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Abstract: This paper studies the phase transition in the aligned two-Higgs doublet model by
applying the Cornwall-Jackiw-Tomboulis effective potential in the double-bubble approximation.
Its main feature is that the Goldstone theorem is restored in the model by adjusting the CJT effective
potential, and the phase transition is of the second-order type, following the symmetry restoration
scenario.
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1. Introduction

In recent decades, the use of SM for research in particle physics has achieved numerous successes,
including the successful explanation of the phenomena of particles in nature. Furthermore, the discovery
of the Higgs boson by the Large Hadron Collider at the European Center for Nuclear Research (CERN)
was an important milestone in particle physics in 2012 [1]. It has an extremely short lifetime and decays
in many ways. It makes the Standard Model (SM) more perfect to describe the microscopic world as
well as the existence of the universe. Its results show the existence of a new particle with a mass of
approximately 125 GeV, which is compatible with the standard Higgs boson in the SM.

The Higgs boson is a new type of elementary particle with zero spin and has the smallest mass. It is
not only an elementary particle that explains the spontaneous symmetry breaking, but also an important
factor in ensuring the property of the unitary group of high—energy scattering between the boson W and
the standard boson [1-7]. The Charge Conjugation Parity (CP) was investigated, in which the pure odd—
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CP state cannot occur [8]. The Higgs boson’s Yukawa binding was first observed by the work of ATLAS
and CMS in 2018. Moreover, the data obtained by experiments in 2018 suggests that the second fermion
is generated [9]. In general, results in the Lab related to the Higgs boson match the SM’s predictions
and expectations.

According to the SM, a particle’s mass is created by its interaction with the Higgs field so that the
vacuum expectation value (VEV) of this field is nonzero. This process depends on the type of Higgs
potential. The particular configurations of the Higgs potential determine the types of phases that exist
and the corresponding phase transitions of the matter. However, SM argues that neutrinos have no mass,
while recent experimental studies have shown that they have mass [10]. In addition, a new measurement
of the anomalous magnetic moment for Muon g-2 shows that the scalar component of the Higgs field is
not limited to a Higgs doublet, as the prediction of the SM that a doublet consists of only two particles
at the same quantum state, but also has antiparallel spins [11]. So, the scalar neutral particle observed
by LHC can only correspond to just one of many particles in the ensemble of scalar bosons. This Lab’s
results prove that the existence of a multi—-Higgs model is suitable. Therefore, there are possibly many
Higgs doublets, and each doublet can consist of some Higgs bosons [12]. Hence, the model describes
Higgs bosons that must be consistent with the SM, and satisfy symmetries and invariant theorems for
systems including many particles, including the Goldstone theorem.

Recently, there have been many papers dealing with the evidence of the existence of the Higgs boson
and its properties following the multi-Higgs model in both experiment and theory, especially using the
two-Higgs-doublet model (2HDM). It is one of the simplest multi—-Higgs models, consisting of two
doublets denoted by ®@; and ®,, which have the same hypercharge Y, satisfying the SU(2)L symmetry
group. Using this model, many interesting phenomenological features are discovered, such as new
sources of CP violation, dark matter candidates, axion phenomenology...[13]. It contains a second Higgs
doublet with the same quantum numbers as the SM one. Specifically, the aligned two Higgs doublets
model (A2HDM) is the 2HDM with the hypercharge Y equal to +1/2, in which each doublet consists of
many Higgs bosons but produced by two types of Higgs particles, the standard Higgs (h) having a mass
approximately 125 GeV, and the other Higgs particle is heavier. In addition, the alignment limit of
2HDM can also be achieved without decoupling. However, for small tan 3 values, it’s usually attributed
to accidental cancellations in the 2HDM potential. Note that tan f = v./v;, and the VEVs of the two
scalar fields (®1) of the two Higgs models. Furthermore, the research results about the alignment limit
show that the SM alignment is often associated with the decoupling limit, in which all the non-standard
Higgs bosons are assumed to be much heavier than the electroweak scale, so that the lightest CP-even
scalar behaves just like the SM Higgs boson. Besides, it is found that there exist only three possible
symmetry realizations of the scalar potential that predict natural alignment. Following this method, the
heavy Higgs sector is quasi-degenerate as predicted. Gauge phobia is a generic feature in the alignment
limit. Moreover, the current experimental constraints force the heavy Higgs sector to lie above the top-
quark threshold. Thus, the dominant collider signal for this sector involves final states with third-
generation quarks [14].

