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Abstract: Borophene allotropes possess a variety of captivating physical properties, making them 

promising for numerous applications in practical devices. In this study, we theoretically explore the 

magneto-optical absorption of an 8Pmmn  borophene monolayer subjected to an optical field and 

a perpendicular static magnetic field considering the combined effect of an in-plane electric field 

and mechanical strain. The magneto-optical absorption coefficient is calculated using perturbation 

theory, assuming a degenerate electron gas at low temperatures. The results indicate that valley 

polarization in the optical absorption coefficient can only be achieved when the in-plane electric 

field and/or strain is applied to the system. The valley polarization varies gradually with the electric 

field and becomes significant only at high electric field strengths. On the other hand, the valley 

polarization is highly sensitive to strain. For the ( ')K K  valley, the absorption spectrum shows a 

red (blue) shift, with the intensity of the absorption peaks increasing (decreasing) as the strain 

becomes stronger. Additionally, the valley polarization strongly depends on the external magnetic 

field and the incident photon energy. For the given values of electric field and strain, as the external 

magnetic field increases, the polarization weakens. The above observations suggest that the 

combined effects of the factors on the valley polarization need to be considered systematically. The 

present results are significant for the application of strain and electric field engineering in 

valleytronics and flexible optoelectronic devices. 
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1. Introduction  

In conventional electronics, electrical charge is employed for data encoding. However, the 

movement of this charge leads to heat generation, which restricts the size and integration density of 

circuits, thus limiting the switching (on and off) speed. Conversely, the spin and valley degrees of 

freedom are fundamental attributes of electrons, playing a crucial role in the development of next-

generation electronics. Spintronics utilizes the spin states of electrons as quantum bits to store 

information, enabling quicker switching speeds, reduced energy use, and the miniaturization of devices 

[1-5]. This has led to considerable interest in spintronics using semiconductors and metals over recent 

decades. In a similar vein, valleytronics takes advantage of the valley degree of freedom in electrons for 

data encoding and processing [6-14]. Valleys represent local minima found at various points in a 

material's energy band structure within the Brillouin zone. This innovative approach, distinct from 

traditional electronics, offers potential for creating energy-efficient devices with enhanced 

functionalities and improved data storage capabilities through the manipulation of electron density and 

dynamics in these valleys. Valleytronic technologies could be pivotal for the future of semiconductor 

advancements, integrating developments in both spintronics and optoelectronics. 

Typically, materials with tilted and anisotropic energy dispersion cones exhibit pronounced valley 

polarization in their physical properties, making them suitable materials for valleytronics applications, 

particularly two-dimensional (2D) materials [6, 15-21]. Among 2D borophene structures, 8Pmmn  

borophene shows substantial promise for applications in valleytronics [22-28]. Research findings 

indicate that 8Pmmn  borophene features an energy spectrum characterized by tilted and anisotropic 

Dirac cones. Importantly, when subjected to external electromagnetic fields or strain, these Dirac cones 

demonstrate significant valley polarization, which can influence other electronic transport 

characteristics [26, 29-34]. In Ref. [29], the authors studied the effect of tilted Dirac cones in 8Pmmn  

borophene on its magnetotransport properties when subjected to periodic modulations. The 

magnetoconductivity was calculated using linear response theory in the low-temperature regime. The 

application of weak spatial modulations, such as an electric field, a magnetic field, or both, induces a 

nonzero oscillatory drift velocity that is dependent of the magnetic field, leading to Weiss oscillations 

in the longitudinal conductivity at weak magnetic field. Notably, the results show that the presence of 

both out-of-phase electric and magnetic modulations can cause significant valley polarization in the 

longitudinal conductivity. The valley polarization is shown to arise from the opposite tilting of the two 

Dirac cones at the K and 'K  valleys. S. K. F. Islam studied the impact of strain on the longitudinal and 

Hall conductivities in 8Pmmn  borophene [26]. The results reveal that when the strained borophene 

sheet is exposed to an in-plane electric field (Hall field), the valley dependence is primarily governed 

by the strain rather than the Hall field. Additionally, if the real (external) magnetic field is substituted 

by the pseudo-magnetic field induced by strain, the electric field loses its ability to induce valley-

polarized transport. In a recent work [35], Tho et al. have calculated the optical absorption coefficient 

of the 8Pmmn  borophene monolayer when subjected to a perpendicular magnetic field in the presence 

of an in-plane electric field. The results indicate that the tilt of the Dirac cones leads to a redshift of the 

absorption peaks. The simultaneous presence of an in-plane electric field and the tilt parameter breaks 

the valley degeneracy in the Landau levels, resulting in valley polarization in the optical absorption 

coefficient, that does not occur without the in-plane electric field and/or the tilt parameter. 

