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Abstract: In this paper, we study the systems of generalized quasiequilibrium problems which 
includes as special cases the generalized vector quasi-equilibrium problems, vector 
quasiequilibrium problems, and establish the existence results for its solutions by using fixed-point 
theorem. Moreover, we also discuss the closedness of the solution sets of systems of generalized 
quasiequilibrium problems. As special cases, we also derive the existence results for vector 
quasiequilibrium problems and vector quasivariational inequality problems. Our results are new 
and improve recent existing ones in the literature. 
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1. Introduction and preliminaries∗ 

The systems of generalized  quasiequilibrium problems includes as special cases the systems of 
generalized vector equilibrium problems, vector quasi-equilibrium problems, the systems of  implicit 
vector variational inequality problems, etc. In recent years, a lot of results for existence of solutions 
for systems vector quasiequilibrium problems, vector quasiequilibrium problems and vector 
variational inequalities have been established by many authors in different ways. For example, the 
systems equilibrium problems [1-5], equilibrium problems [3,6-8], variational and optimization 
problems [9-11] and the references therein.  

Let X, Y, Z be real locally convex Hausdorff topological vector spaces A X⊆  and B Y⊆  are 
nonempty compact convex subsets  and C Z⊂   is a nonempty closed compact convex cone.  Let 

, : 2 , : 2A B
i i iS P A A T A A× → × →  and : 2 , 1, 2Z

iF A B A i× × → =   be multifunctions. 

_______ 
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We consider the following  systems  of generalized  quasiequilibrium problems  (in short, 
(SGQEP 1 ) and (SGQEP 2 )), respectively. 

(SGQEP 1 ): Find ( , )x u A A∈ ×  and 1 2( , ), ( , )z T x u v T x u∈ ∈  such that 

1 2( , ), ( , )x S x u u S x u∈ ∈   satisfying 

1 1( , , ) ( intC) , y P (x,u),F x z y Z∩ − ≠∅ ∀ ∈‚  

2 2( , , ) ( intC) , y P (x,u).F u v y Z∩ − ≠∅ ∀ ∈‚  

2( )SGQEP  Find ( , )x u A A∈ ×  and 1 2( , ), ( , )z T x u v T x u∈ ∈  such that 

1 2( , ), ( , )x S x u u S x u∈ ∈   satisfying 

                                             1 1( , , ) intC, y P (x,u),F x z y Z⊂ − ∀ ∈‚  

                                             2 2( , , ) intC, y P (x,u).F u v y Z⊂ − ∀ ∈‚  

We denote that 1( )FΣ  and 2 ( )FΣ  are the solution sets of  (SGQEP1 ) and (SGQEP 2 ), respectively. 

If ( , ) ( , ) ( )i i iP x u S x u S x= =  for each ( , )x u A A∈ ×  and replace “ intCZ −‚ '' by  C then 
(SGQEP 2 )  becomes  systems vector quasiequilibrium problem (in short,(SQVEP)). 

This problem has been studied  in [4]. 
Find ( , )x u A A∈ ×   and 1( )z T x∈ ,  2 ( )v T u∈  such  that 1( )x S x∈ ,  2 ( )u S u∈  and 

1 1( , , ) , ( )F x z y C y S x⊂ ∀ ∈  

2 2( , , ) , ( ).F u v y C y S u⊂ ∀ ∈  

If 1 2 1 2 1 2( , ) ( , ) ( , ) ( , ) ( ), ( , ) ( , ) ( )S x u S x u P x u P x u S x T x u T x u T x= = = = = =  for each x A∈  and 

: 2 , : 2A BS A T A→ →  be multifunctions and replace “ intCZ −‚ '' by “C” then (SGQEP 2 )  

becomes  vector quasiequilibrium problem (in short,(QVEP)). This problem has been studied  in [8]. 
Find x A∈   and ( )z T x∈  such  that ( )x S x∈  and ( , , ) , ( ).F x z y C y S x⊂ ∀ ∈  

If 1 2 1 2 1 2( , ) ( , ) ( , ) ( , ) ( ), ( , ) ( , ) { }S x u S x u P x u P x u S x T x u T x u z= = = = = =  for each x A∈  and 

: 2AS A→  be multifunction and replace “ intCZ −‚ '' by “C”, then (SGQEP 2 )  becomes   

quasiequilibrium problem (in short,(QEP)). This problem has been studied  in [5]. 
 Find x A∈    such  that ( )x S x∈  and ( , ) , ( ).F x y C y S x⊂ ∀ ∈  

