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1. Introduction

Stochastic delay differential equations are crucial in the modeling of scientific and engineering
systems. The significance of stochastic differential delay equations (SDDEs) lies in the fact that many
phenomena observed in our surroundings do not have an immediate impact from the moment they occur.
For instance, in numerous physical phenomena with a random nature, the future state of a system is not
only determined by its current state, but also by its entire past history over a finite time interval.
Similarly, a patient may exhibit symptoms of an illness days or even weeks after being infected.

In this paper, we consider the basic stochastic differential delay equations of the form

X, =p0)+ [ b(s, X, X, )ds + [|o(s,X,, X, )dB,, 1€[0,T]
Xt = (/’(t), te [_’Z',O],

(1)

* Corresponding author.
E-mail address: nguyenthuhang_sdh2 1@hus.edu.vn

https//doi.org/10.25073/2588-1124/vnumap.5051



2 N. V. Tan, N. T. Hang / VNU Journal of Science: Mathematics — Physics, Vol. 42, No. 3 (2026) 1-14

where 7 >0and the initial data @:[-7,0]—>R is continuous deterministic function, (B),cjor) 18 @

standard Brownian motion and p,o are deterministic functions on R®. This model has been applied in
various contexts, as seen in [1]. However, it is important to note that the majority of SDDEs, including
those in the form of equation (1), cannot be solved explicitly. Naturally, one would like to investigate
the distribution function and properties of the solutions of (1). There have been numerous studies on
solutions for SDDEs. For instance, in 2000, E. Buckwar conducted research on the numerical analysis
of SDDEs with discrete time lags [1]. In 2003, Mao and his colleagues studied the numerical solutions
of SDDEs under the local Lipschitz condition [2]. More recently, in 2019, A. Bahar investigated the
numerical solution of Equation (1.1) under sufficient conditions when the delay term takes on random
values [3].

Additionally, the convergence rate is also a significant concern. E. Buckwar studied the weak
convergence of the Euler scheme (see [4]). In 2022, N.T.Dung and his colleagues provided an interesting
result on the weak convergence with respect to delay parameter of the solutions. In this paper, explicit
estimates for the rate of convergence can be found, along with their application to the Carathéodory
approximation scheme [5]. Our focus here is on the tail distribution and density of the solution of (1).
Because of their importance, the distribution function and density estimates have garnered considerable
attention in research. Notably, N.T.Dung has studied the tail distributions and densities of various
random processes using the techniques of Malliavin calculus (see [6-10]). More recently, we have
applied the same method to provide tail distribution estimates for the mixed-fractional CEV model and
fractional CIR model [11, 12]. In this paper, we continue to use the techniques of Malliavin calculus to
obtain explicit estimates for the tail distribution of solution of (1) as in Theorem 3.1 and some estimates
for density of the solution of (1) as in Theorem 4.1 and Theorem 4.2.

The rest of the paper is organized as follows: In section 2, we recall some fundamental concepts of
Malliavin calculus and some general estimates for tail distributions and densities. The main results of
the paper are presented and proven in Sections 3 and 4. Section 3 discusses tail distribution estimates,
while Section 4 focuses on density estimates.

2. Preliminaries

This paper is strongly based on techniques of Malliavin calculus. For the reader's convenience, let
us recall some elements of Malliavin calculus (for more details see [13]). We suppose that (B, ), r; 18

defined on a complete probability space (€%,F,F,P), where F = (F)eqo.ry s @ natural filtration
generated by the Brownian motion B. For /€ L’[0,T], we denote by B(h) the Wiener integral
T
B(h) = jo h(t)dB,.

Let S denote a dense subset of L*(Q,F,P) that consists of smooth random variables of the form
F = f(B(h).B(h,),.... B(h,)), (2)
where neN, feC;(R"),h,h,....h, [’[0,T]. If F has the form (2), we define its Malliavin
derivative as the process DF :=D,F,t €[0,T] given by

DtF=i;i(B(hl),B(hz)a---,B(hn))-hk )

k=1 xk
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More generally, for each & >1, we can define the iterated derivative operator on a cylindrical random
variable by setting

katk F=D,..DF.