In this study, we investigate simultaneous effects of mechanical strain and an external electric field 

on the valley polarization in the magneto-optical absorption spectrum of monolayer borophene 

8 .Pmmn  The impact of mechanical strain, in addition to the electric field, is expected to lead to 

interesting features in the absorption spectrum. The optical absorption coefficient of an electromagnetic 

wave by electrons in the system is calculated using perturbation theory when the system is placed in a 
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static, uniform magnetic field while subjected to an external in-plane electric field and strain. To clearly 

illustrate the competitive effects of the electric field and strain, numerical calculations of valley 

polarization are conducted and analyzed in detail. The paper is structured as follows. In Sec. II, we present 

the theoretical model and expression for the optical absorption coefficient. Sec. III presents numerical results. 

We end the paper with a summary of the work in Sec. IV. 

2. Theoretical Framework 

2.1. Electronic States in 8PmmnBorophene Monolayer 

In this investigation, we consider a monolayer of 8Pmmn  borophene placed within the x y  

plane of the Cartesian coordinate system. The low-energy effective Hamiltonian for Dirac fermions in 

the system is given by [25-27, 29] 

 ( )  x x x y y y t yv p v p v p    (1) 

where 1   corresponds to the valley K  (for 1  ) and 'K  (for 1  ), with the velocities 

{ , , } {0.86,0.69,0.32}x y zv v v  expressed in units of 
6

0 10v  m/s. Here, ( , ) x y    are the pseudo-

Pauli matrices, and  denotes the identity matrix. ( , )
r

x yp p p  is the momentum of carriers in 2D plane. 

It is important to note that, in contrast to the isotropic Dirac cones of graphene, the velocities along the 

x  and y directions in 8Pmmn  borophene are not equal. The presence of a non-zero tv  term in the 

Hamiltonian reflects the inherent tilt of the Dirac cones in the energy dispersion. The Hamiltonian above 

can be diagonalized to yield the energy dispersion relation as [25-27,29] 

 
2 2 2 2

, ,
.  r h ht y x x y yk

E v k v k v k
 

        (2) 

Here, 1  indicates the band index, and ( , )
r

x yk k k  represents the carrier 2D wave vector. The 

inclusion of the tv  term causes the Dirac cones to tilt along the yk direction. However, the tilting of 

the two Dirac cones at the two valleys occurs in opposite directions. It is worth noting that this tilting 

disrupts the particle-hole symmetry in the 8Pmmn  borophene structure. Additionally, the tilt impacts 

the group velocity, especially along the y direction, potentially affecting electronic properties like the 

Fermi velocity and the carrier dynamics within the material. 

The monolayer is now exposed simultaneously to a uniform static magnetic field, an electric field, 

and a strain. The magnetic field is oriented perpendicular to the plane of the monolayer, given by 

(0,0, )
r
B B , while the in-plane electric field is specified as ( ,0,0)

uur

r rE E . Additionally, we model the 

strain as generating a pseudo-magnetic field, with the strain-induced vector potentials in the two valleys 

having opposite signs [25]. Similar strain-induced pseudo-magnetic effects have been reported in 

graphene [36-38] and Weyl semimetals [39,40]. The Hamiltonian for the 8Pmmn  borophene monolayer, 

incorporating the effects of the magnetic field, electric field, and strain, is expressed as [26] 

 ( ) ( ) ,[ ]     x x x y y S y t y S rv p v p eA v p eA eE x    (3) 

in which ( ) SA x B t  represents the vector potential resulting from real magnetic field ( B ) and 

strain, where t  (in the same units with B ) is the pseudo-magnetic field induced by the strain and e  is 



D. Q. Minh et al. / VNU Journal of Science: Mathematics – Physics, Vol. 41, No. 4 (2025) 1-10 4 

the absolute value of electron charge. The eigenfunctions and eigenvalues corresponding to the 

