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Abstract: This paper formulates a multi-commodity trade network as a finite-dimensional
monotone variational inequality (VI) and introduces a normalized equilibrium metric derived from
the classical VI gap function. For the box-constrained feasible set considered here, the gap can be
evaluated exactly from the network state, and the resulting metric vanishes if and only if the state is
a VI solution. We then study a projected stochastic approximation scheme whose joint state updates
can be interpreted as a simplified VI-aware learning dynamic. Under the convex-potential structure
of the trade-network operator, unbiased noise with bounded conditional variance, and Robbins—
Monro step sizes, we prove that the iterates converge almost surely to a VI solution and that the gap-
based equilibrium metric tends to zero. Unlike heuristic equilibrium-proximity indices used in recent
MARL-VI architectures, the proposed metric is derived directly from the VI formulation and is
accompanied by explicit stochastic-approximation guarantees. The framework is illustrated on a 32-
dimensional trade network constructed from 2022 CEPII BACI bilateral trade data for cereals and
oilseeds among the United States, China, Germany, and Brazil. The experiments report the VI gap,
normalized equilibrium metric, projected residual, and potential gap in addition to the distance to a
reference solution. These diagnostics decrease consistently over the finite computational horizon.
The results are largely insensitive to the tested noise levels but show a stronger dependence on the
initial step size, illustrating numerical behavior consistent with the theoretical analysis.
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1. Introduction

Variational inequalities (VIs) provide a unified framework for characterizing equilibrium in systems
involving interacting decision makers, shared constraints, and nonlinear costs. In finite dimensions,
many network and economic equilibrium problems can be formulated as VIs, allowing their existence,
stability, and numerical solution to be studied using established analytical tools. Comprehensive
treatments of VI theory and its connections with complementarity problems and constrained
optimization can be found in the monographs of Kinderlehrer and Stampacchia and of Facchinei and
Pang [1, 2]. Network economics is a natural application area because feasible flows subject to capacity
and cost constraints often satisfy equilibrium conditions expressible as a VI [1-3].

This connection is particularly relevant to trade and spatial price networks. Nagurney and co-authors
have developed VI formulations of multi-commodity trade models incorporating production and
transport costs, tariffs, route choices, capacity constraints, and commodity losses [3—5]. In these models,
supply regions determine production and routing decisions, demand regions respond through prices and
consumption, and equilibrium is characterized by the absence of a feasible unilateral flow adjustment
that improves the corresponding marginal condition. The resulting equilibrium conditions can be
represented compactly by a finite-dimensional VI.

Multi-agent reinforcement learning (MARL), meanwhile, provides a flexible computational
framework for modeling adaptive interactions among multiple agents. Instead of directly solving a static
equilibrium problem, agents update their actions or policies through repeated observations of the
environment. Related optimization and game-theoretic research has connected learning dynamics with
monotone operators, saddle-point problems, stochastic VIs, expected VIs, and extragradient-type
methods [7-9]. These connections suggest that VI theory may provide principled equilibrium measures
and convergence tools for learning-based network models.

At the interface of these areas, De Natale, Fargetta, Scrimali, and Battiato proposed a hybrid MARL—-
VI architecture for multi-commodity international trade networks under crisis conditions, including
abrupt supply disruptions and tariff shocks [6]. Their model extends earlier VI-based trade-network
formulations by introducing learning agents representing supply and demand regions. The proposed
actor—critic architecture combines a gradient-based learning-rate scheduler, prioritized replay, a dual
individual—-centralized reward, and an equilibrium-proximity index constructed from price differentials
and temporal stability. Numerical experiments indicate improved performance relative to MAPPO and
MADDPG in the crisis scenarios considered in [6].

This approach also motivates two mathematical questions. First, a heuristic proximity index is not
necessarily zero precisely at solutions of the underlying VI and may depend on scaling or trajectory-
specific parameters. A gap function derived directly from the VI formulation offers a more intrinsic
measure of equilibrium violation. Second, simulation-based performance does not by itself provide
convergence guarantees for the induced state dynamics. Stochastic approximation theory, together with
gap functions and projection methods for VIs, provides a natural framework for addressing these issues
(1,2, 7-9].

