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Abstract:  Theoretical study of the Hall effect in an infinite semi-parabolic Quantum Well 

(ISPQW) in the presence of electromagnetic using the quantum kinetic equation in the case of 

electron-acoustic phonon scattering. With the quantum kinetic equation method, the electron 

distribution function is constructed, from which analytic expressions for the conductivity tensor 

and the Hall coefficient are derived. The results reveal that the Hall coefficient exhibits a nonlinear 

dependence on temperature T, magnetic field B, electromagnetic wave frequency 𝛺, and 

confinement frequency 𝜔𝑧. Numerical calculations are carried out for a GaAs/AlGaAs quantum 

well, analyzing the influence of external fields and confinement parameters. Notably, the presence 

of the electromagnetic wave induces quantum oscillations of the Shubnikov–de Haas type and 

reduces the average value of the Hall coefficient at high magnetic fields. The results contribute to a 

deeper understanding of the quantum nature of the Hall effect in asymmetric quantum systems and 

expand the potential applications of low-dimensional semiconductor structures in advanced 

nanoelectronic and quantum technologies.   

Keywords: Hall effect, electron-acoustic phonon scattering, infinite semi-parabolic Quantum Well, 

electromagnetic wave, quantum kinetic equation.* 

1. Introduction  

The rapid development of science and technology in recent decades has paved the way for the 
fabrication and study of low-dimensional semiconductor materials and nanostructures, such as 

superlattices, quantum wells, quantum wires, and quantum dots [1-5]. In these systems, the motion of 
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charge carriers (electrons and holes) is strongly confined in one or more spatial directions, leading to 

energy quantization and the emergence of novel physical phenomena not found in bulk 
semiconductors. 

Among the most significant phenomena in low-dimensional systems is the Hall effect, especially 

under the influence of strong electromagnetic waves and low temperatures [6-8]. In such conditions, 
the energy levels of charge carriers are quantized into Landau levels, resulting in striking effects such 

as the Integer and Fractional Quantum Hall Effects-key discoveries in condensed matter physics that 

were recognized with Nobel Prizes [9]. Continued interest in the Hall effect in asymmetric systems, 

particularly under strong external fields and interactions with confined phonons [10-12]. While well 
understood in bulk and simple low-dimensional systems, its behavior in complex quantum wells under 

external fields remains less explored. In particular, the combined effects of a perpendicular magnetic 

field, a static electric field, and an intense electromagnetic wave on the Hall effect in ISPQWs have 
not been thoroughly investigated. 

In this work, we use the quantum kinetic equation method to study the Hall effect in ISPQWs, 

considering electron–acoustic phonon scattering. Analytical expressions for the Hall coefficient are 
derived, and numerical results show its dependence on magnetic field strength, temperature, 

electromagnetic wave intensity and frequency, and confinement potential. Remarkably, strong 

oscillations in the Hall coefficient are observed at low temperatures and magnetic fields, highlighting 

the distinct transport behavior in ISPQW structures compared to bulk materials. 

2. Theoretical Framework 

2.1. Energy Spectrum and Wave Function of Electrons in a Quantum Well when Placed in 

Perpendicular Electric and Magnetic Fields 

Consider an electron trapped in a quantum well of the form: 

V(z) = {
∞, z < 0
1

2
meωz

2z2, z ≥ 0
(1) 

where 𝑚𝑒 is the mass of the electron; ωz and βz is a parameter characterizing the confinement. 

Place the quantum well (1) in a magnetic field B⃗⃗ = (0,0, B) and an electric field E⃗⃗ = (E, 0,0). 