4

For any 1< p,k <00, we denote by *” the closure of S with respect to the norm

T 2 T T 2
IF|2,=E|F| +E{(j0 D,F du)2}+...+E{(J.O D F P dtdt ).
A randon variable F is said Malliavin differentable if it belongs to D"*. For any F eD", the
Clark-Ocone formula says that

F - E[F]= IOTE[DXF | F1dB,.

To get the result on tail estimates, we use the following general estimate for tail probabilities:
Lemma 2.1. Let F D" is a centered random variable. Assume there exists a non-random constant
M such that

jTEDF 2 dr < M?
"E[D,F|FYdr<M* as.

Then following estimate for tail probabilities holds

XZ

P(FZx)SeiZMZ, x>0.

Proof. For the reader's convenience, we recall here the proof provided in [7]. By Clark-Ocone
formula, we have

F = E[F]+ IOT E[D.F| ¥ ||dB.,.

When E[F]=0 we have
F={ ELD,F|F, |ldB,.
Hence, for any A eR, it holds that
Ee* = Eexp[ﬂ [ ELD,F | 7, |1aB, - % [ (ELD.F | F ) dr+ % [l F |])2drj

2

EayE T A2 o1 R
<e? Eexp /1J'0 E[D,.F|f-,.|]dB,—7jo (E[D.F | F.)%dr |.
By It6 formula, the stochastic process
T A% T )
Ny =exp| A, BID,F| F, 1B, = [ (ELD,F| %, |)dr

satisfies
N, =1+ A[ N,E[D,F| . |ldB,.

Thus, EN, =1. We can get
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A2 22
Z_m? Z_m?
AF
Ee"" <e? EN,=e?

This, together with Markov's inequality, gives us

AF - x CTEy
P(F<x)=P(e" <e™)<e? , A1>0,xeR.

ﬁMZ
2

When x>0, the function 1 —e attains its minimum value at A4, =—. Choosing A =1,

we obtain

XZ

P(FZx)SeiW, x>0.

Similarly, we also have

x2

P(F<-x)=P(-F>-x)<e > x>0.

So, we deduce

2

X
M x> 0.

P(F[zx)<2e’
It know that any random variable F in L,(€),F,P) can be expanded into an orthogonal sum of its
Wiener chaos:

F=YJF.

n=0 "
where JF'=E(F) and J, denotes the projection onto the 72th Wiener chaos. From this chaos
expansion, one may define the Ornstein-Uhlenbeck operator L by
LF =) —nJ,F
n=0
and its pseudo-inverse by

r'F=Y-1sF
n

n=1

Let F' be in D"* with mean zero, and we define the function g, by

g, (x)= E(<DF,—DL’1F> | F= x), xeR.

LZ

Nourdin and Viens in [14] used this function to obtain a new density formula and to provide upper
and lower Gaussian estimates for this density. Theorem 3.1 and Corollary 3.5 of [14] can be ummarised
as follows.

Lemma 2.2. Let F' be in D"* with mean zero.

i) The law of I has a density p, with respect to the Lebesgue measure ifand only if g F (x) >0

a.s. In this case, Supp(p;) is a closed interval of R containing 0 and we have

E|F| (
exp
2g,(x)

xou
pr(x)= —J. duj, a.e. x € Supp(p;).

0 gp(u)
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i1) If there exist positive constants ¢, C such that, for all x € R, almost surely

T
¢< [D,FE[D,F|F)dr<C,
0

then the density o, of F exists and satisfies, for almost all x e R

E|F| x’ E|F| x’
—exp| — |£ xX)<——exp| —— |-
2C p( 20] T e

In the whole this section, we always consider the stochastic differential delay equation (1) with the
following basic assumptions:

(A,) The coefficients »,o: RxR —>R are Lipschitz and have linear growth, that is, there exists
K, L >0 such that

|b(x1ay1)_b(x27y2)|+| G(x1ay1)_(7(xzayz)|SK(|x1 —X |+| Y= |)
for all *1>%22V1>)2 eR and

|bCx, y) [+ o(x, p) IS L+ x|+ y )

for all Y eR.