Hamiltonian (3) are given, respectively, as [26] 

 
2 3/42 1 ,( ) ( )  


h h r

y

E
E n k

B t
    


 (4) 

 

i

1

cosh( / 2) isinh( / 2)e
( ) | ( ) i ( ) ,

isinh( / 2) cosh( / 2)2
[ ]

   
        

   

r yk y

n n

y

r X X
L

 


 

 
   

 
 (5) 

where { , , , } yn k   , 1,2,3, n  denotes the Landau levels (LLs), 
yL  is the normalization length 

along the y direction, ( , )
r
r x y  is the 2D position vector of carrier, [ / ( ) ] /  r t x yE B t v v v  

, 
21/ 1    , / cv l   is the cyclotron frequency with c x yv v v  and / ( ) hl e B t   being 

the magnetic length, ( )n X  are the wave function of harmonic oscillators, 

2 1/4

2 2 1/4
(1 )

2 / (1 )[ ]


    yX x k l nl
l



   




   , and the angle   is determined by tanh    . The 

0n  state (the ground state) is treated separately and the corresponding eigenfunction is given by 

 

i

{0, , , } 0

cosh( / 2)e
( ) ( ) .

isinh( / 2)2
[ ]

 
   

 

r y

y

k y

k

y

r X
L



 



 


 (6) 

It is evident that the effects of the electric field and strain on the electronic states are expressed quite 

complexly through characteristic quantities such as the cyclotron frequency  , the magnetic length l

, and the tilt parameter  , which is associated with the valley index  . This contrasts with the strain- 

and electric field-free case, where these quantities are independent of the valley index [26]. 

2.2. Analytical result for the magneto-optical absorption coefficient 

Based on the above eigenfunctions and eigenvalues, we now calculate the optical absorption 

coefficient in the 8Pmmn  borophene monolayer when an EMW of frequency   and the polarization 

vector being in the y direction. Within the assumption of a degenerate electron gas at low temperatures 

in this calculation, the optical absorption coefficient for the absorption of photon is given by [41-43] 

 
( ) 2

,

2
( ) 1 ( ) | | | | ( ),[ ] 



       h
h

r

R

f

f E f E H E E
c N



   
 


     (7) 

where c  is the speed of light in vacuum, fN  is the photon number, r  is the dielectric constant or 

relative permittivity of the material [26], ( )f E  is the Fermi distribution function of carriers, the delta 

function ( )x  ensures the law of conservation of energy of the processes, | | RH   is the matrix 

element of electron-photon interaction corresponding to the following Hamiltonian [41-43] 

 
e 0 0

2i
,


 



hh f

R

r

Ne
H

m V x




 (8) 
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for the case of the polarization vector being in the x direction. Here, 
12

0 8.86 10   
2 -1 -2C N m  is the 

electric constant, 
0V  is the sample volume, and em  is the carrier effective mass, developed previously 

in Refs. [44-45] and sometimes referred to as the optical effective mass [46], which is applicable for an 

arbitrary energy dispersion including non-parabolic energy dispersion materials such as graphene or 

8Pmmn  borophene with linear energy dispersion. From Eqs. (5) and (6), the matrix elements for RH  

in (8) can be obtained and then substituted into Eq. (7) of the absorption coefficient. After a 

straightforward calculation with the help of transformation 
2/

02
 

lx

y

Ly

y

k

L
dk




, one has 

 

0, , 1, ,

, , 1, ,

, , 1, ,

, ,

0
( )

0, , 1, ,

,

0

, , 1, ,

, 1

, , 1, ,

2 0

, 1

(1 ) ( )
2

1
(1 ) ( )

2

1
(1 ) ( )

2

( 1)
(1

2

[( )

( ) ]

[


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






 



 


    

     

    


  







h

h

h

n n

n n

n n

E E

E E n n

n

E E n n

E E

n

f f E E

n f f E E

n f f E E

n
f f

   

   

   

 



   
 

   
 
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
 

 

 

 


2, ,

, , 2, ,

, , 2, ,

, , 2, ,
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( 1)
(1 ) ( )

2
]
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





 


   

h

h
n n

n n

E E n n

E E

n
f f E E

 

   

   

   

 

 