In this paper we  establish some existence theorems by using  fixed-point theorem for systems of 

generalized  quasiequilibrium problems with set-valued mappings in real locally convex Hausdorff 

topological vector spaces.  Moreover, we   discuss the closedness of the solution sets of these 

problems. The results presented in the paper are new; however in the special case, then some results in 

this paper are improve the main results of Plubtieng and Sitthithakerngkietet [4], Long et al [8], Yang 

and Pu [5]. 
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The structure of our paper is as follows. In the first part of this article, we introduce the models 
systems of generalized quasiequilibrium problems and some related models and we recall definitions 
for later uses. In Section 2, we establish some existence and closedness theorems for these problems. 
In Section 3 and Section 4, applications of the main results in Section 2 for vector quasiequilibrium 
problems and vector quasivariational inequality problems. 

In this section, we recall some basic definitions and their some properties. 
Definition 1.1. ([12], Difinition 1.20) 

Let X, Y be two topological vector spaces, A  be a nonempty subset of X  and : 2YF A→   is a 
set-valued mapping. 

 (i) F  is said to be  lower semicontinuous (lsc) at 0x A∈  if 0( )F x U∩ ≠∅  for some open set 
U Y⊆  implies the existence of a neighborhood N  of 0x  such that ( ) ,F x U x N∩ ≠∅ ∀ ∈ .  F  is 
said to be lower semicontinuous in A  if it is lower semicontinuous at all 0x A∈ . 

(ii) F  is said to be upper semicontinuous (usc) at 0x A∈  if for each open set 0( )U G x⊇ , 

there is a neighborhood N  of 0x  such that ( ),U F x x N⊇ ∀ ∈ . F  is said to be upper 
semicontinuous in A  if it is upper semicontinuous at all 0x A∈ . 

(iii) F  is said to be  continuous at 0x A∈  if it is both lsc and usc at 0x . F  is said to be 
continuous in A  if it is both lsc and usc at each 0x A∈ . 

(vi) F  is said to be closed at 0x A∈  if   Graph(F)={(x, y) : x A, y F(x)}∈ ∈  is a closed subset 
in A Y× . F  is said to be closed in A  if it is closed at all 0x A∈ . 

Lemma 1.2. ([12]) Let X  and Y  be two Hausdorff topological spaces and : 2YF X →  be a set-
valued mapping.  

(i) If F  is upper semicontinuous with closed values, then F  is closed; 
(ii) If F  is closed and Y  is compact, then  F  is upper semicontinuous. 
The following Lemma 1.3 can be found in [13]. 

Lemma 1.3. Let X  and Y  be two Hausdorff topological spaces and : 2YF X →  be a set-valued 
mapping.  

(i) F  is said to be closed at 0x  if and only if 0 0,n nx x y y∀ → ∀ →   such that ( )n ny F x∈ , we 
have 0 0( )y F x∈ ; 

     (ii) If F  has compact values, then F  is usc at 0x  if and only if for each net { }x Aα ⊆  which 
converges to 0x   and for each net { } ( )y F xα α⊆ , there are ( )y F x∈    and a subnet { }yβ  of { }yα  

such that .y yβ →  

Definition 1.4. ([5], Definition 2.1) 

Let X, Y be two topological vector spaces and A  a nonempty subset of X  and let : 2YF A→  be 
a set-valued mappings, with C Y⊂  is a nonempty closed compact convex cone. 
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(i) F  is called upper C -continuous at 0x A∈ , if for any neighborhood U  of the origin in Y , 
there is a neighborhood V  of 0x  such that, for all x V∈ , 

0( ) ( ) , .F x F x U C x V⊂ + + ∀ ∈  

(ii) F  is called lower C -continuous at 0x A∈ , if for any neighborhood U  of the origin in Y , 
there is a neighborhood V  of 0x  such that, for all x V∈ , 

0( ) ( ) , .F x F x U C x V⊂ + − ∀ ∈  

Definition 1.5. ([5], Definition 2.2) 
Let X  and Y  be two topological vector spaces and A  a nonempty convex subset of X . A set-

valued mapping : 2YF A→  is said to be properly C -quasiconvex if, for any ,x y A∈  and [0,1]t∈ , 
we have 

                                          either F(x) F(tx+(1-t)y)+C⊂  
                                          or F(y) F(tx+(1-t)y)+C.⊂  

The following Lemma is obtained from Ky Fan's Section Theorem, see Lemma 4 of [10]. 
Moreover, we can be found in Lemma 1.3 in [14], and Lemma 2.4 of  [6]. 