The present paper develops this connection in a deliberately simplified setting. We consider a
capacitated multi-commodity trade network in which the VI operator represents marginal production
costs, marginal transport costs, and demand prices [3—5]. Under commodity-independent quadratic
transport coefficients on each route, the operator is shown to be monotone and Lipschitz continuous and
to admit a convex-potential representation. We then introduce a normalized equilibrium metric derived
from the classical VI gap function and use it to assess the convergence of a projected stochastic
approximation scheme. The joint projected update may be interpreted as a simplified VI-aware learning
dynamic, although it does not attempt to reproduce the full actor—critic architecture of [6].

Our main contributions can be summarized as follows:
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- We formulate a multi-commodity trade network as a finite-dimensional VI. Under the stated cost
and demand assumptions, we prove that the associated operator is monotone and Lipschitz continuous,
admits a convex potential, and has a nonempty solution set.

- We define the normalized equilibrium metric

G(x)
GO =1 @’ G(x) ilég(F (), x — ),
and establish its continuity and exactness: E(x) = 0 if and only if x solves VI(F, X). For the box-
constrained feasible set used in the model, G(x) can be evaluated exactly componentwise.

- We analyze a projected stochastic approximation scheme under unbiased noise with bounded
conditional variance and Robbins—Monro step sizes. Exploiting the convex-potential structure, we prove
almost sure convergence of the iterates to a VI solution and show that G (x;) and E (x;) tend to zero.

- We illustrate the framework on a 32-dimensional network constructed from 2022 CEPII BACI
bilateral trade data for cereals and oilseeds among the United States, China, Germany, and Brazil. In
addition to the distance to a reference solution, the experiments report the VI gap, normalized
equilibrium metric, projected residual, and potential gap. These diagnostics decrease over the finite
computational horizon; the results are largely insensitive to the tested noise levels but show a stronger
dependence on the initial step size.

The remainder of the paper is organized as follows. Section 2 presents the trade-network VI
formulation and the gap-based equilibrium metric. Section 3 introduces the projected stochastic
approximation scheme and establishes its almost sure convergence. Section 4 describes the BACI-based
numerical experiments and reports the equilibrium diagnostics. Section 5 concludes and discusses
possible extensions.

2. Variational Inequality Formulation and Gap-based Equilibrium Metric

This section formulates the multi-commodity trade-network equilibrium problem as a finite-
dimensional variational inequality. We establish the monotonicity, Lipschitz continuity, and convex-
potential structure of the associated operator and then introduce a gap-based equilibrium metric for
assessing convergence.

2.1. Network Structure and Feasible Set

Let S,D,L, and K be finite sets of supply nodes, demand nodes, routes, and commodities,
respectively. For each (i,j,¢,k) € SXD X L X K, let xfﬂ; = 0 the quantity of commodity k shipped

from supply node i to demand node j along route £. Collecting all these variables in a fixed order yields
avector x € RY, where
d =|S|-|D|-|L]-|K].
Each route—commodity flow is subject to a capacity bound
0<xf <uf uf>0, V(@ijtk) € SXxDxXLXK,
where uﬁ‘j » > 0 are given upper bounds that dominate any underlying node or arc capacity limits. The
feasible set is therefore
X={x€eR':0< xfjg < ufj{; forall i,j,%,k}.

The zero vector belongs to X; hence X is nonempty. Moreover, X is closed, convex, and bounded,
and is therefore compact. The Euclidean projection Py is obtained by componentwise clipping:
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k .
(PX(Z))U . = mm{u{‘je, max{0, zl-kﬂ}}.
For later use, define the following aggregate flows:
JED ¢€L
representing the total outflow of commodity k from supply node i;
gije(x) = z xfp,
kek
representing the total flow of all commodities on route (i, j,#); and

DFC) = ) Yk,

iES fEL
representing the total inflow of commodity kkk to demand node j.