 (9) 

where 
0 2 2 2 1/2 2 4

e 0(1 ) / (2 )  h lre cm d    , 2 3/4

, , 2 1( ) hnE n      , and d  is the vertical 

thickness of the layer. It should be mentioned that, unlike the result obtained in [35], here the quantities 

appearing in the absorption coefficient, such as the magnetic length ( l  ), tilt parameter (  ), and electron 

energy ( , ,nE   ), depend on both the electric field and the strain. Therefore, the dependence of the optical 

absorption coefficient on the electric field and strain is expected to reveal interesting properties, which 

will be further clarified in the next section (Sec. III).                                                                                                                          

3. Numerical Results  

This section is dedicated to the numerical evaluation of the MOAC derived earlier, aiming to 

demonstrate the behavior of the absorption spectrum. To prevent the divergence of the delta functions 

in Eq. (9), we adopt the following replacement: 

 

1

0
, , , , 2 2

0 , , , ,

( ) ,
( )



  

  

  
  

h
h

n n

n n

E E
E E

   

   

 
 

 
 (10) 

where 0  is a phenomenological broadening parameter, chosen here as 0 0.05 h c   [26]. In the 

following calculations, we focus on the undoped system, setting the Fermi level to zero. Therefore, only 

interband optical transitions of electrons are considered, which corresponds to choosing 1  and 

1   . Also, 2.18Åd   and 10r  are taken [26]. 
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Figure 1. Magneto-optical absorption spectrum for different scenarios of electric field and strain: (a) absence  

of both electric field and strain; (b) with an electric field of 
-1

5 kV.m  and no strain; (c) with a strain of 0.1 T 

 and no electric field; and (d) with both electric field and strain. In all cases, the real magnetic field is 0.5 T,B   

the temperature is 4.2 K,T   and the LLs 0 2 n  are considered. 

In Fig. 1, we plot the absorption spectra in the K  valley ( 1  , solid red lines) and 'K  valley (

1  , dashed blue lines) as functions of photon energy, at a fixed magnetic field of 0.5 TB  , for 

different scenarios involving electric field and strain. It can be observed that the absorption spectra 

display series of principal peaks, along with lower supplement peaks. The principal peaks arise from 

electronic transitions between adjacent Landau levels ( 1 n n ), while the supplement peaks result 

from transitions between Landau levels separated by one level ( 2 n n ) due to the absorption of 
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photon. These are typical cyclotron resonance peaks, which are commonly observed in the magneto-

optical absorption spectra of materials subjected to a strong magnetic field. Additionally, from left to 

right, the first principal peak is resulted from the transitions 𝐸1,𝜉,−1 → 𝐸0,𝜉,+1 and 𝐸0,𝜉,−1  → 𝐸1,𝜉,+1; the 

second principal peak corresponds to the transitions 𝐸1,𝜉,−1 → 𝐸2,𝜉,+1 and 𝐸2,𝜉,−1 → 𝐸1,𝜉,+1; and the 

third principal peak corresponds to the transitions  𝐸3,𝜉,−1 → 𝐸2,𝜉,+1 and 𝐸2,𝜉,−1 → 𝐸3,𝜉,+1. We have this 

because we are considering interband optical transitions, so the photon energy at resonance is then: 

ℏ𝜔𝑟𝑒𝑠 = 𝐸𝑛′,𝜉,+1 − 𝐸𝑛,𝜉,−1 = √2(√𝑛′ + √𝑛)ℏ𝜔𝜉(1 − 𝛽𝜉
2)

3/4
 . Therefore, it is clear that the resonance 

peaks at the highest photon energy values correspond to electron transitions between two Landau levels 

with the highest indices (differing by one), where one level is in the valence band  

(λ = -1) and the other is in the conduction band (λ = +1), and vice versa. Figure 1(a) illustrates the case 

where neither in-plane electric field nor strain is applied. In this case, the absorption spectrum shows no 

valley splitting. In Figs. 1(b), 1(c), and 1(d), we consider the following situations, respectively: the 

presence of an electric field 
-15kV.mrE   without strain; the presence of strain with 0.1t T  without 

the electric field; and the simultaneous presence of both strain and electric field with the values specified 

above. It can be seen that the presence of an electric field and/or strain induces a noticeable difference 

in the magneto-optical absorption spectra between the two valleys. This is the condition required for 

valley polarization in the absorption spectrum, which can be achieved by applying an electric field, 

strain, or both. In addition, from Figs. 1(a-d), an interesting behavior can be observed: the most 

pronounced differences in the absorption spectra between the two valleys under the presence of an 

electric field and/or strain appear at the resonance peaks corresponding to interband transitions between 

Landau levels with the highest indices (the peaks on the right side of the figures). This will be explained 

in more detail below, where we plot the Landau levels as a function of the external magnetic field under 

different conditions of electric field and strain. 