Lemma 1.6. Let A  be a  nonempty convex compact subset of Hausdorff topological vector space 
X  and Ω  be a  subset of A A×  such that 

 (i)  for each at , ( , )x A x x∈ ∈Ω/ ; 

 (ii) for each at y A∈ , the set { : ( , ) }x A x y∈ ∈Ω  is open in A ; 

 (iii) for each at x A∈ , the set { : ( , ) }y A x y∈ ∈Ω  is convex (or empty). 

Then, there exists  0x A∈  such that 0( , )x y ∈Ω/  for all y A∈ . 

Lemma 1.7. ([12], Theorem 1.27). 
Let A  be a nonempty compact subset of a locally convex  Hausdorff vector topological space Y .  

If : 2AM A→  is upper semicontinuous and for any , ( )x A M x∈  is nonempty, convex and closed, 
then there exists an  *x A∈  such that * *( )x M x∈ . 

2. Existence of solutions 

In this section, we give some new  existence theorems of the solution sets for systems of 
generalized quasiequilibrium problems (SGQEP 1 ) and (SGQEP 2 ). 

Definition 2.1 Let A, X and Z  be as above and C Z⊂  is a nonempty closed  convex cone. 
Suppose   : 2ZF A→  be a multifunction. 

(i) F  is said to be generalized type I  C -quasiconvex in A  if  1 2, , [0,1]x x A λ∀ ∈ ∀ ∈ , 

1( ) ( intC)F x Z∩ − ≠∅‚  and 2( ) ( intC)F x Z∩ − ≠∅‚ . Then,  it follows that 
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1 2( (1 ) ) ( intC) .F x x Zλ λ+ − ∩ − ≠ ∅‚  

(ii) F  is said to be generalized type II   C -quasiconvex in A  if  1 2, , [0,1]x x A λ∀ ∈ ∀ ∈ , 

1( ) intCF x Z⊂ −‚  and.     Then, it follows that  

1 2( (1 ) ) intC.F x x Zλ λ+ − ⊂ −‚  

Theorem 2.2 For each { 1,2}i = , assume for the problem (SGQEP 1 ) that 

  (i)  iS  is upper semicontinuous in A A×  with  nonempty closed convex values and  iP  is lower 

semicontinuous in A A×  with nonempty  closed values; 
 (ii)  iT  is  upper semicontinuous in A A×  with  nonempty convex compact values; 

 (iii)  for all ( , )x z A B∈ × ,  ( , , ) ( intC)iF x z x Z∩ − ≠∅‚ ; 

  (iv)  the set {( , ) : (., , ) ( intC)= }iz y B A F z y Z∈ × ∩ − ∅‚  is convex; 

  (v)  for all ( , )z y B A∈ × ,  (., , )iF z y  is generalized type I  C -quasiconvex; 

  (vi)  the set {( , , ) : ( , , ) ( intC) }ix z y A B A F x z y Z∈ × × ∩ − ≠∅‚  is closed. 

Then, the  (SGQEP 1 ) has a solution. Moreover, the  solution set of the  (SGQEP 1 ) is closed. 

Proof.  For all ( , , , )x z u v A B A B∈ × × × , define  mappings: 1 2, : 2AA B AΨ Ψ × × →   by 

1 1 1( , , ) { ( , ) : ( , , ) ( intC) , y P (x,u)},x z u S x u F z y Zα αΨ = ∈ ∩ − ≠∅ ∀ ∈‚  

  and 

2 2 2( , , ) { ( , ) : ( , , ) ( intC) , y P (x,u)}.x v u S x u F z y Zβ βΨ = ∈ ∩ − ≠∅ ∀ ∈‚  

 
(I) Show that 1( , , )x z uΨ  and 2 ( , , )x v uΨ  are  nonempty. 

Indeed,  for all ( , )x u A A∈ × , ( , ), ( , )i iS x u P x u  are nonempty convex sets. 