(A, )0 isbounded, that is
”O'”m = sup |o(x,y)|< .
(x.7)eR
Hereafter, we denote by C a generic constant which may vary at each appearance.
For any a,b R, we denote av b= max{a,b} . In our proofs, we sometime use the fundamental
inequality

(a,+..+a) <n’(a’ +..+a"),

>
for all @@ 20 4 P >2.
For any function %4 of 72 variables, we denote
oh

h(x),.0x,) = g(xl,...,xn).

i

3. Tail Distribution Estimates
Proposition 3.1. Suppose Assumption 4, . Then, the equation (1) has a unique solution (X)igem
satisfies for every p > 1, we have
sup E| X, |"<C, 3)
0<t<T

Where C is a positive constant not depending on 7.
Proof. As we know, under the conditions of Lipschitz and linear growth properties of coefficients,
the equation (1) have a unique solution. We refer the reader to [3] for more details.
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Next, we prove (3). For any p>2, it follows from (1) that

P t
+ ‘ [ ots.x,, X, )dB,

t P
X, <3 (| PO +|[ b5, XX, )ds j ref0.7)

By using Holder and Burkholder-Davis-Gundy inequalities we deduce
2,
E|X, <37 [p0)) +37 07 [ E|b(s, X, X, )| ds+37Ce [ E|o(s,X,, X, )| ds.

By Assumption (4,) we get

|b(s, X, X, V<L (14| X [+ X ) <2377 (10| X 1P+ XL 1),

|0(8, X, X, DP<L (14| X, |+ X, ) <2237 (14| X, 17+ X, ).
Consequently

E|X, [P<C+ CLPL:E(H | X, 1+ X, | )ds
<C+C[E|X,P ds+C[ E|X, | ds
0 0

<C+C[E|X, 1 ds+C[" ptsyds+ [ E | X, ds.

0

Note that ¢ is a continuous function on [~7,0] then ¢ is bounded on [-7,0]. Consequently,
E|X, |"£C+CJ-;E|Xs P ds, 0<t<T,

where C is positive constant depending on L, p,T. By Gronwall's lemma we hence
E|X, |'<Ce” <C, 0<t<T,p>2.
q p 4
Because L'0, T I7[0,T] for all 0<g<p, E|X, ['<C, 0<t<T,p=l.

This finishes the proof of the proposition.
Proposition 3.2. Let the assumption 4 holds. Then, the unique solution (X))

so we imply

ey OF (1) 18
Malliavin differentable. Moreover, the derivative D,X, satisfies
i) When ¢ €[-7,0],D,X, =0, forall 0<o<T,
ii) When ¢ €(0,7],D,X, =0 for 8>¢
D,X,=0(0,X,,X, )+ [ b,(s)D,X,ds + | b,(s)D,X, ds

, 4)
+[ &, )D, X, dB, +[ G\(s)D,X, dB,, 0<0<t-t

D, X, =0(0,X,, X, )+ [ b,()D, X ds + [ &,(s)D,X,dB,, (t-1)v0<O<t. (5)

where l;z(s),52 (S),l;3 (5),0,(s) are adapted stochastic processes and bounded by the Lipschitz constant
K. Here, we use the convention [O,I - T] =0 ift<r.