To study multi—-Higgs models, an effective field theory formalism should be employed where the
effects of the physics are written in terms of SM operators. One of the best candidates for studying loop
expansions is the Cornwall-Jackiw—Tomboulis (CJT) formalism, a nonperturbative method for a multi-
particle collective system, especially useful for phase transition studies [15]. Almost all physical theories
are built on the symmetry principle. However, some symmetries are spontaneously broken when the
Lagrangian is invariant under the transformation of symmetry groups, but the vacuum state is not
invariant. This broken symmetry generates massless neutral scalar particles called Goldstone bosons,
with the number obeying the Goldstone theorem [16].



12 D. T. M. Hue, N. T. Anh / VNU Journal of Science: Mathematics — Physics, Vol. 42, No. 1 (2026) 10-21

In this paper, we use the CJT formalism to find the advanced CJT effective potential that preserves
the Goldstone theorem and the order of phase transition for A2ZHDM.

This paper is organized as follows. In Sec.2, we present the research methods of the aligned two-
Higgs doublet model. The results and discussions of this work are presented in Section 3. Section 4 is
the conclusions.

2. Research Methods

In this work, we use the CJT formalism in the double-bubble approximation to preserve the
Goldstone theorem for the aligned two-Higgs-doublet model (A2HDM) without the mixing of two
Higgs bosons h and Ho. Then, the gap and Schwinger Dyson (SD) equations of state are used for
numerical calculation self-consistently to find out the order of phase transition in this model. Its
Lagrangian is given by:

L=(0"®,) (0,0 )+(0"®,) (0,®,)-V, (1)

where V' is the scalar potential of the model:

V=m0 0, +m00, - m} (0, +q>;q>1)+%(q>;q>l)2 +%(c1>;c1>2)2
(2)
(070, )(@50, )+ A, (070, ) (050, )+ %[((fobz ) +(@50, )2}

m; (my) are the masses of Higgs doublets ®;(®d,) including two types of Higgs bosson; Ai (i = 1; 2; 3; 4;
5) are binding const between doublets in the model; m, is specific to the combination of two doublets;

ui(uy) are the vacuum expectation values of @;(D,).

In quantum field theory, the Goldstone theorem is preserved for all models describing the system.
Therefore, it is necessary to have a formalism and method to approach the multi-Higgs model so that
the Goldstone theorem is valid. Hence, it must have a suitable formalism and methodology to
renormalize the theory.

In this research, we chose the physical unit system in whichc=1,2=1thenle}) =11065K , and
assume that not only is CP conserved for scalar components, leading to all coefficients being real, but
also only one Z, symmetry happens in the model: ®; — —®; or ®, — —®, is forbidden by quartic terms
in odd numbers of @;.

Since the Eq (1) is invariant under the SU(2) group transformation, the Z, symmetry is easily broken

by quadratic terms nz, . To get only one scalar doublet that can couple to a given right-handed fermion,

the model (1) obeys specific discrete Z, symmetries. Thus, there must exist 3 Goldstone bosons in this
model, according to the Goldstone theorem. Hence, we first build the CJT effective potential to preserve
the Goldstone theorem for A2ZHDM by transforming all matrices of Higgs components to be diagonal.
Then, we perform numerical research to consider its phase transition.

3. Results and Discussion
3.1. Results

Firstly, we use field transformation:
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where p(¢) are the real scalar components; 77( ) are the virtual components of the Higgs field, and

{40

are VEVs of two Higgs doublets. The VEVs at 7= 0 are defined by v, = u,.|T=0 (5)
relating to the VEV in the SM, v =246 GeV as a relationship below
w=ul +ul,v=ul (6)
and the angle B is the ratio of u andu, :7, = tan ff = L2y @)
U,

Inputting in terms of (1) and (2) leads to obtaining the Lagrangian specific to the interaction creating
mass for the Higgs boson in the model:

i R R N A |
S0 il M R TR (O

, in which Go, G* are Goldstone bosons, and the boson 4 is the Higgs boson, which does not obey
the odd component of CP:

G* =(G, +iG,)/2;H* =(H, £ill,)/ 2, 9)

M, :1102, +ﬁqsz +2(/13 +4, +/15)c/2]s;,,M]2 =—CySy [210; —ﬂzs; —(2,3 +4, +/15)(Cz —S;)J,

L. =-

mass

My ==y, 2uch = Aish = (A + Ay + &) (s - 5 ) | M, = %{4 F A, =22+ A+ ) e, 1o
cy=cosfs, =sinf.
The condition below must be valid to prevent the mixing of h and Ho [15].
My = sy = (A + A+ A5)(c) = s;) (11)
Eq.(10) is a non-separable condition for 2HDM at the tree level.
In the Higgs basis,
(h+u+iG,)/\2 (H, +id)/\2

q)l CI)h c —S ) G1 | G2 . A : h
R e I L Y T I CaT L B A B

w =u] +u,u, =ucosfiu, =usin 3, (14)
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yielding
72 2 7 2 72
L, =] 2 (266" +G2)-—~ m§+ﬂ?“ A A
2 2 2 2 2 2
7 2] ) 5 2 7 2
L n~1§+ﬂ3u (H*H’)—l nﬁf+—3ﬂ1u ol i, + %u N H;
2 | 2 2 2 2 2 2
7 2] 5 2
{—ﬁq; + 462” (GH, +G,H, +G0A){—n~1f2 + 3’13” }hHO,
15
where

~2 2.2 2.2 2 ~2 2.2 2.2 2
m; =m;Cy+mySy —2m;,8,Cy My =My Sy +MyCp+2m;,8,Cy,

iy =(m12 —mzz)sﬂ cp+2my, (cz —sé),/i = ACh + Ash +2(A + 4, + A5)s; ¢,

Iy = Qs+ AoCy + 2( Ay + Ay + A VS € Ay = (A + Ay =24, =245 )8y ¢ + 2y ey + 53 ),

Fy = (A + 2 =24 =24 )s5 ¢, + A (cf + 55 ) As = (A + 4 =24, =24, )s, ¢ + A (cjy + 53, (16)
Jo==(Aey =48} )s 0+ (A + 24+ A5)s ¢, (ch =55 ).

Lo ==(As) =2} )sy ey + (A + A+ A )s e, (s) = ).

The alignment condition to prevent the mixing of h and Hy is
m, =0—>4,=0. (17)
Based on the CJT formalism and performing similar steps as the work of [15], obtained the CJT
effective potential at finite temperature for A2ZHDM in the improved double-bubble approximation as

follows:
o _ ~2u _I_/1~1 4 .[tr{lnD'(k)+llnD](k)}+J‘t”{llnDl(k)}‘l'jtr{lD](k'u)D (k)—211}
2" 78 SRS B U B VA

~ V(2P 4Py P ) + (18)

J‘ {Doe (k; u)D (k)+— Doa(k u)D (k)} ﬂ1 (ZPCH +P, +Phll) g ( 2 T Thp
T
A y pa
7(2311 + Pall + Phn)(zpcn +Pa22 +P/z22) [(Rzll +Phll)(PaZ2 + 3122)"' 2311622] 4 (Pall Phu)(R;n _thz)a
where
P, j'szJ(k) a=c,a,h;i,j=12 If(k) TZJ.(2 ; (@,,k),0, =27nT. (19)
T
, and the inverse of tree-level propagators read
7.2
af—kz—mf——ﬂ“;’ 0
iD,) (k,u,) = - (20)
0 0 —k* - - —132“
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o :
iy (k) = 2 | 1)
0 0 — k2 ~22_13+/14_/15u2
2
af—l?z—mf—%”z 0
iDy, (k,u;) = 2 L (22)
0 wz—Ez—mj-—ﬂ?”“%uz

2

By taking traces of the matrices (20)-(22) in the momentum space, we get
the expressions of the Nambu-Goldstone energy modes existing in the model:

7.2 7.2
E, =J_r\/(a)2 i ](a)z R J
2 2

— —
E =t a)z—kz—nﬁf—ilu wz_kZ_,ﬁ;_muZ , (23)
2 2
— —
E3=i\/[a)2—k2—n~112—3ﬂ12u )[a)z—kz—nﬁf—%uz}