Set   1 1{( , ) ( , ) ( , ) : ( , , ) ( intC)= }.a y S x u P x u F z y ZαΩ = ∈ × ∩ − ∅‚  

(a) By the condition (iii) we have, for any 1( , ), ( , )a S x u a a∈ ∈Ω/ . 

(b) By the condition (iv) implies that, for any 1 1( , ),{ ( , ) : ( , ) }a S x u y P x u a y∈ ∈ ∈Ω  is convex in 

1( , )S x u . 

 (c) By the condition (vi), we have for any 1 1( , ),{ ( , ) : ( , ) }a S x u y P x u a y∈ ∈ ∈Ω  is open in 

1( , )S x u . 

By Lemma 1.6 there exists 1( , )a S x u∈  such that ( , )a y ∈Ω/ , for all 1( , )y P x u∈ , i.e., 

1( , , ) ( intC) , y P (x,u)F z y Zα ∩ − ≠ ∅ ∀ ∈‚ . Thus, 1( , , )x z uΨ ≠∅ . Similarly, we also have 

2 ( , , )x z uΨ ≠∅ .  

(II) Show that  1( , , )x z uΨ  and 2 ( , , )x v uΨ   are  nonempty convex sets. 
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 Let 1 2, ( , , )a a x z u∈Ψ  and [0,1]α ∈  and put 1 2(1 )a a aα α= + − . Since 1 2 1, ( , )a a S x u∈  and 

1( , )S x u  is a convex set, we have 1( , )a S x u∈ . Thus, for  1 2, ( , , )a a x z u∈Ψ , it follows that 

1 1 1( , , ) ( intC) , y P (x,u),F a z y Z∩ − ≠∅ ∀ ∈‚  

1 2 1( , , ) ( intC) , y P (x,u).F a z y Z∩ − ≠∅ ∀ ∈‚  

 By (v) F_1(., z, y)$ is  generalized type I   C -quasiconvex. 

1 1 2( (1 ) , , ) ( intC) , [0,1],F a a z y Zα α α+ − ∩ − ≠∅ ∀ ∈‚  

i.e., ( , )a x z∈Ψ . Therefore, 1( , , )x z uΨ  is a convex set. Similarly, we have 2 ( , , )x v uΨ  is a 
convex set. 

(III)   We will prove   1Ψ  and  2Ψ  are upper semicontinuous in A B A× ×  with nonempty closed 
values. 

First, we show that 1Ψ  is upper semicontinuous in A B A× ×  with nonempty closed values. 
Indeed, since A  is a compact set, by Lemma 1.2 (ii), we need only show that  1Ψ  is a closed 
mapping. Indeed, let a net  {( , , ) : }n n nx z u n I A B∈ ⊂ ×  such that 
( , , ) ( , , )n n nx z u x z u A B A→ ∈ × × , and let 1( , , )n n n nx z uα ∈Ψ  such that 0nα α→ . Now we need to 
show that 0 1( , , )x z uα ∈Ψ . Since 1( , )n n nS x uα ∈  and 1S  is upper semicontinuous with  nonempty 
closed values, by Lemma 1.2 (i),  hence 1S  is closed, thus, we  have 0 1( , )S x uα ∈ . Suppose to the 
contrary 0 1( , , )x z uα ∈Ψ/ . Then,  0 1( , )y P x u∃ ∈  such that 

                                   1 0 0( , , ) ( intC)= . (2.1)F z y Zα ∩ − ∅‚  

By the lower semicontinuity of  1P ,   there is  a net { }ny  such that  1( , )n n ny P x u∈ , 0ny y→ . 
Since 1( , , )n n n nx z uα ∈Ψ , we have 

                                  1( , , ) ( intC) . (2.2)n n nF z y Zα ∩ − ≠∅‚  

By  the condition (v) and  (2.2), we have 
                              1 0 0( , , ) ( intC) . (2.3)F z y Zα ∩ − ≠∅‚  

This is the contradiction between (2.1) and  (2.3). 
Thus, 0 1( , , )x z uα ∈Ψ . Hence, 1Ψ  is upper semicontinuous in A B A× ×  with  nonempty closed 

values. Similarly, we also  have 2 ( , , )x z uΨ  is upper semicontinuous in A B A× ×  with  nonempty 
closed values. 

(IV) Now we need to the solutions set 1( )FΣ ≠ ∅ .  

