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Abstract: We investigated control of optical bistability behavior based on the probe absorption and
Kerr nonlinearity properties in a tripod-type degenerate four-level atom system under an external
magnetic field. This excitation configuration can provide two transparent spectral regions on the
probe absorption profile. It can be transitioned between the transparency and absorption regimes by
turning the magnetic field on or off in different frequency domains. We can effortlessly transform
one into two transparency windows, and vice versa, by adjusting the magnetic field intensity. The
investigations showed the enhancement of the Kerr nonlinearity around one/two-EIT windows,
thereby forming one/two-channel optical bistability in these frequency regions. In addition, the
coupling field intensity, the probe frequency detuning, and the atomic cooperation parameter have
also significantly influenced the absorption spectrum, Kerr nonlinearity, and optical bistability. The
proposed model has useful applications in storage, optical switching, and nonlinear logic gates for
optical communications processing.
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1. Introduction

Light-by-light control refers to the manipulation of one optical field by another through a nonlinear
medium. This functionality underpins many key photonic devices, including optical switches, optical
bistability, optical logic gates, and optical memory elements, which are essential components of optical
communication networks and quantum information processing systems [1-3]. Efficient light-controlled
interactions remain challenging in conventional materials due to their weak and passive nonlinear
responses. To overcome this limitation, various strategies have been explored, such as the development
of strongly nonlinear media, the use of high-intensity control fields, and, more recently, the exploitation
of electromagnetically induced transparency (EIT) media [3]. A significant advantage of EIT-based
schemes is their ability to generate extremely large nonlinearities at very low light intensities, while
offering flexible control via external electromagnetic or magnetic fields [4-8].

EIT originates from destructive quantum interference between different transition pathways [3].
Conversely, constructive quantum interference can enhance transition amplitudes and lead to
electromagnetically induced absorption (EIA) [9]. The optical response of a medium differs markedly
between these two regimes: EIT is characterized by near-complete transmission accompanied by normal
dispersion, whereas EIA features strong absorption and anomalous dispersion [10-12]. Significantly,
both absorption and dispersion properties can be efficiently manipulated through external control fields
[13].

In addition to steep linear dispersion, EIT media exhibit strongly enhanced optical nonlinearities
with suppressed absorption, enabling nonlinear optical effects at very low intensities. One prominent
example is optical bistability (OB), which can be realized at low input powers owing to the giant Kerr
nonlinearity associated with EIT [14-16]. Moreover, since both the magnitude and sign of the
nonlinearity are tunable, the threshold and hysteresis width of OB can be effectively controlled using
external fields [17-20]. With the growing interest in Kerr nonlinearity in four-level and five-level atomic
systems, OB has also been studied in these configurations, where it can manifest at multiple frequencies
simultaneously, such as diamond-type [17], N-type [18, 19], Y-type [20], etc. Besides that, various
factors such as external magnetic fields [21, 22], polarization and relative phase of laser fields [23], and
incoherent pump fields [24, 25] have been introduced to modify the threshold intensity and width of the
OB effect. Nonetheless, there is still a lack of combined studies of the magnetic field and polarization
between two components of the control fields on the Kerr nonlinearity and optical bistability behavior
in a tripod-type degenerate atom system.

In this work, we explore light-controlled light interactions in a four-level tripod-type atomic system
driven by probe, coupling, and magnetic fields. Our analytical and numerical results show the
enhancement of the Kerr nonlinearity around one/two-EIT windows, thereby creating one/two-channel
optical bistability in these frequency regions. We demonstrate that a threshold intensity and the width
of the OB can be manipulated by altering the strength of the magnetic field, the coupling field intensity,
and the probe frequency detuning. These results provide clear physical insight into the interplay between
linear and nonlinear optical processes in multi-level atomic systems, which have applications for optical
switching, storage, and nonlinear logic gates in optical communications.

2. Model and Basic Equations

Figure 1 illustrates an energy-degenerate tripod configuration four-level system interacting with a
pair of laser fields [13, 17]. The probe beam E, exhibits linear polarization and low intensity, oscillating
at frequency @, with coupling strength quantified by the Rabi frequency 2Q =, E, /h, and it
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addresses the |4) < |1) transition. In parallel, an intense elliptically polarized coupling field (EPF) E.,
carrier frequency @, possessing Rabi frequencies 2Q, = u, E. /h (where j = 2, 3), links state [4) with

states |2) and |3) through its left- and right-circularly polarized components, which respectively drive
the [4) < |2) and |4) <> |3) transitions. The overall structure effectively reduces to two coupled A
configurations linked by the common probe field E,. One A-subsystem involves the state triplet |4), |2),
|1), while the other encompasses |4), |3), |1). Application of a magnetic field B along the laser beam axis
produces Zeeman-induced energy splitting within the excited state manifold. We begin with atoms in
the ground state |1) where p1;1 = 1 [30]. The excited state manifold experiences Zeeman-induced energy
splitting, quantified by »A, = u,m,g.B. Here, up and gr are the Bohr magneton and Landé factors,

respectively, with mr = £1 serving as the magnetic quantum number for each sub-level. Within the
interaction picture and applying rotating-wave plus electric dipole approximations, the system
Hamiltonian (setting #=1) takes the form:

A)(4]+(A, = A, +8,)3)3[+(A, - A, - 4,)|2) 2|+ [Q, |4) 1|+, |4)(2]+Q.. [49)3[+He] (1)

The notation H.c. signifies Hermitian conjugate operation, and the notations: A, =, —®,, and

§4 b
A =w,-0,-N, =0, -0, +A,, are the detunings of the probe and control fields from the

corresponding two-level transitions; the Zeeman energy separation between |2) and |3) states equal 2Ag
[refer to Fig. 1].
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Figure 1. The illustrated four-level tripod atomic system operates within a static magnetic field medium,
displaying the corresponding energy level configuration.

Temporal dynamics of the system are governed by the Liouville equation [17].

d .
a—’: =—i[H,,.p]+Ap 2

By combining Hamiltonian (1) with Liouville equation (2), we derive the following density matrix
equation set:

P = 1P~ 12, Py +iQ;p41’ (3a)
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P =72Puu — I Py +19, Py, (3b)
Py = V3Pus =1 oy +1U s, (3c)
Pus =~ 72+ 1) P +iQ, 0, —iQ;;p41 +iQ), p,, —iQ p, +iQ p,, —iQ p,., (3d)
P = —(;/4| +iAp),041 —iQ (P4 — p1)) +IQ py, +1Q Py, (3e)
Pu = —(742 +i(A, +A,,))p42 +iQ, py, +iQ Py, —1Q (P4 — P2r)s (39)
i = (Vs +i(A = A,)) Py +iQ, P13+, Py~ (P4~ P, (g
£y = —(}/21 +i(AP -A,—A, ))p21 —iQ, py, +iQ Py, (3h)
0y = —(7/31 +i(Ap —A,+A, ))p31 —iQ, py, +IQ p,, (31)
Pro == (Vi +2i8) Py =1 oy 1 Py ()

where p, +p,, +p,+p, =1 and p; = p;,. (i# ). The population and dephasing decay rates are
phenomenologically added to the above density-matrix equations [13]. The population decay rates from
the excited state |4) to the ground states |1), |2), and |3) are y,, 2 and y3, respectively. The decay rate
between the states [4) and |f) is y4 (j = 1, 2, 3), and we have the relationship y,, = (7, +7, +7,)/2: the

dephasing decay rates between the ground-state coherences are y3;, y3>and y2;.

To obtain the steady-state solutions for the density matrix element oy;) in higher-order perturbations,
we need to use a iterative technique in which the density matrix elements are expressed as [8] , where
each successive approximation is calculated using the matrix elements of one order lower than the one
being calculated. Applying the above iterative technique to the third-order perturbation, the solution of
the density matrix element po,; in the third-order perturbation as:

iQ, 2000 (1 1
S R O B el (LR | 4
Pa1 = Pa T Pa F 7. F\F F 4)

with

2 2

o o

Vo +i(A, - A, —AB)+731 +i(A,=A, +A,)

F =y, +iA, + (5)

where, F is the complex conjugate of F. In this case, the expression for first- and third-order electric
susceptibility takes the form, respectively:

2 . 2
M _ N|ﬂz1| M _ 1N|ﬂ41| 1 (6)
&hQ, ! gh F
2 . 4
o _ Nl :_Ml(Lr ! j (7
3g,h2 " 6y, F\F F'

where N is the atomic density and & is the permittivity in vacuum.
We know that the Kerr nonlinear refractive index nz is proportional to the third-order susceptibility
to the probe field [11]:
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3Re(;((3)>
h= (®)
EMNC

with "y = /1+Re( ;{“)), 9)

Now, consider a sample containing N atoms positioned within a unidirectional ring cavity, as
depicted in Fig. 2. Mirrors M3 and M, are assumed to be perfectly reflective, whereas mirrors M; and
M have reflection and transmission coefficients R and 7, with T+ R = 1, respectively. Only the probe
field E, is transmitted through the cavity, while the coupling field E. is not. When that total
electromagnetic field can be written:

—iw,t —ic,t
E=Ee"™ +Ee™ +cc,. (10)
e
Ec
1 T
E, E
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Figure 2. The single-direction ring cavities have an atomic sample length of L and contain N atoms. The £,

represents the incident field and E; represents the transmission field.