Choose the vector potential of the above magnetic field as A⃗⃗ = (0, Bx, 0) then the single-particle wave 

function and the corresponding energy of the electron are [13, 14]: 

ψ(r ) = ψ0Φ(x − x0)e
ikyyϕn(z) (2) 

εN,n(ky
⃗⃗⃗⃗ ) = ℏωc (N +

1

2
) + ℏωz (2n +

3

2
) + ℏνdky −

1

2
meνd

2 (3) 

where N is the Landau level index and n is the sublevel index, ωc =
eB

me
 is the cyclotron frequency, 

νd = −
E1

B
 is the velocity of electron drift. Φ(x − x0) is the wave function centered at x0 =

−l2 (ky −
meνd

ℏ
), where l = √

ℏ

eB
 is the radius of the cyclotron in the Oxy plane, ϕn(z) is an 

eigenfunction and is given by: 

ϕn(z) = An ⋅ z2s ⋅ e
−

z2

αz
2
⋅ Ln

γ
(
z2

αz
2
) (4) 
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Where Ln
γ (z) Laguerre polynomial; s =

1

4
(1 + √1 + 4βz); γ = 2s −

1

2
;αz = √

ℏ

meωz
. 

2.2. Hall Effect in the Infinite Semi-parabolic Quantum Well under the Influence of a Strong 

Electromagnetic Wave 

The Hamiltonian of the electron-phonon network in the second quantized representation is written as: 

H = ∑ εN,n

N,n,ky
⃗⃗ ⃗⃗  

(ky
⃗⃗⃗⃗ −

e

ℏc
A⃗⃗ (t))a

N,n,ky
⃗⃗ ⃗⃗  

+ a
N,n,ky

⃗⃗ ⃗⃗  + ∑ℏ

q⃗⃗ 

ωq⃗⃗ bq⃗⃗ 
+bq⃗⃗ +

+ ∑ ∑ ∑ Cq⃗⃗ In,n′(qz)JN,N′(u)

q⃗⃗ ,ky
⃗⃗ ⃗⃗  n,n′N,N′

a
N′,n′,ky

⃗⃗ ⃗⃗  +q⃗⃗ 
+ a

N,n,ky
⃗⃗ ⃗⃗  (bq⃗⃗ + b−q⃗⃗ 

+ ) + ∑ φ(k⃗ )a
n,N,ky

⃗⃗ ⃗⃗  +q⃗⃗ 
+

n,N,k⃗⃗ 

a
n,N,ky

⃗⃗ ⃗⃗  

(5) 

In which a+
n,,N,py⃗⃗⃗⃗  ⃗   and an,,N,py⃗⃗⃗⃗  ⃗ (bk⃗⃗ 

+ and  b
k⃗⃗ 
) are the creation and annihilation operators of electron 

(phonon). The vector potential of laser radiation is the electromagnetic wave (EMW) A(t) =
c

Ω
E0 cos(Ωt). 𝑛 and 𝑛′ are the band indices of states | n,N, ky ⃗⃗ ⃗⃗  ⃗⟩ and | n′, N′, ky

⃗⃗⃗⃗ + q⃗ ⟩, respectively εN,n is 

the electron energy spectrum, ky
⃗⃗⃗⃗ , q⃗  are the wave vectors of electrons and phonons, respectively. C(q⃗ ) 

is the interaction constant that depends on the type of electron-phonon interaction. 

In,n′ is the form factor of the electron and is given by: 

In,n′ =
11√π

√2αz

(6) 

and 

|JN,N′(u)|
2

=
Nmin!

Nmax!
e−uuNmax−Nmin [LNmin

Nmax−Nmin(u)]
2

(7) 

where Nmin = min{N,N′}, Nmax = max{N, N′}, u =
lB
2 q⊥

2

2
, q⊥

2 = qx
2 + qy

2, LNmin

Nmax−Nmin(u) is the adjoint 

Laguerre polynomial. φ(k⃗ ) = (2πi)3(eE⃗⃗ + ωH[k⃗ , h⃗ ])
∂

∂k⃗⃗ 
δ(k⃗ )  is a scalar potential. 

Using Hamiltonian (5) in the quantum dynamic equations for the particle number operator in the 

infinite semi-parabolic quantum well: 

      iℏ
∂f

N,n,ky
⃗⃗ ⃗⃗  (t)

∂t
=< [a

N,n,ky
⃗⃗ ⃗⃗  

+ a
N,n,ky

⃗⃗ ⃗⃗  , H] >
t

(8) 

The quantum kinetic equation for the electron distribution has now become: 

