statistical theory processed by Stern et al., the moments <Xk> can be identified from
the 3"-order approximation of the thermal average [16]:

2 3 3 4K
® K Vi (X) VL ke X 1 kX kX q
_LOX EXp{‘kBT o [ X e 2t |2l kT X
e Veff(X)} - ke X2V [ 1 (ko —k,x* ) .
exp| ———= |dx eff = Bt TR
L { kT [Lew 2k, T nz(;n!( kT j o

Utilizing Egs. (3)-(6) to calculate anharmonic XAFS cumulants in the temperature
dependence based on Eq. (10) in the CACE model, we obtain the following result:

(x)

(10)

2
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Thus, the temperature-dependent XAFS cumulants of Br, have been efficiently calculated under the
influence of thermal disorder by extending the CACE model. The obtained expressions from the present
model are in simple and explicit forms, and they can meet all basic properties in temperature
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dependence. These expressions show the influence of anharmonic effects on the classical limit at high
temperatures and indicate that the analytic expressions of high-order XAFS cumulants are very helpful
for processing the anharmonic XAFS signals.

3. Results and Discussions

In this section, the obtained expressions in Sec. 2 are used to calculate the numerical results of Br.
based on its basic physical parameters. The calculations use local force constants k, =15.349 eVA?, k,

=10.961 eVA?, and k,= 6.604 eVA* identified by Herzberg & Huber [20]. The obtained numerical

results of the XAFS cumulants are determined at temperatures from 0 to 600 K. Our obtained results
from the present CACE model are compared with those obtained from the PIEP method [10, 11] and
experiment [10], in which the experimental XAFS data at 300 K, 363 K, 423 K, 483 K, and 543 K are
performed by Yokoyama et al. at the Beamline 10B in the Photon Factory of the IMSS, Tsukuba, Japan
[6, 10]. The numerical results are presented below.

The correlated Einstein frequency @ and temperature 6. describe the power of atomic thermal
vibrations, which are calculated by Egs. (8)-(9) with the atomic mass m = 79.904 u. Our calculated results
from the present CACE model obtained are 6 ; 465 Kand « ; 6.09. 10" Hz.
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Figure 2. The position-dependent AE and harmonic effective (HE) potentials of Br;
are obtained from the present CACE model.

The AE and HE potentials of Br, at positions from - 0.2 to 0.2 A are illustrated in Figure 2. Our
obtained result from the present CACE model is calculated by Eq. (7) with the above force constants.
Herein, the AE potential considers 4"-order terms, while the HE potential only considers 2"*order terms
in Eq. (7). It is observable that the obtained results indicate that the plot presenting the asymmetry of
the AE potential, in which the values at the negative positions (x < 0) are is bigger than those at the
positive positions (x > 0) of the same magnitude, as seen in Figure 2.

Table 1. The AE and HE potentials of Br; are obtained from the present CACE model.
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Quantity Value
x (A) - 0.200 -0.150 | -0.100 | -0.050 0 0.050 | 0.100 | 0.150 | 0.200
v, (eV)? 0.405 0.213 0.088 0.021 0.018 | 0.066 | 0.139 | 0.230
v, (€V)° 0.307 0.173 | 0.077 | 0.019 0.019 | 0.077 | 0.173 | 0.307
aThe AE potential is obtained from the present CACE model.
®The HE potential is obtained from the present CACE model.

The obtained values of the AE and HE potentials are given in Table 1. It is observable that the further
from the equilibrium position, the AE potential is influenced more strongly by the anharmonic effect

caused by terms (—k3X3) and (k4x4) , as seen in Table 1.
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Figure 3. The temperature-dependent of the (a) 1%t and (b) 2™ cumulants of Br are obtained using the present
CACE model, PIEP method [10, 11], and experiment [10].