2.2. Cost, Price and Variational Inequality Operator

The model follows the standard structure of spatial price and trade-network equilibrium models, in
which production and transport costs are convex and increasing, whereas inverse demand is decreasing
[3-5].

For each supply node i and commodity k, let the production cost be

1 2
CE@) = bf QlC) +5 cf (eF ),
where b¥ > 0 and cf > 0. Its marginal cost with respect to to any flow x{‘ﬂg is

ack

k

(x) = bF + cFQk(x).
For each route (i, j, ) and commodity k, the aggregate transport cost is

1 2
k — _k k
Tjip(x) = > Mije (Qije(x)) » Mije > 0.
The coefficient n{‘jf is common to all commodities transported on the same route. Hence, the marginal
transport cost is
k
aTij[

k

x) = ﬂfj{) qije ().

At each demand node j and for each commodity k, the price is given by a linear inverse demand
function

PF() =po; — i, Df (%),
where pg, ; € Rand pf ; > 0. Thus, the demand price decreases as the total inflow increases.
The effective marginal-cost operator F: X — RY is defined componentwise by

Fljo(x) = (b{( + cf Qlk(x)) + i qije(x) — Pf(x).
Equivalently,
Fie() = bif =p; + ¢ QGO + mife qije () + pi; Df (),
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for all (i,], €, k). We write F(x) = (Fi’j,;(x)) € RY.

Proposition 2.1 (Monotonicity and Lipschitz continuity of F). Assume that c¥ > 0, 77%‘]-4; >0, pf i >
0 for all relevant indices. Then the operator F is monotone and Lipschitz continuous on X.
Proof. Letx,y € X and set 4 = x — y. Since the aggregate-flow mappings are linear,

Q¥ () — QF(y) = QF (),

with analogous identities for g;j, and D}‘. Therefore,

k ( 0k 2 2 k k z
(FG) = F,x—y) = ) e (0F®) + ) mige (ae@) + ) ok (Df@) 0.
Lk ije Jk
Hence, F is monotone. Moreover, F is affine because each of its components is an affine function of the
aggregate flows. Thus, there exist a constant matrix Jr and a vector h such that

F(x) =Jp(x) + h.
Consequently,
IFCx) = FOOIl < e Ge = 2 < eIz llx = yl.
Therefore, F is Lipschitz continuous with Lipschitz constant L = ||Jz||,. O
The trade network equilibrium problem is to find x* € X such that

(F(x*),x — x*) = Oforallx € X.
We denote this problem by VI(F, X) and define its solution set by

X*= {x € X: xsolves VI(F, X)}.

The operator also admits an explicit convex-potential representation. Define

@) = Y [pfak @) +3et (0409) |+ Y Fmue (ae0)’
ik

i,j,?
1 2
+ > [k pfo +5 oty (Df@) |
Tk

Each quadratic term has a positive coefficient, so @ is continuously differentiable and convex. Direct
differentiation gives
Vb (x) = F(x).
Therefore, VI(F,X) is equivalent to the convex optimization problem
min ®(x),

XEX
and

X* = argmin ®(x).
XEX
Proposition 2.2. Existence of solutions. Under the assumptions of Proposition 2.1, the solution set X*

is nonempty.
Proof. The feasible set X is nonempty, compact, and convex, and F is continuous. The Hartman—
Stampacchia existence theorem therefore guarantees that VI(F, X) has at least one solution; see [2,

Theorem 1.4.1] or [1, Corollary 2.2.5]. O
2.3. Gap functions and Normalized Equilibrium Metric

For x € X, define the classical VI gap function [10] by:
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G(x) = max(F(x),x — y).
The maximum is well defined because X is compact.