To clarify the relationship between the shift of resonant absorption peaks in Fig. 1 and the changes 

in Landau energy levels, as well as the differences in absorption spectra between the two valleys under 

varying electric field and strain, in Fig. 2 we plot some first Landau levels as a function of the external 

magnetic field for the different combinations of electric field and strain considered in Fig. 1. It can be 

seen that in the absence of both electric field and strain, the Landau levels between the two valleys are 

completely degenerate (the blue and red curves completely overlap), as shown in Fig. 2(a), resulting in 

the ovelap of the absorption spectra between the two valleys in Fig. 1(a). However, when the electric 

field and/or strain is nonzero, this degeneracy is lifted, and valley polarization of the Landau levels 

emerges. In particular, when strain is present, the Landau levels in the two valleys differ significantly, 

leading to a pronounced difference in the absorption spectra of the two valleys, as observed in Figs. 1(c) 

and 1(d). Specifically, if we look closely at a curve corresponding to a Landau level with n  0, we will 

see that the shift in the value of the Landau levels in the presence of strain and/or an electric field is 

opposite in the two valleys. For example, for convenience, let us consider the values of the Landau levels 

with n  0 at the magnetic field B = 0.8 T in Figs. 2(a) (t = 0) and 2(c) (t = 0.1 T). It can be seen that 

when strain is present, the Landau energy level of a given state shifts in opposite directions: in the K 

(K’) valley, the Landau energy is higher (lower) compared to it when there is no strain. Mathematically, 

this behavior is reflected through the frequency 𝜔𝜉 and the coefficient 𝛽𝜉 in Eq. (4), where 𝜔𝜉 and 𝛽𝜉 

change in opposite ways in the K valley (𝜉 = +1) and the K' valley (𝜉 = −1) under the influence of 

strain. The opposite changes in the Landau levels as well as the absorption spectrum in the two valleys 

under strain can be physically explained by the anisotropic crystal structure of 8-Pmmn borophene. This 

leads to the Dirac dispersion cones in the two valleys tilting in opposite directions, resulting in opposite 

responses of the electrons in these two valleys to the external electric field and/or strain. Additionally, 

we can also provide a mathematical explanation for why the difference in the absorption spectra between 
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the two valleys becomes more pronounced at the resonance peaks corresponding to higher photon 

energies, and vice versa, as follows. From the resonance condition ℏ𝜔𝑟𝑒𝑠 = 𝐸𝑛′,𝜉,+1 − 𝐸𝑛,𝜉,−1 =

√2(√𝑛′ + √𝑛)ℏ𝜔𝜉(1 − 𝛽𝜉
2)

3/4
, considering a resonance peak corresponding to the transition 𝑛 → 𝑛′, 

the difference in photon energy between this resonance peak in the valley K and the corresponding 

resonance peak in the valley K′ is: ∆= ℏ𝜔𝑟𝑒𝑠(𝜉=+1) − ℏ𝜔𝑟𝑒𝑠(𝜉=−1) = √2(√𝑛′ + √𝑛) [ℏ𝜔𝜉=+1(1 −

𝛽𝜉=+1
2 )

3/4
− ℏ𝜔𝜉=−1(1 − 𝛽𝜉=−1

2 )
3/4

].   As a result, the value of ∆ becomes large when n and n’ are 

large. On the other hand, as we have shown in Figure 1 above, the resonance peaks in the high photon 

energy region correspond to interband optical transitions between Landau levels with large indices (n 

and n′ are large), and vice versa. Therefore, the difference in the positions of corresponding absorption 

peaks between the two valleys is large (small) at high (low) photon energy values. 

 

 

Figure 2. Some of the first Landau energy levels as functions of the external magnetic field for different 

scenarios of electric field and strain considered in Fig. 1. The red (blue) lines correspond to the K (K') valley. 

The solid, dashed, dot-dashed, and dotted lines correspond to the Landau levels n = 0, 1, 2, and 3, respectively. 