The (a) 1% cumulant o™ (T) and (b) 2™ cumulant &®(T) of Br. at temperatures from 0 to 600 K
are illustrated in Figure 3. Our obtained results using the present CACE model are calculated by Eqgs.
(11)-(12). 1t is observable that our results fit with those obtained from the PIEP method [10, 11] and
experiment [10] in the high-temperature (HT) range. Our results are zero as the temperature goes to
the zero-point (ZP) because the present CACE model only uses a classical statistical theory and cannot
calculate the quantum effects like the PIEP method [10, 11]. The present CACE model cannot work
well in the low-temperature (LT) range. Still, it works correctly at room temperature, especially at
temperatures higher than the correlated Einstein temperature 6., as seen in Figure 3.

The (a) 3 cumulant 0(3)6 ) and (b) 4" cumulant 0(4)(F ) of Br; at temperatures from 0 to 600 K
are illustrated in Figure 4. Our obtained results from the present CACE model are calculated by Egs.
(13)-(14). It is observable that our results fit well with those obtained from the PIEP method [10] and
experiment [10], especially at not-too-low temperatures. However, the present CACE model still
works well for 3 and 4" order cumulants in the LT range. This is because the contribution of quantum
effects is negligible to the high-order cumulants at low temperatures, while the anharmonic effect is
more evident, as seen in Figure 4.
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Figure 4. The temperature-dependent of the (a) 3 and (b) 4" cumulants of Br; are obtained from the present
CACE model, PIEP method [10-11], and experiment [10].

Table 2. The XAFS cumulants of Br; are obtained from the present CACE model, PIEP method,
and experiment

Method T (K) o (x1024) | 6" (x102R?) | o (x107A%) | o (x10° A%
CACE model? 300 0.37 0.18 0.13 0.02
363 0.45 0.22 0.19 0.04
423 0.53 0.25 0.26 0.07
483 0.60 0.29 0.34 0.10
543 0.67 0.32 0.43 0.14
PIEP method® 300 0.44 0.21 0.13 0.02
363 0.50 0.24 0.19 0.04
423 0.56 0.27 0.26 0.07
483 0.63 0.30 0.35 0.10
543 0.70 0.34 0.44 0.15
Experiment¢ 300 0.20 +0.01 0.13+0.04 0.02 +0.06
363 0.23+£0.01 0.17+£0.04 0.04 £ 0.06
423 0.26 £ 0.01 0.26 £ 0.04 0.06 £ 0.06
483 0.30+£0.01 0.37+£0.04 0.11+0.08
543 0.34£0.01 0.43+£0.04 0.13+£0.10

20ur obtained values are calculated from the present CACE model.
“The obtained values are calculated from the PIEP method [10-11].
9The obtained values are measured from the experiment [10].

The values of the XAFS cumulants of Br, at several temperatures are given in Table 2. It is
observable that although the present CACE model gives small values and is not suitable at low
temperatures in comparison with the obtained values from the PIEP method [8-9] and experiment [8], it

still agrees well in the temperature range T > 6. even at room temperature, particularly for high-order
XAFS cumulants, as seen in Table 2.
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Thus, the first four XAFS cumulants of Br; are obtained from the present CACE model, which can
satisfy fundamental properties in comparison with the PIEP method and experiment at not-too-low
temperatures, particularly above the correlated Einstein temperature. These results describe thermal
vibration contributions influencing the classical limit via anharmonic effects at high temperatures, in
which the anharmonicity of the XAFS signal arises from about room temperature.

4. Conclusions

In this work, we have effectively applied the present CACE model to calculate the temperature-
dependent high-odder XAFS cumulants of Brz under the influence of thermal disorder. The obtained
expressions of the first four XAFS cumulants are in simple and explicit forms of the temperature T.
These results can meet all basic properties in the temperature dependence and can also show the
anharmonicity of the XAFS signal at high temperatures. Our numerical results of Br. fit with those
obtained from the PIEP method and experiment at high temperatures, even at room temperature,
particularly for high-order cumulants. The agreement between our results and the results of other works
in the comparisons indicates the usefulness of this calculation model. This model can be applied to

analyze experimental XAFS cumulants of other gases from above the temperature 6; to just before the
melting temperature 6, .
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