−(eE1
⃗⃗⃗⃗ + ℏωc[ky

⃗⃗⃗⃗ , h⃗ ])
∂f

N,n,ky
⃗⃗ ⃗⃗  

ℏ ∂ky
⃗⃗⃗⃗ 

+
hky
⃗⃗⃗⃗ 

me

∂f
N,n,ky

⃗⃗ ⃗⃗  

∂r 
= −

f
N,n,ky

⃗⃗ ⃗⃗  − f0

τ

+
2π

ℏ
∑ |C(q⃗ )|2|In,n′|

2
|JN,N′(u)|

2

N′,n′,q⃗⃗ 

∑ Js
2

+∞

s=−∞

(
λ

Ω
) {[f

N′,n′,ky
⃗⃗ ⃗⃗  +qy⃗⃗⃗⃗  ⃗

(Nq⃗⃗ + 1) − f
N,n,ky

⃗⃗ ⃗⃗  Nq⃗⃗ ]

× δ(εN′,n′(ky
⃗⃗⃗⃗ + qy⃗⃗⃗⃗ ) − εN,n(ky

⃗⃗⃗⃗ ) − ℏωq⃗⃗ − sℏΩ) + [f
N′,n′,ky

⃗⃗ ⃗⃗  −qy⃗⃗⃗⃗  ⃗
Nq⃗⃗ 

−f
N,n,ky

⃗⃗ ⃗⃗  (Nq⃗⃗ + 1)]δ(εN′,n′(ky
⃗⃗⃗⃗ − qy⃗⃗⃗⃗ ) − εN,n(ky

⃗⃗⃗⃗ ) + ℏωq⃗⃗ − sℏΩ)}

, (9) 
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where h⃗ =
B⃗⃗ 

B
 is the unit vector along the magnetic field, f0 is the Fermi-Dirac distribution, τ is the 

momentum relaxation time of the electron (𝜏~𝜀−
1

2), f
N,n,ky

⃗⃗ ⃗⃗   is the electron distribution function 

perturbed by an external field and λ =
eE0⃗⃗⃗⃗  ⃗qy⃗⃗⃗⃗  ⃗

meΩ
. 

In (10), we limit the problem to the case of s = −1,0,1 so that we get the expression for the 

specific current density: 

R⃗⃗ (ε) =
τ

1 + ωc
2τ2

{(Q⃗⃗ (ε) + S⃗ (ε)) − ωcτ([h⃗ , Q⃗⃗ (ε)] + [h⃗ , S⃗ (ε)])

+ωc
2τ2(Q⃗⃗ (ε)h⃗ + S⃗ (ε)h⃗ )h⃗ }

(10) 

where 

Q⃗⃗ (ε) = −
e

me
∑ ky

⃗⃗⃗⃗ 

N,n,ky
⃗⃗ ⃗⃗  

(F⃗ 
∂f

N,n,ky
⃗⃗ ⃗⃗  

∂ky
⃗⃗⃗⃗ 

) δ (ε − εN,n(ky
⃗⃗⃗⃗ )) (11) 

and 

S⃗ (ε) =
2πe

me
∑ ∑ ∑ |C(q⃗ )|2|In,n′|

2
|JN,N′(u)|

2

q⃗⃗ ,ky
⃗⃗ ⃗⃗  N,nN′ .n′

Nq⃗⃗ ky
⃗⃗⃗⃗ 

× {[f
N′,n′,ky+qy⃗⃗⃗⃗  ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  − f

N,n,ky
⃗⃗ ⃗⃗  ] [(1 −

λ2

2Ω2
) δ(εN′,n′(ky

⃗⃗⃗⃗ + qy⃗⃗⃗⃗ ) − εN,n(ky
⃗⃗⃗⃗ ) − ℏωq⃗⃗ )

+
λ2

4Ω2
(εN′,n′(ky

⃗⃗⃗⃗ + qy⃗⃗⃗⃗ ) − εN,n(ky
⃗⃗⃗⃗ ) − ℏωq⃗⃗ + ℏΩ)

+
λ2

4Ω2
(εN′,n′(ky

⃗⃗⃗⃗ + qy⃗⃗⃗⃗ ) − εN,n(ky
⃗⃗⃗⃗ ) − ℏωq⃗⃗ − ℏΩ)]