The expression (23) shows that 6 Goldstone bosons are produced, or the Goldstone theorem is
violated. Hence, to preserve it, we adjust the CJT potential (18) by adding AV :

ver=yer +AV AV :xj’l (2311 +P,, )Bm +y1/i4Pcn (B;zz +Blzz)

+23, 24Py Py + 2,5 (P =Pt ) (P = By ) + 24P, (P = Ba) .
, and x, y, z in (24) must be:
x=y=1/2,y,=z =z, =-1/2. (25)
It leads to
yer :"7‘—12142 P +Itr{lnDU1 +11nD;1 +11nDh1}+jtr{DOjDC +1D0’;Du +lDO,}Dh(k)—211}+
2 8 ’ 2 2 ’ 2 2
A 2 A
@R+ B+ BY 428+ B By [+ T 2R+ By B (2P + P+ By )+ 26)
4 2 A As
?(2322 + Py +By) +?(2]Jcll + P+ Bt ) (P +th2)—?(213€“ + Py =B ) (P = B
where the inverse propagators at the tree-level approximation become
iD (k,u,) = iD," (k,u,) = iD," (k,u,) =
CoRo 0 oo 0 oo i 0 @7
T T i)

in which
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~ ~ 2 ~ _ _ 7 i _/1 2 ~
M :o,szzijrﬂ?z” B =072, =i+ BT AT AN 5
c2

2 a2 (28)

) - 5 .5 5N\, 2 ~

M} =i § +> M}, :n”1§+(/15 A A +>0.
2 hl 2 h2

Z :%(2[’222 +F, +3122)+%(2P611 +F,, +le1)=

c2

-7 I+ i

Z zé(zpczz +F, +th2)+ 4 . (2Pcl1 +F,, +Phn)__5(2pcl1 +F, _Phll)’

72 2 2 2 29)

A
> =B 6P 3+ P )+ (2P + Pt i)+ 22 (P 4 B,

hl

2, A+ A
z = 7(2})022 +h, + thz) + 5 : (2Pcll +h, + b5, ) + ?5(2})@11 + B, =By, )
h2

We obtain the expressions of the Nambu Goldstone energy mode in the momentum space by taking
traces of the matrices (27):

E = \/(a)z —lgz)(a)z —k? —Mfz),
E, =\/(a)2—l€2)(a)2—/€2—1\7152), (30)
E, =\/(a)2—132—1\?1,31)(@2—132—1\71,32).

Thus, Eq. (30) shows that 3 Goldstone bosons exist in the model after the CJT potential is
Goldstoned. That means the Goldstone theorem is preserved for AZHDM.

Next, we investigate the order of phase transition in the AZHDM by considering the dependence of
its VEVs on the temperature. To achieve this aim, must find the expressions describing the VEVs versus
temperature. Hence, we use the physical requirements for the basic state of the model. That means the
physical conditions have to satisfy:

5[}CJT 5I7CJT
= O’ =

0 €2))

b

ou oD,
, so it leads to the GAP equation and Schrodinger-Dyson (SD) equation:
it + 2+ Y, =0, (32)
iD,'(k)=iD,,(ksu)=Y_ ,a=c.a,h (33)

where

A A
ZMZ%(zpcn +F +3Phll)+%(2})622 +F +3B,22)+74(B122 +thz)_?5(3122 _F;,zz) (34)

2 7’2 ar2 0
lD;l(k) :[C() ko Mla 0 ],[Zla ], (35)

a)z _]Ez _M22a 0 220:


https://dictionary.cambridge.org/vi/dictionary/english-vietnamese/obtain
https://dictionary.cambridge.org/vi/dictionary/english-vietnamese/the
https://dictionary.cambridge.org/vi/dictionary/english-vietnamese/expression
https://dictionary.cambridge.org/vi/dictionary/english-vietnamese/of
https://dictionary.cambridge.org/vi/dictionary/english-vietnamese/the
https://dictionary.cambridge.org/vi/dictionary/english-vietnamese/energy
https://dictionary.cambridge.org/vi/dictionary/english-vietnamese/mode
https://dictionary.cambridge.org/vi/dictionary/english-vietnamese/in
https://dictionary.cambridge.org/vi/dictionary/english-vietnamese/the