Proposition 2.3 (Properties of the gap function). The function G : X — R satisfies:
i)G(x) = Oforallx € X;
i) G(x) = Oifand onlyifx € X*;
iii) G is continuous on X.
Proof.1) Setting y = x gives G(x) = 0.
i) Ifx € X*, then(F(x),x — y) < Oforeveryy € X,soG(x) < 0;together with (i), G(x) =
0. Conversely, if G(x) = 0, then (F(x),y — x) = Oforally € X, sox solves VI(F,X) orx € X*.
iii) The function ¢(x,y) = (F(x),x — y) is continuous on the compact set X X X and is therefore
uniformly continuous. It follows that its maximum over y € X varies continuously with x. Hence G is

continuous. O

For the box-constrained feasible set used here, the gap can be evaluated exactly without solving an
auxiliary optimization problem. Writing r = (i, j, %, k) for a flow coordinate, we have

6() =) g,

where
F(x)xy, F.(x) =0,
xX) =
9r(x) {Fr(x)(xr -u), FE)<0.
Indeed, when F,.(x) = 0, the maximizing coordinate y, = 0, whereas when F.(x) < 0, itis y, = u,.
We define the normalized equilibrium metric by
G(x)
E(x) =————€[0,1).
) =17¢ @ [0,1)
Corollary 2.4. The function E: X — [0, 1) is continuous and satisfies E(x) = 0 if and only if x € X™.
Moreover, E is strictly increasing as a function of the gap value G (x).
Proof. The scalar function p(t) =t/(1+t) is continuous and strictly increasing on [0, ) with

p(0) = 0. The result follows from Proposition 2.3 and composition. [I

3. Projected Stochastic Approximation Algorithm and Convergence

This section introduces a projected stochastic approximation scheme for solving VI(F,X).
Exploiting the convex-potential structure established in Section 2, we prove almost sure convergence of
the iterates and of the proposed gap-based equilibrium metric..

3.1. Projected Stochastic Approximation Scheme

Let (2, &, IP) be a probability space supporting a sequence of random variables {¢.}, and let §; =
0(x0,€0,..-,¢t-1) be the natural filtration. At iteration t, given x; € X, we observe a noisy
estimate F, = F(x,, &) of F(x;) and perform the update

Xt+1 = PX(xt - Q ﬁt), t=2012.. (D

where x, € X, Py denotes the Euclidean projection onto X, and {a.} is a sequence of positive step sizes.
We impose the following assumptions.
- (A1) Convex-potential and Lipschitz structure. There exists a continuously differentiable
convex function ®: R? — R such that F = V& and F is Lipschitz continuous on X with constant L > 0.
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- (A2) Nonemptiness of the solution set. Theset X* = {x € X : x solves VI(F, X)} is nonempty.
- (A3) Unbiased noise with bounded conditional variance. For every t > 0,

E[F| &] = F(x0),
and there exists 0 < oo such that
E[If — FG)II? | & < o
- (A4) Robbins—Monro step sizes. The sequence {a, } satisfies
a. > 0, ity = oo, Jeal < oo,
Assumptions (A1)—(A2) hold for the trade-network operator introduced in Section 2. Proposition

2.1 establishes the Lipschitz continuity of F, the explicit potential satisfies F = V&, and Proposition 2.2
guarantees that X* # @. Assumptions (A3)—(A4) are standard in stochastic approximation [7, 11].

3.2. Almost Sure Convergence

Theorem 3.1 (Almost sure convergence of the projected stochastic approximation scheme).
Suppose that Assumptions (A1)—(A4) hold. Let {x;} be generated by (1), and define ®* = rrg}r} d(x).
X

Then,
(a) forevery x* € X*, the sequence {||x; — x™||} converges almost surely;
(b) almost surely, Y72 a; (@ (x;) — ®*) < oo, and consequently, litminf d(x;) = O,

(c) there exists an X *- valued random variable x,, such that x; — x,, almost surely;
(d) almost surely, G(x;) — 0, and consequently E (x;) — 0.
Proof. Define the noise term &, = F, — F(x;). By Assumption (A3),
E[e:| ] = 0 and E[||&:]1?| &) < o2
Fix x* € X*. Since x* € X, we have Px(x*) = x*. The nonexpansiveness of the Euclidean projection
[12, Theorem 3.14] gives

e = X*N1? < 1Py (e — @ F) = P (x)||?

o 2
< ||t — @cFr — x*
* Qo * = 112
<llxy —x 1> - Zat(Ft'xt -X ) + atzllFt” .
Taking conditional expectation with respect to & and using the unbiasedness assumption yield
E[llxess — %" 121& < llxe — %112 = 2aF(x, % —x*) + aE[IF2IE] -
Since X is compact and F is continuous, there exists M > 0 such that ||F(x)|| < M for all x € X.