The change of the Landau levels with electric field and strain, as well as their differences between the two 

valleys, explains the difference in absorption spectra between the two valleys in Fig. 1. 
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Figure 3. Comparison of absorption spectra between 

the K ( 1  ) (a) and 'K ( 1  ) (b) valleys as 

the strain t  is varied. In all figures, the colors black, 

red, blue, and magenta represent strains of 

0, 0.1, 0.2  and 0.3 T,  respectively. The solid and 

dashed curves correspond to the cases with and 

without an in-plane electric field, respectively. In all 

cases, 0.5 T,B  4.2 K,T   and 0 2. n  

Figure 4. Comparison of absorption spectra between 

the K ( 1  ) (a) and 'K ( 1  ) (b) valleys as 

the in-plane electric field 
r

E  is varied. In all figures, 

the colors black, red, blue, and magenta represent 

electric fields of 0, 1, 2,  and 
-1

5 kV.m ,  respectively. 

The solid and dashed curves correspond to the cases 

with and without strain, respectively. In all cases, 

0.5 T,B  4.2 K,T   and 0 2. n    

To gain a more detailed understanding of how the absorption spectrum changes with electric field 

and strain, in Fig. 3 we plot the absorption spectra as a function of photon energy for various strain 

values, both in the absence of an electric field (solid curves) and with an in-plane electric field of 
15kV.mrE   (dashed curves). Figures 3(a) and 3(b) show the results for the K  and 'K  valleys, 

respectively. From the figure, it is evident that the absorption peaks shift significantly in both position 

and intensity under the influence of strain. However, only minor changes are observed in the absorption 

spectrum when the electric field is varied. To illustrate this, we present the absorption spectra for four 

different values of the electric field, spanning a wide range from zero to ten kilovolts per meter, as 

depicted in Fig. 4. Once again, we observe that the absorption spectrum remains relatively unchanged 

despite significant variations in the electric field. From Figs. 3 and 4, we can also observe a very distinct 

feature: when strain or electric field increases, the absorption spectra in the K  and 'K  valleys show a 

noticeable difference. Specifically, as strain increases, the absorption peaks in the K  ( 'K ) valley shift 

towards higher (lower) photon energy, meaning a blueshift (redshift) occurs, while the height of the 
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absorption peaks increases (decreases). When the electric field is increased, the absorption peaks in the 

K  valley show a redshift, while the absorption peaks in the 'K  valley show a blueshift. In short, in the 

K  valley, as the electric field (strain) increases, the absorption spectrum exhibits a redshift (blueshift), 

and conversely, in the 'K  valley. Moreover, from Figs. 1(c), 1(d), 3, and 4, it can also be seen that when 

strain is applied (t ≠ 0), the intensity of the absorption peaks in the K (K’) valley increases (decreases) 

as the strain increases. This is because, in Eq. (9) for the absorption coefficient, we have Γ(𝜉)~Γ0~𝑙𝜉
−4, 

where the magnetic length 𝑙𝜉 is given by là 𝑙𝜉 = √ℏ[𝑒(𝐵 + 𝜉𝑡)]−1. Clearly, as the strain increases, in 

the K (K’) valley, 𝑙𝜉=+1 (𝑙𝜉=−1) decreases (increases), leading to the corresponding absorption 

coefficient increasing (decreasing). 

To quantitatively assess the difference in the absorption spectrum between the two valleys, we define 

the valley polarization in the absorption coefficient as 

 

( 1) ( 1)

( 1) ( 1)
.

 

 

 

 

vP
 

   (11) 

 

Figure 5. The valley polarization in the absorption coefficient as a function of photon energy for different 

scenarios of electric field and strain. Figures (a), (b), (c), and (d) correspond to the real external magnetic field of  