D. T. M. Hue, N. T. Anh / VNU Journal of Science: Mathematics — Physics, Vol. 42, No. 1 (2026) 10-21 17

ZIC:%(zpcn +F, +1)}l”)+%(21)£22 +F +F;¢22)+14Pczza
and - .
> =ﬁ(2P +P,, +P )+£(2P +P, +P, )+ 4P
27 5 e22 T han T 5 en T T Ly 41
; i A A
Zw:%(zpm"'Pan+B111)+%(2Pczz+Bzzz+thz)+?4(Pazz+B122)+75(3122_P1122)s
i i d Y
3 = (2R Py P V22 By B )+ 2By 4R )+ 2 (B B
N " 7 7 (36)
Z”f%(ﬂ’m +Pall +Phu)+%(2pczz +PaZZ +thz)+ ° (Pazz +th2)—55(}7“22 _thz)a

A)zl\-)l

N 7 5
Zz,,:%(zpm +Pazz +thz)+?(2pcn +Pau +})hll)+74(})all +})hll)_75(})all _Phll)'
The SD equations (33) can be reduced to the following system of equations that describe the
effective masses of the Higgs boson in the model.

2
2 ~2 Au 2 ~2
M} = + 5 + M =i+

5 5 j:luZ 5 5 /ijuz ~u2 ~u2
M} = = +D M, =i+ R 42 - 52 +> (37)
3 Au? - T’ Aud A’
M12h=m12+ﬂ“T+Z]h ,M§h=m22+/132 + 42 + 52 >

To perform a numerical study of phase transition in the A2ZHDM, we must choose a small value of
tanp in the region from 1 to 20 to avoid accidental cancellations in the 2HDM potential and get above
the top-quark threshold: A, = A, =0,77, =0 [15]. The mass difference between the heavy Higgs states

should be small, and their scan intervals are therefore chosen to be identical in the range of experiments

as follows [18]:
m, =125.09GeV ,m, =m, , =m,. =200GeV,m, =100GeV ;tan f =2;v = 246GeV . (38)

Hence,
7 (.8 6 2 4 4 2.6 8 7 7 7 8 6.2 _ 2.6 8
jlvz_mz/{2_—ﬂ.l(cﬂ+cﬂsﬂ—12cﬂsﬂ+cﬂsﬂ+sﬁ)+2(ﬂ3+ 4+/15)(cﬁ CpSy cﬂsﬂ+sﬂ)
— My = 2 2 4 2 2 4 2.2 4 2.2 4
cﬂsﬁ.(Scﬂ—2cﬁ.sﬁ.+5sﬁ.) cﬂsﬂ(Scﬁ—2cﬂsﬂ+5sﬂ) (39)
2
R =2m[21,i — 25 i, =0, 4,07 =2mi{U +m —2mi,¢ =0, A" =m121,U —m’, A, =0, =—7’7.

Thus, the model with the chosen parameters as Eq. (38) satisfies the alignment condition (17). By
solving the GAP equations (31), Eq. (37), and combined with Eq. (38,39), we obtain the evolution of
VEV for Higgs bosons versus temperature plotted in Figure 1. The results in Fig.1 indicate that a phase
transition happens in A2HDM at7 =7 =237GelV . It is the second-order phase transition for both

doublets and follows the symmetry restoration scenario [17]. Because all VEVs are non-zero at 7' = 0,
they lightly decrease to zero as the temperature increases, and they all get zero value at7 =7, . That
means the model changes from the broken symmetry phase to the symmetry restoration phase when
T =T . This feature agrees with the data of the LHC obtained in 2012 and 2024 [3, 5].
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Figure 1. The dependence of VEVs on temperature T with the chosen parameters as Eq. (38).

Lastly, to confirm the second-order phase transition in the model, we use the imaginary time
formalism to calculate the integral terms in the CJT effective potential at finite temperatures.