Define the set-valued mappings 1 2, : 2A BA B A ×Φ Φ × × →  by 

1 1 1( , , ) ( ( , , ), ( , )), ( , , )x z u x z u T x u x z u A B AΦ = Ψ ∀ ∈ × ×  

and                           2 2 2( , , ) ( ( , , ), ( , )), ( , , ) .x v u x v u T x u x v u A B AΦ = Ψ ∀ ∈ × ×  
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Then 1Φ , 2Φ  are  upper semicontinuous and ( , , )x z u A B A∀ ∈ × × , ( , , )x v u A B A∀ ∈ × × ,  

1( , , )x z uΦ  and 2 ( , , )x v uΦ   are  nonempty closed convex subsets of A B A× × . 

Define the set-valued mapping ( ) ( ): ( ) ( ) 2 A B A BE A B A B × × ×× × × →  by 

1 2(( , ), ( , )) ( ( , , ), ( , , )), (( , ), ( , )) ( ) ( ).E x z u v x z u x v u x z u v A B A B= Φ Φ ∀ ∈ × × ×  

Then E  is also  upper semicontinuous and (( , ), ( , )) ( ) ( )x z u v A B A B∀ ∈ × × × , (( , ), ( , ))E x z u v  is a 
nonempty closed convex subset of ( ) ( )A B A B× × × . 

By Lemma 1.7, there exists a point ˆ ˆ ˆˆ(( , ), ( , )) ( ) ( )x z u v A B A B∈ × × ×   such that 
ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ(( , ), ( , )) (( , ), ( , ))x z u v E x z u v∈ , that is 

1 2ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ( , ) ( , , ), ( , ) ( , , )x z x z u u v x v u∈Φ ∈Φ , 

which implies that   1 1 2ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ( , , ), ( , ), ( , , )x x z u z T x u u x v u∈Ψ ∈ ∈Ψ  and 2ˆ ˆ ˆ( , )v T x u∈ . Hence, there 
exist 1ˆ ˆ ˆ ˆˆ( , ) , ( , )x u A A z T x u∈ × ∈ , 2ˆ ˆ ˆ( , )v T x u∈   such that 1 2ˆ ˆ ˆ ˆ ˆ ˆ( , ), ( , )x S x u u S x u∈ ∈ ,  satisfying 

1 1ˆ ˆ ˆˆ( , , ) ( intC) , y P (x,u),F x z y Z∩ − ≠∅ ∀ ∈‚  

 and 

2 2ˆ ˆ ˆ ˆ( , , ) ( intC) , y P (x,u),F u v y Z∩ − ≠∅ ∀ ∈‚  

i.e., (SGQEP1 ) has a solution.  

(V) Now we prove that 1( )FΣ  is  closed.   

Indeed, let a net 1{( , ), } ( )n nx u n I F∈ ∈Σ : 0 0( , ) ( , ).n nx u x u→  As 1( , ) ( )n nx u F∈Σ , there exist 

1 2 1 2( , ), ( , ), ( , ), ( , )n n n n n n n n n n n nz T x u v T x u x S x u u S x u∈ ∈ ∈ ∈   such that 

1 1 n n( , , ) ( intC) , y P (x , u ).n nF x z y Z∩ − ≠ ∅ ∀ ∈‚  

and 

2 2 n n( , , ) ( intC) , y P (x ,u ).n nF u v y Z∩ − ≠∅ ∀ ∈‚  

Since 1 2,S S  are upper semicontinuous with  nonempty closed values, by Lemma 1.2 (i), we have 

1 2,S S  are closed. Thus, 0 1 0 0 0 2 0 0( , ), ( , )x S x u u S x u∈ ∈ . Since 1 2,T T  are upper semicontinuous and 

1 0 0 2 0 0( , ), ( , )T x u T x  are compact. There exist 1 0 0( , )z T x u∈  and 2 0 0( , )v T x u∈  such that 
,n nz z v v→ →  (taking  subnets if necessary). By  the condition (vi) and 

0 0( , , , ) ( , , , )n n n nx z u v x z u v→ , we have 

 1 0 1 0 0( , , ) ( intC) , y P (x ,u ),F x z y Z∩ − ≠∅ ∀ ∈‚  

and 
 2 0 2 0 0( , , ) ( intC) , y P (x ,u ).F u v y Z∩ − ≠∅ ∀ ∈‚  

This means that 
  0 0 1( , ) ( )x u F∈Σ . Thus 1( )FΣ  is a closed set.                                                                         
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Theorem 2.3. Assume for the problem (SGQEP 1 ) assumptions (i), (ii), (iii), (iv) and (v), as in 

Theorem 2.2 and replace (vi) by (vi’) 
(vi’) for each {1,2}i = , iF  is upper semicontinuous in A B A× ×  and has compact valued. 