Furthermore,
E[|IF)I?I1F = E[IIF (xp) + & 121F] = IFx)ll? + E[lle:12F] < M? + 2.
Set C= M? 4+ ¢2. Since F = V® and @ is convex
D(x") = P(x) + (VP (x,), x™ — xy).

Because x* € X* = argmin ®(x), we have ®(x*) = ®*. Therefore,
xEX

(F(xe),xp — x™) = ®(xp) — P(x™) = d(x) — .
It follows that
E[llxesr — x* 1P < Ml — x| = 20, (P (x,) — @) + Caf. ()
By Assumption (A4), Y;a? < . The Robbins-Siegmund almost-supermartingale theorem [13]
applied to (2) implies that, almost surely, ||x; — x*||? converges to a finite random variable and
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Y @) — %) <oo.

t
This proves (a) and the first assertion in (b).

Since, ®(x;) — ®* > 0 and }; a; = oo, the finiteness of the weighted sum implies
ligninf(cb(xt) —®*) =0.
Thus, litminf ®(x,) = ®*, which completes the proof of (b).

We next prove convergence of the whole sequence. Choose a subsequence {x;, } such that dD(xtn) -
®*. Because X is compact, this subsequence has a further subsequence, denoted again by {xtn}, such
that x; — X for some X € X. By continuity of ®,

®(x) = lim d(x,,) = 7,
so X € X™.
To show that the whole sequence converges to i , let
D ={z,:m € N}
be a countable dense subset of X*. By part (a), and by taking the intersection of countably many
probability-one events, we may work on an event of probability one on which ||x; — z,,|| converges for
every m € N.
For any € > 0, choose z,, € D such that ||z, — X|| < €. The reverse triangle inequality gives
lxe = %l = llxe — zmlll < llX =zl <e.
for every t. Since ||x; — zp, || has a limit, it follows that
limsup||x; — x|| — litrgglfllxt — x| < 2e.

t—ooo

Because € > 0 is arbitrary, the sequence ||x; — X|| has a limit. Along the subsequence x, — X, this
distance tends to zero. Therefore, tlim [x; — x|| = 0. Thus, x; - X € X* almost surely. Setting x,, = X
—00

proves (c).
Finally, the gap function G is continuous by Proposition 2.3. Since x; = X, € X7,
G(x) = G(xx) = 0 almost surely.
By the definition and continuity of the normalized metric E,
E(xy) = E(xs») = 0 almost surely.
This proves (d). O
Remark 3.2. VI-aware learning interpretation. The noisy vector F; may be interpreted as the
aggregate marginal-cost and price information observed by supply and demand agents. The projected
update moves the joint network state in an approximate negative-gradient direction of the convex
potential .

The gap-based metric E(x;) provides a VI-grounded scalar measure for monitoring equilibrium
progress. It could also be incorporated into reward shaping or adaptive learning-rate mechanisms in
future learning architectures. However, scheme (1) is a joint projected state update rather than a full
actor—critic MARL algorithm: it does not include policy or value-function approximation, experience
replay, or neural parameterization.

Compared with stochastic Mirror-Prox and extragradient methods for more general monotone VIs
[7, 9], the present scheme is simpler but relies on the additional convex-potential structure. Its role is
therefore to provide a mathematically controlled bridge between trade-network VIs and learning-based
equilibrium dynamics.
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4. Numerical Experiments on a Real Multi-commodity Trade Network

This section illustrates the proposed stochastic approximation scheme on a multi-commodity trade
network constructed from CEPII BACI data. In addition to the distance to a selected reference solution,
we report the VI gap, the normalized equilibrium metric, the projected residual, and the potential gap.
The latter quantities are directly aligned with the convergence results of Theorem 3.1.