By applying a slowly varying envelope approximation, the propagation dynamics of the probe field
are derived from the Maxwell equations:

L te—L =i&P(a) ) (11)

where P(a)p) is induced polarization in the transition |1)<>|2):

P(a)p):NlLl‘Hp‘”' (12)

At the steady-state limit, considering the parameters of a perfectly tuned cavity, the interface conditions
between the incident field £ ; and the transmitted field £ ; can be described as follows [21]:

E,(L)=E! /T, E, (0)=NTE!+RE, (L), (13)

The bistability behavior is caused by the reflection mechanism of mirror M, so that if R = 0, there
is no bistability. Using equation (13), which combines the mean-field limit and boundary conditions, we
can obtain the input-output relationship.

y=x-iCpy, (14)
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o, NL|u,|
2¢,hcT

cooperation parameter. Therefore, probe absorption, Kerr nonlinearity and OB behaviors can be defined
by system parameters through Egs. (3), (6), (7) and (14).

where y =y, E, /T and x = uaE) / WNT are the normalization of the fields, and C = is the

3. Results and Discussion

The above model can be applied to *’Rb atoms. We are considering the transitions between the states
5S1,—5P12, where levels [1), |2), |3) and |4) correspond to energy states (|1) =|5Si2, F =1, mg = 0), |2)
=|5Sip, F=2, mg=+1),|3) =|5S12, F=2, mg=-1), |4) =|5P1p, F =2, mr = 0)), with YI=VP2=Y3= 21
x 5.3 MHz, y2;=y3:= y32= 21 % 0.05 MHz, ss; = 2.5 x10% C.m, gr = -1/2, N = 5x10"" atoms/m’,
and up = 9.27401x10* JT™' [8, 13, 26]. For convenience in simulation calculation, we normalize all
parameters with y3 = y2 = y; = y. Accordingly, when the Zeeman shift Ag is scaled by y, the magnetic
field intensity (B) is calculated by y, =#u;'g,'y . These parameters selected will be used for the analysis
and simulation of probe absorption, Kerr nonlinearity and OB behaviors below.

3.1. Controlling Absorptive and Kerr Nonlinear Properties
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Figure 3. Graph of the probe field linear susceptibility versus probe frequency detuning A, at different magnetic
field intensities: B = 0 (solid line) and B = 2y, (dashed line). Other parameters are: Q. = Q" =2y, £, =0.01y,

A = 0, respectively.

We first investigated the influence of the magnetic field on the first-order absorption and dispersion
spectra of the probe field through the real and imaginary parts of the linear susceptibilities (, as depicted
in Fig. 3. The parameters were fixed at Q, = 0.01y, Q_ =Q! =2y, A.= 0. Specifically, in the absence of

a magnetic field B = 0, the probe response remains transparent at resonance (see the blue solid curve in
Fig. 3(a)). When the magnetic field is applied, B = 2y., the EIT window splits into two regions symmetric
about the resonance frequency (see the blue solid curve in Fig. 3(b)), and at exact resonance,
transparency is converted into absorption. Thus, by switching the magnetic field on and off, the probe
response can be toggled between transparent and absorptive regimes. This effect also leads to a transition
between normal dispersion, corresponding to the transparent region, and anomalous dispersion,
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corresponding to the absorptive region, as depicted by the red dashed curve in Fig. 3(a, b). In particular,
the normal dispersion at resonance in the absence of the magnetic field is converted into anomalous
dispersion when the magnetic field is present. In contrast, the sidebands, which exhibit anomalous
dispersion without the magnetic field, switch to normal dispersion when the magnetic field is applied.
Furthermore, both the amplitude and slope of the normal dispersion curves in the transparency regions
can be tuned by varying the magnetic field intensity.

Figure 4 illustrates the variation of the real and imaginary parts of the nonlinear susceptibilities y,
the parameters selected are similar to those in Fig. 3. As shown by the red dashed curve in Fig. 4, in the
absence of the magnetic field (B = 0), a pair of enhanced Kerr nonlinear peaks appears around the
resonance frequency. When the magnetic field is applied (B = 2y.), two pairs of nonlinear peaks emerge
corresponding to the two transparency regions around resonance. Thus, the presence of the magnetic
field leads to the emergence of multiple enhanced Kerr nonlinear peaks at different frequency regions,
thereby broadening the overall domain of enhanced Kerr nonlinearity. Such controllability may enable
tunable applications of this Kerr nonlinear medium, for instance, in optical bistability systems, which
will be discussed below.
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Figure 4. Graph of the probe field nonlinear susceptibility versus probe frequency detuning A,
at different magnetic field intensities: B = 0 (solid line) and B = 2y, (dashed line).
Other parameters are: Q° = Q' =2y, £, =0.01y, Ac = 0, respectively.