  Then, the  (SGQEP 1 ) has a solution. Moreover, the  solution set of the (SGQEP 1 ) is closed. 

Proof.    We omit the proof since the technique is similar as that for Theorem 2.2 with suitable 
modifications.                                                                                                                                     

The following example  shows that   all assumptions of Theorem 2.2 are satisfied. However, 
Theorem 2.3 does not work.  The  reason  is that  iF  is not upper semicontinuous 

Example 2.4. Let  , [0,1], [0, )X Y Z R A B C= = = = = = +∞  and let   

1 2 1 2( , ) ( , ) ( , ) ( , ) [0,1]S x u S x u T x u T x u= = = =  

  and 

0

1

3

0 0

2

1 1[ , ] if ,
9 3F (x,z,y)=F (u,v,y)=F(x,z,y

1
2)

1 2[ , ] er .
3

x z y

oth wise
e

⎧
⎪ = = =
⎪= ⎨
⎪
⎪⎩

 

 We show that all assumptions of Theorem 2.2 are satisfied.  However, F  is not upper 

semicontinuous at 0
1
2

x = . Also, Theorem 2.3  is not  satisfied. 

Passing to problem (SGQEP 2 ) we have. 

Theorem 2.5 For each { 1,2}i = , assume for the problem (SGQEP 2 ) that 

  (i)  iS  is upper semicontinuous in A A×  with  nonempty closed convex values and  iP  is lower 

semicontinuous in A A×  with nonempty  closed values; 
 (ii)  iT  is  upper semicontinuous in A A×  with  nonempty convex compact values; 

 (iii)  for all ( , )x z A B∈ × ,  ( , , ) intCiF x z x Z⊂ −‚ ; 

  (iv)  the set {( , ) : (., , ) intC}iz y B A F z y Z∈ × ⊂ −‚  is convex; 

  (v)  for all ( , )z y B A∈ × ,  (., , )iF z y  is generalized type II  C -quasiconvex; 

  (vi)  the set {( , , ) : ( , , ) intC}ix z y A B A F x z y Z∈ × × ⊂ −‚  is closed. 

Then, the  (SGQEP 2 ) has a solution. Moreover, the  solution set of the  (SGQEP 2 ) is closed. 

Proof.  We can adopt the same lines of proof as in Theorem 2.2 with new multifunctions 

1( , , )x z uΔ  and 2 ( , , )x v uΔ    defined as: 1 2, : 2AA B AΔ Δ × × →   by 

1 1 1 1( , , ) { ( , ) : ( , , ) intC, y P (x,u)},x z u a S x u F a z y ZΔ = ∈ ⊂ − ∀ ∈‚  

and 
         2 2 2 2( , , ) { ( , ) : ( , , ) intC, y P (x,u)}.x v u b S x u F b z y ZΔ = ∈ ⊂ − ∀ ∈‚       
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If ( , ) ( , ) ( )i iP x u S x u S x= =  for each ( , )x u A B∈ × ,  then (SGQEP 2 )  becomes  the system 
vector quasiequilibrium problem (in short, (SQVEP)),  we have the following Corollary. 

Corollary 2.6  For each { 1,2}i = , assume for the problem (SQVEP) that 

  (i)  iS  is continuous in A A×  with  nonempty closed convex; 

 (ii)  iT  is  upper semicontinuous in A A×  with  nonempty convex compact values; 

 (iii)  for all ( , )x z A B∈ × ,  ( , , ) intCiF x z x Z⊂ −‚ ; 

  (iv)  the set {( , ) : (., , ) intC}iz y B A F z y Z∈ × ⊂ −‚  is convex; 

  (v)  for all ( , )z y B A∈ × ,  (., , )iF z y  is generalized type II  C -quasiconvex; 

  (vi)  the set {( , , ) : ( , , ) intC}ix z y A B A F x z y Z∈ × × ⊂ −‚  is closed. 