Proof. For t €[-7,0], we have X, =@(t) is deterministic. Hence, the Malliavin derivative of X,
are vanished, that is, D, X, =0 for all 0<@<T7. On the other hand, since the solution (X,),,, is F,-
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adapted, we have D,X, =0 for 6>7. When @ <¢, by using the same argument as in the proof of
Theorem 2.2.1 in [13] we can show that the solution (X,),,,, is Malliavin differentable. Moreover,
appling the derivative operator D to the solution of the equation (1), we obtain
D,X, =0(0,X,, X, )+ [ Dylb(s, X, X, )ds + [ D,[o(s, X, X, )dB,, t&(0,T]. (6)
By Lipschitz property of » and o, using Proposition 1.2.4 in [13] we imply that there exists
l;z(s),52 (S),Z%(S), 0, (s) that are adapted processes and bounded by K such that
Dylb(s, X, X, )1=by($)DpX, +b,()D, X, (7
Dylo(s, X, X, )]=0,(5)DyX, +03()D, X, _.. (8)
Inserting (7) and (8) into (6) we have
D,X,=0(0,X,,X, )+ [ b,(s)D, X ds + [ by(5)D, X, ds
+ [ &,(5)D, X dB, + [ 5,(s)D, X, dB,.
Because D,X __=0for 6>s5—7, we obtain the equations (4) and (5). The proof of Proposition is

complete.
Proposition 3.3. Let the assumptions (4,) and (4,) hold. Let (X,)

equation (1). Then we have

.y D€ the solution to the

4K2+4K)t

EID,X,| P <|of ¢ , 9<t<T.
Proof. From equations (4) and (5) we can rewrite D, X, as follows
DX, =0(0,X,,X, )+ [ by(s)D, X ds + [ by()D, X, Ly, ,(s)ds
+[ &,()D, X, dB, + [ 5,(5)D, X, V.. ,(5)dB,
for 0< @<t <T. Thanks to It6 formula, we have

D, X, P=|o(0,X,, X, )+ (2b,(5)+ 55(9))| D, X, “ds

2 ds+ .[;(53 (S)1[6'+r,t] (S))2 |D9XS_T
+ .[;(253 (s)+25,(s)T, (S))DQXSDGXH 1., (s)ds

t —
+[125,(9)|D, X,

“dB, + [ 25,()D, X D, X, Ny, (5)dB,.
Using the fundamental inequality a’ +b” >2ab, we deduce

P+ [1(25,(9) + 53(5) +[By(5) + 5,95, ()| () D X,
(M () +[5y(9) + G, ()N ())ID, X,

+[25,(5)|D, X | dB, + [ 25,(5)D, X, D, X, 1., ()dB,.

| D, X, [<|0(6,X,,X,.,) ? ds

*ds

Because of Assumption (4,) and the boundedness of b,(s),b,(s),5;(s),5,(s), we can see
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BN D,X, P| F,1< ol +(2K7 +3K) [ E[ D, X,

| ﬁ}ds +(2K7 + K)L’EDDHXH

|, Jds

<[lof} +@K> +4K)[ E||D,X [ | 7, |ds.

Thanks to Gronwall's lemma we obtain

4K2+4K)(t—(9) < "0_”2 e(4K2+4K)t
- 0

El| DX, | ] <o ¢ . 0<1<T.

The proof of Proposition is complete.

Theorem 3.1. Let the assumptions (4,) and (4,) hold. Let (X,) be the solution to the

te[-7,T]

equation (1). Then, for each ¢ €(0,T], the tail distribution of X , satisfies

(x—| EX, )’
P(|XI |2X)326Xp m s X2|EXZ |
2o, e
Proof. Proposition 3.3 holds that
jOT E[| D, X, | F,1d6 = jO’E[| D,X, F| Fldo <ol L o <i<T.

Fixed 1 €(0,T], we consider the random variable F =X, —EX,. It is easy to see that EF =0 and
D,F=D,X,. So F fulfills the conditions of Lemma 2.1. Consequently,
P( X, [2x)=P(X, |- EX, 2 x| EX, )
< P(|X, - EX, |2 x-| EX, )= P( F |2 x~| EX, |)

(—| EX, )”

<2exp -
2”0”1 e(41< +4K )t

X2 EX,|.

This finishes the proof.