+[f
N′,n′,ky−qy⃗⃗⃗⃗  ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  − f

N,n,ky
⃗⃗ ⃗⃗  ] [(1 −

λ2

2Ω2
) δ(εN′,n′(ky

⃗⃗⃗⃗ − qy⃗⃗⃗⃗ ) − εN,n(ky
⃗⃗⃗⃗ ) + ℏωq⃗⃗ )

+
λ2

4Ω2
(εN′,n′(ky

⃗⃗⃗⃗ − qy⃗⃗⃗⃗ ) − εN,n(ky
⃗⃗⃗⃗ ) + ℏωq⃗⃗ + ℏΩ)

+
λ2

4Ω2
(εN′,n′(ky

⃗⃗⃗⃗ − qy⃗⃗⃗⃗ ) − εN,n(ky
⃗⃗⃗⃗ ) + ℏωq⃗⃗ − ℏΩ)]}δ (ε − εN,n(ky

⃗⃗⃗⃗ ))

(12) 

The expression is general and can be applied to different types of phonons. From this expression, 

we get the expression for the current density according to the formula: 

J = ∫ R⃗⃗ 
∞

0

(ε)dε (13) 

At low temperatures, acoustic phonon scattering has an important role. If the temperature is low 
enough, the electron gas is assumed to be degenerate. Besides, in terms of Acoustic Phonon 

Scattering, ℏωq⃗⃗ = ℏvsq, Nq⃗⃗ =
kBT

ℏωq⃗⃗ 
=

1

βℏvsq
. If the scattering is elastic, we can ignore the energy of the 

acoustic phonons in the delta functions in the expression (12). Here, the magnetic field and 

electromagnetic waves are strong enough that the distance between the Landau levels (cyclotron 
energy) and the photon energy is much larger than the acoustic phonon energy. So that (12) becomes: 
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S⃗ (ε) =
4πe

me
∑ ∑ ∑ |C(q⃗ )|2|In,n′|

2
|JN,N′(u)|

2

q⃗⃗ ,ky
⃗⃗ ⃗⃗  n,n′N,N′

Nq⃗⃗ ky
⃗⃗⃗⃗ [f

N′,n′,ky
⃗⃗ ⃗⃗  +qy⃗⃗⃗⃗  ⃗

− f
N,n,ky

⃗⃗ ⃗⃗  ] × 

× [(1 −
λ2

2Ω2
) δ(εN′,n′(ky

⃗⃗⃗⃗ + qy⃗⃗⃗⃗ ) − εN,n(ky
⃗⃗⃗⃗ )) +

λ2

4Ω2
(εN′,n′(ky

⃗⃗⃗⃗ + qy⃗⃗⃗⃗ ) − εN,n(ky
⃗⃗⃗⃗ ) + ℏΩ) +   

       +
λ2

4Ω2
(εN′,n′(ky

⃗⃗⃗⃗ + qy⃗⃗⃗⃗ ) − εN,n(ky
⃗⃗⃗⃗ ) − ℏΩ)]δ (ε − εN,n(ky

⃗⃗⃗⃗ ))                                                           (14) 

The acoustic electron-phonon Scattering interaction coefficient is the following: 

|C(q⃗ )|2 =
ℏξ2q⃗ 

2V0ρvs

(15) 

From the above equations, we finally obtain the expression for the total current density: 

J =
τ

1 + ωc
2τ2

{Q⃗⃗ + S⃗ − ωcτ[h, Q⃗⃗ + S⃗ ] + ωc
2τ2h(h⃗ , Q⃗⃗ + S⃗ )} = L(Q⃗⃗ ) + L(S⃗ ) (16) 

with: 

L0 (Q⃗⃗ (ε)) =
aτ(ε)

1 + ωc
2τ2(ε)

δjm[δij − ωcτ(ε)εijkhk + ωc
2τ2hihj]Eim (17) 

L0 (S⃗ (ε)) = b(
τ(ε)

1 + ωc
2τ2(ε)

) [δijSj − ωcτ(ε)εijkhk + ωc
2τ2(ε)hihj]δil × 

                                × (
τ(ε)

1 + ωc
2τ2(ε)

) {δlm − ωcτεlmphp + ωc
2τ2hlhm}Eim                                            (18) 