{ —> it , with 0<r<l/TandJ. Zj f(z k)=iJ.f,a)n=27mT. (40)
T
to take the integrals is
1
P=(iDx)y=T = +n, |, 41
jl ) ,Z_Z:oj(zyz) e E2 -[(27;) E( Bj “h)
_ _ -1 ! d k 2 2 2 2
R—ItrlnD(k)—JT.IndetD (k)_Tn;ij[ln(w ~E})+In(e’ - E3 )]
P i (42)
d k 1 _f2
=[S E+2Tn|1-¢ 7 |+E,+2TIn[1-¢ 7 ||
(2r)?
2 3/2—-d/2 3
w=iw, =27inT,E* =k* + M?*,n, = _E/l ,Poz(“) Idksl
where e /T -1 2 (27z) E (43)
2)3/2711/2

2 2 3 2 2
_M (M ,RO:('U J-dk3E:M2 M3
167 U 2 (2r) 327 u 2

Then, we use Eq. (26), (38), (39), and Eq. (41-43) to draw the evolution of VT (26) versus VEV u
around the critical temperature 7. =237Gel . It is plotted in Figure 2 below. The result in Fig.2 shows

that the CJT effective potential (V") is negative when T < T.. It means that the considered model in
this paper is in the breaking symmetry phase when the temperature 7 < 7.. Furthermore, Fig.2 also
shows that the V" has only one minimum value when 7' < T, but this value approaches zero when 7' =
T., and V"> 0 when T > T.. This result proves that the phase transition in the system is of second

order, occurring at 7' = T.. The system transitions from a broken symmetry phase to a restored symmetry
phase at the critical temperature T.. Hence, the results in Fig.2 match the conclusion inferred from Fig.1,
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confirming that the phase transition in A2HDM is of the second-order type, following the restored
symmetry scenario. It must have occurred at7, =237Gel .

03
02!

0.1 }

00

\-/CJT. 10° (GeV fm"3)

-0.1

-02¢ A A R A .
0 50 100 150 200 250
u(GeV)

Figure 2. The dependence of V" on u at some values of temperature around T

3.2. Discussion

Since the results in Figure 1 are consistent with the LHC’s data, all the obtained results in this
paper are accurate. Thus, using the CJT formalism is ready for advanced methodology and modern for
studying phase transitions. On the other hand, the non-zero VEVs of two doublets in this model prove
the existence of the Higgs particles with determined masses. To make this conclusion more precise,
based on Eq.(37), we consider the dependence of Higgs’s effective masses on the temperature. The
result is shown in Fig. 3.

250

M(GeV)

0 10 200 300 400
T(GeV)

Figure 3. The T dependence of the effective masses M , (the red line) and M  (the blue line).
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Fig. 3 shows that the effective masses of the Higgs bosons are 125 GeV and 200 GeV for the light
(M , ) and heavy Higgs boson (M 1 ), respectively, at7 <100GeV . This information confirms that the

phase transition is second-order in the model, following the symmetry restoration scenario again.
Specifically, the mass of the light heavy Higgs is non-zero only when7' <7, =237GeV , the mass of the

heavy Higgs exists at a higher temperature 7' <340Ge) . However, we have not reached this temperature
in the Lab. Therefore, the results can suggest an experimental process for detecting the existence of the
Higgs boson.

In this paper, we have found that the phase transition in the A2HDM is second-order when the CJT
effective potential is renormalized to preserve the Goldstone theorem, while the phase transition in the
A2HDM is the soft first order if the CJT effective potential does not preserve the Goldstone theorem
[15]. That means the results of this work confirm that the order and feature of the phase transition process
in A2HDM strongly depend not only on the shape of the Higgs potential but also on the formalism used
to approach the research problems. Besides, the expected scenario of the phase transition can happen by
choosing suitable parameters based on the aim of the research, which is so important for numerical
studies.

4. Conclusions

In this work, we investigate the order and scenario of phase transition in A2HDM, which prevents
the mixing of h-Hy and satisfies the Goldstone theorem by using the CJT effective potential formalism
approach in the double-bubble approximation at finite temperature. The main results we found are in
order:

- We found that the CJT effective potential preserved the Goldstone theorem for ATHDM.

- The phase transition in the ATHDM is second-order and occurs following the symmetry restoration
scenario.

- We prove that the masses of the Higgs boson in the model are determined and match the LHC’s data.
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