4. Smoothness and Gaussian Density Estimates

We have to additionally impose the following condition:
(A,) D(x,y)and o(x,)are twice differentable with bounded derivatives.
Remark 4.1. When assumption (4;) holds, D,X, in Proposition 3.2 becomes
i) When ¢ €[-7,0],D,X, =0, forall 0<o<T,
ii) When ¢ €(0,7],D,X, =0 for 6> and
DX, =0(0,X,, X, )+ [[ b5, X, X, ID,X,ds+ [ bi(s,X,, X, )D,X, ds

)
+[ 015, X, X, )D,X,dB,+ [ (s, X,, X, )D,X, dB,, 0<0<t-r.

D,X,=0(0.X,.X, )+ [ bj(s.X,.X, )D,X ds
t ’ (10)
+ [ o3(s. X, X, )D, X dB,, (t-T)vO<O<L.
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be the

solution to the equation (1). In addition, we assume that ||O'|| 0 = inf i |o(x,y)[>a>0. Then, exists a
(x.y)eR

Proposition 4.1. Assume that the assumptions (4,),(4,)and (4;) hold and let (X))

te[-7,T]

finite constant C > O such that
|D,X,|<C as. for 0<O<t<T.

Proof. From Remark 4.1, D, X, can rewrite as follows

DX, =00, X, X, )+ [[by (5, X, X, D, X ds + [ by(5, X, X, DX, Ny, y(s)ds
’ (11)
+ [ 0x (5. X, X, D, X,dB, + [ 00(5,X . X, D, X, V..., (5)dB,.

We consider the process ¥, = F (X, ) for 0<¢<T where F(x)= f X;dy. By the chain rule
0 O'(y, Y= 2—)
of Malliavin derivative, we have

D, X, =o(t,X,,X,,)D,Y,,0<0<¢<T. (12)

By Itd's formula, we get

t, X, X
dy = M—l(az,(t,Xt,XH)+03,(t,X[,X[_T)) dt+dB,.
ot,X,,X, ) 2
Equivalently
Y=Y +I(t)+B, t€[0,T], (13)
where
ff b(s, X, X _ ) 1
)= | —————=(0y(s, X, X _)+o,(s,X,X _))Ws.
© Io(a(s,XS,XS_T) (o6 X K)ol ))jd
For 0S0<t—7 we have
— ! bé (S7 Xr ’XY—T)O-(S’ Xv’Xv—r) - O-; (S’ Xv ’Xv—r )b(s’ X&"X&'—T)
D‘gl(t)_jg O'Z(S,X,X_)
+jt b:‘:(S’XS7XS—T)G('S’XY’XY—Z')+G;(S7XY7XY—T)b(S’XV’XS—Z')
o+ o’ (s, X, X, )

D, X ds

D, X ds
t]
+f 05(022,, (5, X,,X,_)+ 0, (5, X,,X,_.))D, X ds

+ L%(a23 (5, X,, X, )+ 0, (5, X, X,.))D, X, _ds.
From the assumptions (4, ),(4,),(4;), we obtain
|D,1(0) [<C[|D, X [ds +C|| |D,X, Jds <C['|D,X,
Combining with (12) and (13) we hence
| DY, [<C||D,Y, Jds.

ds.

Using Gronwall inequality
|D,Y [<expC(t—0)<C. (14)
Consequently
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|D, X, [<C, 0<¢t<T.
Proposition 4.2. Let (X)) ., be the unique solution to the equation (1). Assume that the

assumptions (4,),(4,)and (4;) hold. In addition, we assume that ||O'||0 = (xiyrgkz |o(x,y)[>a>0. Then,

exists a finite constant ¢ > 0 such that
[/ D,X,ED,X,| F;Jd0 2 ct as.forall t€(0,T]

Proof. We have
DX, =00, X, X, )+ [[by (5, X, X DX ds + [ by(5, X, X, DX, Ny, 5 (s)ds

[ 00 (5, X, X, DX dB, + [ 0(5,X,, X, D, X, .. ,(5)dB,,
with the initial condition D,X,|_,=0(0,X,,X, ). Hence, by the comparison theorem, D,X, >0
when 0(0,X,,X, )20 and D,X, <0 when 0(6,X,,X, )<0. So, forall g<¢<T,
D, X .E[D,X,|F,]20 a.s.