Then, the  (SQVEP) has a solution. Moreover, the  solution set of the  (SQVEP) is closed. 
Proof.  The result is derived from the technical proof for Theorem 2.5.               
If 1 2 1 2 1 2( , ) ( , ) ( , ) ( , ) ( ), ( , ) ( , ) ( )S x u S x u P x u P x u S x T x u T x u T x= = = = = = , 1( , , )F x z y =  

2 ( , , ) ( , , )F u v y F x z y=  for each ( , )x u A A∈ ×  and  : 2 , : 2 , : 2A B ZS A T A F A B A→ → × × →  
be  multifunctions, then (SGQEP 2 )  becomes  vector quasiequilibrium problem (in short,(QVEP)),  
we have the following Corollary. 

Corollary 2.7.  Assume for the problem (QVEP) that 
  (i)  S  is continuous in A  with  nonempty closed convex; 

 (ii)  T  is  upper semicontinuous in A  with  nonempty convex compact values; 

 (iii)  for all ( , )x z A B∈ × ,  ( , , ) intCF x z x Z⊂ −‚ ; 

 (iv)  the set {( , ) : (., , ) intC}z y B A F z y Z∈ × ⊂ −‚  is convex; 

 (v)  for all ( , )z y B A∈ × ,  (., , )F z y  is generalized type II  C -quasiconvex; 

  (vi)  the set {( , , ) : ( , , ) intC}x z y A B A F x z y Z∈ × × ⊂ −‚  is closed. 

Then, the  (SQVEP) has a solution. Moreover, the  solution set of the  (QVEP) is closed. 
Proof.  The result is derived from the technical proof for Theorem 2.5.               
If 1 2 1 2 1 2( , ) ( , ) ( , ) ( , ) ( ), ( , ) ( , ) { }S x u S x u P x u P x u S x T x u T x u z= = = = = = , 1( , , )F x z y =     

2 ( , , ) ( , )F u v y F x y=  for each ( , )x u A A∈ ×  and : 2 , : 2A ZS A F A A→ × →  be two multifunctions, 

then (SGQEP 2 )  becomes   quasiequilibrium problem (in short,(QEP)),  we have the following 
Corollary. 

Corollary 2.8  Assume for the problem (QEP) that 
  (i)  S  is continuous in A  with  nonempty closed convex; 

 (ii)   for all x A∈ ,  ( , ) intCF x x Z⊂ −‚ ; 
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  (iii)  the set { : (., ) intC}x A F y Z∈ ⊂ −‚  is convex; 

  (iv)  for all x A∈ ,  (., )F y  is generalized type II  C -quasiconvex; 

  (v)  the set {( , ) : ( , ) intC}x y A A F x y Z∈ × ⊂ −‚  is closed. 

Then, the  (QEP) has a solution. Moreover, the  solution set of the  (QEP) is closed. 
Remark 2.9 Note that, the models (SQVEP), (QVEP) and (QEP) are different from the models 

(SGSVQEPs),  (GSVQEP) and (SVQEP) in [4], [8] and   [5], respectively. However, if we replace 
“ intCZ −‚ '' by “C”, then Corollary 2.6, Corollary 2.7 and Corollary 2.8 reduces to Theorem 3.1 in 
[4], Theorem 3.1 in [8] and Theorem 3.3 in [5], respectively. But, our Corollary 2.6, Corollary 2.7 and 
Corollary 2.8   are stronger  than Theorem 3.1 in [4], Theorem 3.1 in [8] and Theorem 3.3 in [5], 
respectively. 

The following  example  shows that all the assumptions  in  Corollary 2.6, Corollary 2.7 and 
Corollary 2.8  are satisfied. However,  Theorem 3.1 in [4], Theorem 3.1 in [8] and Theorem 3.3 in [5] 
are not satisfied.  It gives also  cases where Corollary 2.6, Corollary 2.7 and Corollary 2.8  can be 
applied but  Theorem 3.1 in [4], Theorem 3.1 in [8] and Theorem 3.3 in [5] do not work. 