3.2. Controlling Optical Bistability Behaviors Via Magnetic Field and System Parameters

In Fig. 5, we demonstrate that both the threshold intensity and the width of probe optical bistability
(OB) can be controlled by the magnetic field (a) and frequency detuning (b) of the probe field, with the
control-field intensity and detuning fixed at . = Q' =2y, Ac = 0. The variation of OB behavior with

different external magnetic field B is shown in Fig. 5(a). These graphs illustrate the variation in input-
output relationship curves under different external magnetic field intensities B. The width and threshold
for triggering OB increase the rise of the magnetic field intensity at position A, = 0, demonstrating a
strong interplay between the magnetic field and optical properties. In contrast, when the magnetic field
is fixed at B = 2y, increasing the probe detuning leads to a reduction in both the threshold and the
bistability width, and the OB nearly disappears when A, = +2y, as depicted in Fig. 5(b). The underlying
physical mechanism can be understood by examining the absorption and Kerr nonlinear dispersion
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behaviors discussed in Figs. 3 and 4. At A, = 0, enhanced absorption and nonlinear dispersion arise with
increasing magnetic field due to the formation of a double dark resonance. Conversely, at A, = £2y, both
quantities decrease as the magnetic field grows, which is attributed to the shift to the center of the two
side EIT windows. These results highlight the crucial role of the external magnetic field in regulating
absorption and Kerr nonlinearity, thereby providing an efficient means to control optical bistability in
the system.
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Figure 5. Graphs of the optical bistability at different values of magnetic field B when A, =0 (a),
and at different values of probe laser detuning A, when B = 2y, (b). The parameters chosen are: Q) = Q) =2y,

Ac =0, and C = 100, respectively.
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Figure 6. Graphs of the optical bistability for different values of coupling field intensity Q. =QF =Q
when C = 100 (a), and cooperation parameters C when Q_ = Q' =2y (b).

c

The parameters chosen are B = 2y, and A, = A. = 0, respectively.

Finally, the influence of other parameters on OB can also be analyzed, as depicted in Fig. 6. In Fig.
6(a) displays the variation curves of the input-output relationship under different coupling field
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intensities Q. = = . It can be observed that when the coupling field intensity increases, the

threshold of the OB curves decreases, but the OB phenomenon continues to persist. The essence of this
behavior can be understood as follows: when Qc increases, the double dark resonance phenomenon
decreases, but it still exists; the absorption at the atomic resonance center also decreases. Thus, the OB
threshold is reduced without disappearing. Fig. 6(b) shows the variation curves of the input-output
relationship under different cooperation parameters C. It can be seen that the magnitude of the
cooperation parameter significantly affects the OB phenomenon. As the cooperation parameter
increases, the OB phenomenon stays, but the threshold of the OB curve becomes larger.

Before ending this work, we outline a potential experimental realization of our proposed scheme,
which is applied to the *’Rb atoms on the 5S;,-5P 15, transitions (see Fig. 1). The chosen states are: (|1)
= |581/2, F= 1, mr = 0>, |2> = |SS1/2, F= 2, mr = +1>, |3> = |SS1/2, F= 2, mr = -1>, |4> = |5P1/2, F= 2, mr
= 0)), with y;= 7= ;=21 x 5.3 MHz, y2; = y3,= y32= 21 x 0.05 MHz, 114, = 2.5 x10% C.m, gr = -1/2,
N=5x10" atoms/m?, and uz = 9.27401x107** JT™' [5, 17, 26]. Before interacting with atoms, the linearly
polarized probe laser (795 nm) coupling the |4)«>|1) transition, and the circularly polarized control laser
(795nm) driving the |[4)«>|2), |3) transitions, which can be obtained from external cavity diode lasers,
pass through an acousto-optic modulator (AOM) and can be operated individually. To obtain the two
polarized components of the control field 3_ and !, one can let the control beam pass through a half-

wave plate (HWP) and a quarter-wave plate (QWP), in turn properly. Thus, the QWP can modulate the
strengths of the coupling-field-polarized components ((_ and @) [5, 17].

4. Conclusion

This study has controlled the probe absorption spectrally and Kerr nonlinearity in a degenerate
tripod-type four-level atomic medium by utilizing an external magnetic field and applied fields. We
conducted one/two-EIT window profiles by modifying the intensity of the magnetic field or coupling
laser frequencies in different frequency domains. Results have shown that enhancing the Kerr
nonlinearity around one/two-EIT windows creates the one/two-channel optical bistability in these
frequency regions. In addition, the coupling field intensity, the probe frequency detuning, and the atomic
cooperation parameter have also significantly influenced the absorption spectrum, Kerr nonlinearity,
and optical bistability. The proposed approach has useful applications for storage and optical switching,
and nonlinear logic gates in optical communications.
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