4.1. Data and Model Construction

We use the 2022 trade-flow file from the CEPII BACI HS17 V202601 database [14]. Four major
trading economies, the United States, China, Germany, and Brazil, and two commodity groups, Cereals
(HS Chapter 10) and Oilseeds (HS Chapter 12), are considered. The BACI trade values, originally
reported in thousands of current USD, are aggregated over all six-digit products belonging to the two
selected HS chapters.

With one aggregate route for each exporter—importer pair, the resulting VI has

d =4%x4x1x2=32

decision variables. All trade flows are normalized by the largest observed bilateral flow, X;q, =
31.95929884 billion USD. Thus, one normalized flow unit corresponds to approximately 31.9593
billion USD. The upper bound for each coordinate is set to
u{‘] = max{fo‘j’obs, 0.05},
where xfj_ob s denotes the normalized observed flow. The model parameters are
bf = 03,¢f = 05,73, = 02,p5; = 3.0,pf; = 05.

The additive constants in the production and transport cost functions do not enter the marginal-cost
operator and are therefore set to zero without loss of generality. Under these parameter choices,
Proposition 2.1 ensures that F' is monotone and Lipschitz continuous, while Proposition 2.2 guarantees
that the VI solution set is nonempty.

Figure 1 compares the largest observed bilateral flows with the flows at the computed reference
equilibrium.

Observed versus VI equilibrium trade flows (top 12)

B Observed 2022
501 VI equilibrium
401
2
@ 30
[=4
=)
=
204
104
0- T
ey 2 ? ) 3 > L A a ¥ 2
sSFS S @ & S S S S S e o
o E s (’qf(;qf?’ S o e e @@(i;@ s S o
) K & ¢ e S &G ST Gl s & & C SN
e & & o « o «
< & &

Exporter-importer-commodity triple

Figure 1. Observed BACI 2022 flows and VI reference-equilibrium flows for the twelve largest exporter—
importer—commodity triples.
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4.2. Experimental Protocol and Equilibrium Diagnostics

A deterministic projected gradient method with step size f = 0.01 is first used to construct a
reference solution. With the stopping criterion ||x,4; — x¢||> < 1077, the method terminates after 979
iterations. The resulting reference point has VI gap G(xref) = 3.570689 x 107°. For evaluating the
potential gap, the deterministic iteration is continued with a stricter tolerance, producing a refined
reference point with gap 3.598443 x 10711,

The stochastic experiments start from x, = Pyx(0.3,0.3,--,0.3)Tand use

Fxe,&) = F(x) + &, &~N(0,0%I32),

together with the Robbins—Monro schedule a; = ay/(t + 1). Each configuration is run for T =
15,000 iterations and repeated over five independent random seeds.

Because X is a box, the classical gap can be evaluated exactly and componentwise as

32
F(x)x F(x)=0
G x) = z { r T T )
() T E.(x)(x, —u,), E.(x)<0.
We report the normalized equilibrium metric E(x) = 15;26 X the projected residual
1 1
R, (x) =;||X—PX(X—VF(X))|, v=1

and the potential gap ®(x) — ®*, where ®* is approximated using the refined deterministic solution.

4.3. Results

Table 1 reports the final mean values over the five seeds. The distance to X,es is retained for
comparison with the original experiments, whereas G (xr), E(xr), R, (x7), and ®(xy) — ®* provide
diagnostics that are directly connected with the VI formulation.

Table 1. Final convergence diagnostics after T = 15,000 iterations.