The terms a and b are given below: 

a =
e2Ly

2πmeℏ
2νd

(εN,n − εF) (19) 

b =
τ

1 + ωc
2τ2

4πe2

me
2

(b1 + b2 + b3 + b4) (20) 

Here: 

b1 =
ξ2Ly|In,n′|

2

2(2π)2lB
2ℏ4vd

2ωcβρvs
2 ⋅

eBl‾

ℏ
(εN,n − εF) [1 + 2∑(−1)s

∞

s=1

e
(−

2πsΓ
ℏωc

)
cos(2πsε‾1)]

b2 =
−ξ2Ly|In,n′|

2

4(2π)2lB
2ℏ4vd

2ωcβρvs
2

e2E0
2

me
2Ω4

(
eBl‾

ℏ
)

3

(εN,n − εF) [1 + 2∑(−1)s

∞

s=1

e
(−

2πsΓ
ℏωc

)
cos(2πsε‾1)]

b3 =
−ξ2Ly|In,n′|

2

8(2π)2lB
2ℏ4vd

2ωcβρvs
2

e2E0
2

me
2Ω4

(
eBl‾

ℏ
)

3

(εN,n − εF) [1 + 2∑(−1)s

∞

s=1

e
(−

2πsΓ
ℏωc

)
cos(2πsε‾2)]

b4 =
−ξ2Ly|In,n′|

2

8(2π)2lB
2ℏ4vd

2ωcβρvs
2

e2E0
2

me
2Ω4

(
eBl‾

ℏ
)

3

(εN,n − εF) [1 + 2∑(−1)s

∞

s=1

e
(−

2πsΓ
ℏωc

)
cos(2πsε‾3)]

 

Where 
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l = (√N +
1

2
+ √N +

3

2
)

lB
2

ε1‾ =
(n − n′)ℏωz + eE1l‾

ℏωc

ε2‾ = ε1‾ −
Ω

ωc
, ε3‾ = ε1‾ +

Ω

ωc

 

The electron distribution function is now non-equilibrium, and the current density is non-linear as 

a result. Let us consider that the electron gas is nondegenerate, f0 = e
β(εF−ε

N,nky⃗⃗⃗⃗  ⃗)
,β =

1

kBT
 where εF is 

the Fermi level, and kB is the Boltzmann constant. After some manipulation, the expression for the 

conductivity tensor is obtained: 

σim =
τ

1 + ωc
2τ2

(δij − ωcτεijkhk + ωc
2τ2hihj)

 × {aδjm +
be

me
⋅

τ

1 + ωc
2τ2

δjl(δlm − ωcτεlmphp + ωc
2τ2hlhm)}

(21) 

where symbols i, j, k, l, p correspond to the components x, y, z of the Cartesian coordinates, δij is the 

Kronecker delta, and εijk is the antisymmetric Levi-Civita tensor.  

From the conductivity tensor, the Hall coefficient expression is obtained as follows: 

RH = −
1

B

σyx

σxx
2 + σyx

2 (22) 

Here: 

σxx =
τ

1 + ωc
2τ2

{a + b[1 − ωc
2τ2]} (23) 

σyx =
−τ

1 + ωc
2τ2

(a + 2b)ωcτ (24) 

From the expression of the Hall coefficient, we see that the Hall coefficient depends on factors 

such as magnetic field B, temperature T, electromagnetic wave frequency, and parameters 

characterizing the material. This result is new and different from the results obtained in the case of 

other low-dimensional systems (doped superlattices, component superlattices, etc) because the wave 
function and energy spectrum are different. 

3. Numerical Result for Semi-parabolic Quantum Wells with an Infinite Potential 

In order to clarify the mechanism for the Hall coefficient in a ISPQW, in this section, we 

numerically evaluate, plot, and discuss the expression of the Hall coefficient for the quantum well of 

GaAs/GaAsAl with the parameters: ρ =  5300 kg.m−3 , m =  0.067me, me being the mass of the free 

electron, vs = 5370 m/s, τ0 = 10−12 s, e=1.60219.10-19, L𝑥 = 𝐿𝑦 = 100 𝑛𝑚 and only consider the 

transitions: N =  0, N′ =  1, n =  0, n′ =  1 (the lowest and the first-excited levels). 