For ¢ € .1} we define
h(t) = Ltl,gr D,X,E[D,X,|F,]d6 = Lrl,gt o(t,X,.X,_)D,Y,E[c(t,X,, X, )D,Y,| F,]d6.

From the equation (13) we have D,Y =D,I(f)+1. So, we can rewrite /(¢) as follows
=] o, X, )E[otX,.X, )| F]do
+ f:l,g)ff(f X, X, _DE[o(t,X,,X,_)D,I(t)| F,|d6
+ f:l_g)ta(t,Xt,Xt_,)Dgl (DE[o(t,X,,X, )| F,]|d6
+ J:lig)ta(t,Xt,Xt_T )D,I()E[o(t,X,, X, )D,I(1)| F,]d.
By (14), D,I(t)< C(t-6). Hence, we get
[, 0X X, DE[o(t.X,. X, )D,I(0)] Jig]de‘ <Clof’ j:mt (t-0)dO<CPs’,

<Ct’e?,

j:r ; o(t,X,,X,_)D,()E[o(t.X,, X, )| F,]d6

j(‘H)t o(t,X,, X, D) E[o(t,X,, X, )D,L(t)| F, ]d@‘ <Cfe’.

Using the elementary inequatily |a + b| > |a| - |b| yields

h(t) > j(’liw o(t, X,, X, )E[o(t,X,, X, )| F,|d0-2Ci*e* - Crs?
z (-¢)t

>te (||0'||3 —2Cte —Ct*&? )

ol do-2Cr’e® - Cr'e’
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2
o
We choose & €(0,1] such that 2Cte + Ct’e” < M, then we obtain

2

|,
h(t)> T“zg =ct.

The proof of Proposition is complete.

Theorem 4.1. The assumptions in Proposition 4.2 are satisfied and let (X,) be the unique

te[-7,T]
solution to the equation (1). Then, for each f€(0,T], the law of randon variable X , 1s absolutely
continuous with respect to Lebesgue measure on R. Moreover, the density p, of X, satisfies the

bounds for all x e R
E|X, -EX -EX,))
B2 AN UCSD 298 RPN
2Ct 2ct ’
where ¢,C are finite positive constants not depending on z.
Proof. For each t €(0,T], we consider the random variable F:=X, —EX,. It is easy to show th F

E| X, - EX, |exp[<x—EX,)2j as)

2ct 2Ct

has mean zero and is Malliavin differentiable with D,F'=D,X,. Hence, by Proposition 4.1 and

Proposition 4.2, we can get
ct<p.(x)<Ct, xeR,

where p,.(x) is the density of the random variable F. From Lemma 2.2, we can conclude that the
2

. : E|F| -X E|F]| —x?
densit satisfies exp| — |< x)<——exp| — | xeR.
Y Pr 2Ct p( 2ch Pr(x)<——=exp

Moreover, p, (x) = p.(x—EX,). So, we obtain (15).

Theorem 4.2. Suppose the Assumptions (A4, )and (4,). Let (X)) be the solution to the

tel-7,T]
equation (1). In addition, we assume that b(x, V) and 0(X,)) are infinitely differentiable functions in
x,y with bounded derivatives of all orders. Then, for each € (0, T ], the random variable X , has an
infinitely differentiable density with respect to Lebesgue measure on R.
Proof. Fix t € (0,71, using Theorem 2.1.4 in [13], we have to check the following two properties:
i X, eD” =D

2l p>1
.o 277!
i) E[|| DX, ] eN ().
p=1

On the other hand, it is easy to show that the coefficients of equation (1) are infinitely differentiable
in X and y with bounded partial derivatives of all orders. Therefore, we can deduce that X, e D”. So,
property 1) is checked. Now, let us check property ii)

From equation (11), using Holder and Burkholder-Davis-Gundy inequalities and Gronwall's lemma,
we can verify that

sup E|D,X,[’<C, Vp=2, (17)

6,1€[0,T]
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2

where C is a positive constant. By using the fundamental inequality (a+b+c¢)* > % —2(b* + %), we

obtain from the equation (11) that
2
D,X, 2 %o-z (X, X, )— Z(I;b; (s, X,,X, ,)D,X ds+ I;b; (s, X, X, )D,X, . l[eﬁ,t](s)ds)

2
- 2( L o,(s,X,, X, )D,X dB, + L 0,(5, X, X, DX 1y, ((5)dB, ) ,0<O<t<T.