) a lIXr = Xrerll G(xr) E(xr) Ry (xr) Plxr) — @
0.02 0.10 1.1315 2.7333 0.7321 1.9975 1.1562
0.05 0.05 0.6714 1.0563 0.5137 1.1815 0.3926
0.05 0.10 0.6707 1.0543 0.5132 1.1803 0.3918
0.05 0.20 0.6692 1.0504 0.5122 1.1778 0.3901
0.15 0.10 0.1696 0.1086 0.0980 0.2035 0.0173

For ay = 0.05, changing the noise level from 0.05 to 0.20 has only a minor effect. The final distance
lies between 0.6692 and 0.6714, while the normalized equilibrium metric lies between 0.5122 and
0.5137. The differences among these configurations are below 0.6% for the principal diagnostics. Thus,
within the tested range, the numerical behavior is largely insensitive to the noise level.

The initial step size has a considerably stronger effect. Since the common initial distance is 1.6231,
the choice ay = 0.02 produces a reduction of only 30.3%. The baseline value ay = 0.05 yields a
reduction of 58.7%. In contrast, @y = 0.15 reduces the distance by 89.6% and gives

G(xr) = 0.1086, E (x7) = 0.0980, R, (x7) = 0.2035.

Its potential gap is only 0.0173, compared with 0.3918 for the baseline configuration. Hence, among
the tested values, @y = 0.15 provides the most effective finite-horizon approximation to equilibrium.

Figure 2 presents the four VI-grounded diagnostics for the baseline configuration (@g,0) =
(0,05,0.10). All four quantities decrease throughout the experiment. Since Theorem 3.1 is asymptotic,
their nonzero values at T = 15,000 do not contradict the convergence result; rather, they quantify the
remaining equilibrium error after a finite computational budget.
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Stochastic VI on the BACI-calibrated network (32 dimensions}

J— +
16 mean = 15D

1.4

Ixe = eerl

1.0

0.8

0 2000 4000 6000 8000 10000 12000 14000
Iteration

Figure 2. Mean VI-grounded convergence diagnostics, with +1 standard-deviation bands, for o, = 0.05,
o = 0.10, five independent seeds, and T = 15,000.

4.4. Discussion

The experiments show that the projected stochastic approximation scheme consistently reduces
the VI gap, normalized equilibrium metric, projected residual, and potential gap. The results are robust
to the tested noise levels but more sensitive to the initial step size. Because the VI solution need not be
unique, the distance to the selected reference solution should be interpreted only as an empirical
diagnostic. The gap-based quantities provide the more appropriate numerical evidence for the
convergence behavior established in Theorem 3.1.

5. Conclusion

We formulated a finite-dimensional variational inequality model for a multi-commodity trade
network and introduced a normalized equilibrium metric derived from the classical VI gap function. The
metric vanishes exactly at VI solutions and provides a theoretically grounded measure of equilibrium
violation. Under the convex-potential structure of the trade-network operator, unbiased noise with
bounded conditional variance, and Robbins—Monro step sizes, the proposed projected stochastic
approximation scheme converges almost surely to a VI solution, while both the VI gap and the
normalized equilibrium metric tend to zero.

Experiments on a 32-dimensional network constructed from 2022 CEPII BACI data for cereals and
oilseeds among the United States, China, Germany, and Brazil illustrate the finite-horizon behavior of
the method. The VI gap, normalized equilibrium metric, projected residual, and potential gap decrease
consistently during the stochastic iterations. The results are largely insensitive to the tested noise levels
but show a stronger dependence on the initial step size, with @y = 0.15 providing the best performance
among the tested configurations. Because the VI solution need not be unique, the gap-based diagnostics
provide more appropriate evidence of progress toward equilibrium than the distance to a single reference
solution.

The analysis relies on the convex-potential structure of the operator and the compactness of the
feasible set. Extensions to general monotone or pseudomonotone operators may require extragradient,
Mirror-Prox, or related correction-based methods. Bridging the present idealized stochastic
approximation scheme with the full actor—critic MARL architecture considered in [6], including
function approximation, replay mechanisms, and neural parameterization, remains an important
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direction for future research. The proposed gap-based metric may also be used for reward shaping and
adaptive learning-rate design in larger trade networks with more countries, commodities, and routes..
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