0.5 T, 2.0 T, 3.5 T, and 5.0 ,T  respectively. Here, 4.2 KT  . 

In Fig. 5, we plot the valley polarization as a function of photon energy for different cases of electric 

field and strain shown in Fig. 1, but at some different values of the real magnetic field. In particular, the 

parameters in Fig. 5(a) are taken exactly as those in Figs. 1(a)-(d). From Figs. 5(a)-(d), we can see, as 

expected, that the valley polarization is zero for all photon energy and real magnetic field values when 

both the electric field and strain are absent (see the blue curves in Figs. 5(a)-(d)), consistent with the 

result observed in Fig. 5(a). When an electric field (
-15kV.mrE  ) is applied without strain ( 'K ), the 
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valley polarization appears and oscillates with photon energy. At the real magnetic field of 0.5T

presented in Fig. 5(a), the maximum amplitude of valley polarization is approximately 0.59  in the 

photon energy range of 50 60meV . When strain is introduced ( 0.1t T ), the valley polarization also 

appears and oscillates with photon energy, but now the valley polarization at certain photon energy 

values becomes stronger, both in the presence or absence of the electric field. For example, in Fig. 5(a) 

for 0.5TB  , the valley polarization can reach the value of about 0.99  at photon energy of 60meV.  

From Figs. 5(a)-(d), we also observe that, for the selected values of electric field and strain, as the real 

magnetic field increases, the amplitude of valley polarization decreases. Specifically, when only the 

strain (electric field) of 0.1 T  (
-15 kV.m ) is present, the magnitude of the valley polarization is 0.99  (

0.59 ), 0.59  ( 0.06 ), 0.376  ( 0.035), and 0.273  ( 0.024) at the real magnetic field of 0.5, 2, 3.5  and 

5 T,  respectively. The decrease in valley polarization as the real magnetic field increases can be 

explained through the dependence of the magnetic length, cyclotron frequency, and tilt parameter on 

strain, electric field, real magnetic field, and valley index. Recall that 
1[ ( )] , hl e B t  / cv l   

and [ / ( ) ] / .  r t x yE B t v v v    From this, it can be seen that for fixed values of rE  and t , as B  

increases the ratio / ( )rE B t   decreases, and the contribution of t  to the term ( )B t  also becomes 

less significant, regardless of the value of   ( 1  or 1 ). This result indicates that, in addition to the 

individual effect of each factor, the combined influence of these factors on valley polarization is crucial 

and needs to be systematically considered in their interrelationship. 

 

Figure 6. Density plot of the valley polarization versus strain ( t ) and in-plane electric fied ( rE ) at the magnetic 

field of (a) 0.5 T,  (b) 2.0 T,  (c) 3.5 T,  and (d) 5.0 T.  Here, 4.2 KT   and .40 meV h  Note that all the 

figures are presented with the same color scale to allow for a comparison of the magnetic field's effect on the 

valley polarization values.   
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To gain a broader insight into the competing effects of the electric field and strain on the valley 

polarization in the magneto-optical absorption spectrum, we present the density plot of valley 

polarization as a function of the electric field and strain at different values of real magnetic field, shown 

in Figs. 6(a)-(d). In these plots, we choose 40 meV h  because these magnetic field and photon 

energy values are compatible with each other for interband electronic transitions between several of the 

lowest Landau levels induced by photon absorption. From Fig. 6, once again we see that the valley 

polarization is highly sensitive to strain and changes slowly with the electric field (at a fixed strain). At 

the same time, within the selected range of electric field and strain values, the valley polarization 

gradually weakens as the real magnetic field increases. 

4. Conclusion  

We have studied theoretically the effects of an external electric field and strain on valley polarization 

in the magneto-optical absorption of monolayer borophene 8Pmmn  with tilted and anisotropic Dirac 

cones. The results show that valley polarization in the absorption coefficient can only be achieved when 

an electric field and/or strain is applied to the system. The valley polarization changes slowly with the 

electric field and is only significant when the electric field is very strong. In contrast, compared to the 

electric field, strain induces a much more pronounced change in valley polarization, with the polarization 

amplitude potentially becoming very large if the strain value is chosen appropriately relative to the 

external real magnetic field and photon energy. However, for the selected values of electric field and 

strain, the achieved polarization amplitude also depends on the choice of the real magnetic field and 

incident photon energy. When the real magnetic field is very strong, the electric field and/or strain must 

also be increased correspondingly to achieve a significant degree of valley polarization. It can be 

concluded that, in addition to the independent effects of each factor (electric field, strain, real magnetic 

field), the combined influence of these factors on valley polarization is crucial and must be considered 

in their interrelationship in order to achieve the desired polarization, suitable for specific application 

purposes. The results open up possibility for applications in valleytronics and flexible optoelectronic 

devices through strain and electric field engineering. 
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