3.1. Hall Coefficients Depending on Magnetic Field 𝐵 at Different Temperatures  

Figure 1 shows that the Hall coefficient RH strongly depends on both magnetic field and 

temperature. The Hall coefficient decreases with increasing magnetic field, decreases rapidly at low 
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magnetic field values (around 0.5 T to 2 T), and then decreases more slowly. The graph has many 

fluctuations at different magnetic field values, more pronounced at lower temperatures. This is due to 
the Shubnikov-de Haas effect, which is common in 2D electronic structures under strong magnetic 

fields and low temperatures. The Hall coefficient RH also decreases with increasing temperature, with 

quantum fluctuations being more pronounced at low temperatures. The graph has many fluctuations at 
different temperature values, and the fluctuations become smaller as the temperature increases. 

 

 

Figure 1. Hall coefficient 𝐑𝐇 depending on magnetic field for various temperatures (T=10,20,40,70 K)  

with acoustic phonon scattering. 

3.2. Hall Coefficients Depending on Temperature at Different Magnetic Fields 𝐵 

 

Figure 2. Hall coefficient 𝐑𝐇 depending on temperature for different magnetic field strengths (B=7,9,10,12 T) 

with acoustic phonon scattering. 

In Figure 2, the Hall coefficient decreases with increasing temperature, indicating that the Hall 

coefficient varies nonlinearly with temperature. The coefficient decreases rapidly in the range of 10-
40K and then slows down at higher temperatures. This happens because as the temperature increases, 
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the oscillation intensity of the crystal lattice increases, leading to an increase in the scattering yield of 

negative electrons and phonons, and a decrease in the Hall coefficient. The Hall coefficient also 
increases with increasing magnetic field; the curves show a clear dependence on the magnetic field. 

 

Figure 3. Hall coefficient RH depending on magnetic field B and temperature T. 

3.3. Hall Coefficients Depending on Magnetic Field 𝐵 at Different Phonon Confinement Frequencies 

 

Figure 4. Hall coefficients depending on magnetic field B at different phonon confinement frequencies  

(𝛚𝐳 = 𝟏𝟎𝟏𝟏, 𝟏𝟎𝟏𝟐, 𝟏𝟎𝟏𝟑 s−𝟏) with acoustic phonon scattering. 

In this Figure, the Hall coefficient also tends to decrease as the magnetic field B increases. The 

coefficient decreases rapidly at low magnetic field values and slows down at high magnetic fields. Due 
to the influence of the Shubnikov-de Haas effect, the graph also has many oscillations, especially 

obvious at low magnetic field values. Although at different confinement frequencies, the graph has in 
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common that the oscillations are denser as the magnetic field increases. In particular, when the phonon 

confinement value increases, the Hall coefficient becomes smaller. 

 

Figure 5. Hall coefficient RH depending on magnetic field B and phonon confinement frequencie ωz. 

4. Conclusion  

In this study, we have developed a theoretical model to investigate the Hall coefficient in an 

infinite semi-parabolic Quantum Wells in the presence of electromagnetic and in case of acoustic 
electron–phonon scattering. By using the quantum kinetic equation method, we derived the analytic 

expression for the Hall coefficient, which reflects the complex interplay between electromagnetic 

fields, phonon scattering, temperature, and quantum confinement. 
Numerical results using a GaAs/AlGaAs quantum well show that the Hall coefficient decreases 

with increasing magnetic field and temperature, and exhibits clear quantum oscillations at low 

temperatures, attributed to the Shubnikov–de Haas effect. The presence of the electromagnetic wave 

not only alters the scattering dynamics but also enhances the modulation of the Hall response, 
especially in regimes of strong confinement and resonance. 

These findings are new and differ significantly from previous studies in other low-dimensional 

systems due to the unique energy spectrum and wavefunction structure of the asymmetric semi-
parabolic potential. This work contributes to the deeper understanding of the quantum Hall effect in 

complex nanostructures and provides a theoretical foundation for further experimental and 

technological developments in quantum electronics, photonics, and nanoscale device engineering. 
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