4

For each y 2 ), = ——, the real number &:=———— belong to (0,1]. Hence,
0 0
t]or vt|o|
2 t
IDX [ 07y 2 L(lic)u)g)(, ?de
|
> t(lfc)iaz()(g,xg%)de

2
t t t
) ,m)( j‘gb2 (s,X,,X,_)D,X ds+ j9b3 (s, X, X, )D,X, l[gﬁ’t](s)ds) de
2
t t t
- 2 1(1-5) (IG 0-2 (S’ XS s Xt—r )DQdeBx + Jlg 0-3 (S’ Xx b X.v—r )DGXSfr 1[6’+T,t] (S)st ) dg

Zt 2
ZW—Q(Z):;_[)/«(ZL

Where

t t t 2
1,(H)=2 jm_g)( [ a5, X, X DX ds + [ by(s, X, X, DX, Ay, (s)ds) do

2
t t t
+2 L(H)(Laz (5, X,, X, )D, X ,dB, + [ 03(s.X,, X, )Dngfrl[eﬂyt](s)st) de.

By Markov inequality, we get

1 2 1 1
2
P[II DX, "LZ[O,T]S_]SP[__QU)S—jZP(Iy(t) Z_j (18)
Y y Y Y
4 4
SYE|L@O] |,Vg=2. (19)
¢ 9, 4
By the inequality (|a|+|b[)2 <2% ||a|> +|b|* |, we obtain
q
2

] . 2
E|I (t))r<2¢" E(.r(l )(J‘;bz(s,Xs,XH)Dngds+LbS(s,XS,XH)DaXleH,](s)ds) do
’ t(l-¢ k

49

P 2
E[ [ i )( J"o‘z (s,X,,X, )D,X dB, + L, oy (, X, X, DX, 1., f](s)st) dHJ
t(l-¢ ° >

4

By using Holder and Burkholder-Davis-Gundy inequalities, we have
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teceol ([ e B pasior [ ([EIDx P as)f
E|1,(H)P<C(te) I,(H)("Q) LE|D9XS| dsd 6 + J‘t(lg)(LE|DgXS| ds) .

From (17), we imply that

E|1,(t) |%g Clee)? [ fa (- 0):d0 + j’( (- .9)3619] <C(te)' =C { ] 4 7 J . (0
- t(l-¢ y 00

where C is positive constant not depending on #. Combining (19) and (20) we deduce

q
1 0 4
P[”DXt”;[O,T] S;ngyZ[ ] , Vq22,y2y,.

2
V]
Forany p2>1 and ¢>2p, we have the following estimates

L
Iox.|I

12[0,T]

= .[:pyp_lP(||DXt

-2
1*[0,T] 2 y)dy

(] _ ® _ 1
< J? Y’ 1dy+J'yo v’ ]P[”DXz”iz[o,r] < ;jdy

q
- af 4
<yi+pC[ yly? 5| dy
" Y]l

p p-4

=yé’+pC[ : } Yo
> :

loall ) p-4

. So we obtain

We recall here that y, = %
to|

E +p <oo,Vp2
"DX t17[0,T]

The property ii) is proved. The proof of Theorem is completed.

5. Conclusion

In this paper, we utilized Malliavin calculus techniques to estimate the tail distribution and density
of solutions for stochastic differential delay equations (SDDEs). Our contribution lies in our ability to obtain
explicit estimates for tail distributions, as well as upper and lower Gaussian estimates for density. This work
adds to the fundamental properties of SDDEs and enriches our understanding of them.
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