Example 2.10. Let , [0,1], [0, )X Y Z A B C= = = = = = +∞  and let   , :[0,1] 2K T → , 
:[0,1] 2F → , 1 2 1 2 1 2( , ) ( , ) ( , ) ( , ) ( ) [0,1], ( , ) ( , )S x u S x u P x u P x u K x T x u T x u= = = = = = =  
( ) [0,1]T x =   and  

1 2

0
3[ , 2] i 1f ,
2 5F (x,z,y)=F (u,v,y)=F(x)
1 1[ , ] er .
3 2

oth wis

x

e

⎧
⎪⎪= ⎨

=

⎪
⎪⎩

 

We show that  all the assumptions  in  Corollary 2.6, Corollary 2.7 and Corollary 2.8  are satisfied.  
However,  Theorem 3.1 in [4], Theorem 3.1 in [8] and Theorem 3.3 in [5] are not satisfied. The reason 

is that  F  is neither  upper C -continuous nor properly C -quasiconvex at 0
1
5

x = . Thus, it gives   

cases where Corollary 2.6, Corollary 2.7 and Corollary 2.8  can be applied but  Theorem 3.1 in [4], 
Theorem 3.1 in [8] and Theorem 3.3 in [5] do not work. 

Theorem 2.11. Assume for the problem (SGQEP 2 ) assumptions (i), (ii), (iii), (iv) and (v), as in 

Theorem 2.2 and replace (vi) by (vi’) 
(vi’) for each {1,2}i = , iF  is lower semicontinuous in A B A× × .   

Then, the  (SGQEP 2 )  has a solution. Moreover, the  solution set of the (SGQEP 2 ) is closed. 

Proof.    We omit the proof since the technique is similar as that for Theorem 2.5 with suitable 
modifications.                                                                                                                                     

The following example  shows that   all assumptions of Theorem 2.5 are satisfied. However, 
Theorem 2.11 does not work.  The  reason  is that  iF  is not lower semicontinuous 
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Example 2.12. Let , [0,1], [0, )X Y Z R A B C= = = = = = +∞  and let   1 2( , ) ( , )S x u S x u= =  

1 2( , ) ( , ) [0,1]T x u T x u= =    and 

0

1

0 0

2

1 2[ , ] if ,
10 3 3F (x,z,y)=F (u,v,y)=F(x,z,y)
1[ , 1] er

1

.
2

x z

oth wis

y

e

⎧
⎪ = = =
⎪= ⎨
⎪
⎪⎩

 

 We show that all assumptions of Theorem 2.5 are satisfied.  However, F  is not upper 

semicontinuous at 0
1
2

x = . Also, Theorem 2.11  is not  satisfied. 

3. Applications (I): Quasiequilibrium problems     

Let X, Z and A, C be as in Section 1. Let : 2AK A→  be multifunction and :f A A Y× →  is a 
vector-valued function. We consider two the following  quasiequilibrium problems  (in short, (QEP 1 ) 
and (QEP 2 )), respectively. 

(QEP 1 ):  Find x A∈   such that ( )x K x∈   satisfying  

( , ) ( int ) , ( ),f x y Z C y K x∩ − ≠ ∅ ∀ ∈‚  

and 
(QEP 2 ):  Find x A∈   such that ( )x K x∈   satisfying  

                                            ( , ) int , ( ),f x y Z C y K x∈ − ∀ ∈‚  

 
Corollary 3.1  Assume for problem (QEP 1 ) that 

  (i) K  is continuous in A  with  nonempty convex closed values; 
  (ii) for all x A∈ ,  ( , ) ( int )f x x Z C∩ − ≠ ∅‚ ; 

  (iii) the set { : (., ) ( int ) }y A f y Z C∈ ∩ − =∅‚  is convex; 

  (iv) for all y A∈ , (., )f y  is generalized type I C -quasiconvex; 

  (v) the set {( , ) : ( , ) ( int ) }x y A A f x y Z C∈ × ∩ − ≠ ∅‚  is closed. 

Then, the  (QEP 1 ) has a solution. Moreover, the  solution set of the  (QEP 1 )  is closed. 

Proof.  Setting ,Y X B A= =  and 1 2 1 2( , ) ( , ) ( ), ( , ) ( , ) { }S x u S x u K x T x u T x u z= = = = , 

1 2F F f= = ,  problem (QEP 1 )  becomes a particular case of (QEP 1 )  and the Corollary  3.1 is a 
direct consequence of Theorem 2.2.                                                                             

Corollary 3.2. Assume for the problem  (QEP 1 ) assumptions (i), (ii), (iii)  and (iv) as in Corollary 

3.1 and replace (v) by (v') 
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    (v')  f  is continuous in A B A× × . 

  Then, the   (QEP 1 ) has a solution. Moreover, the  solution set of the (QEP 1 ) is closed. 

Proof.  We omit the proof since the technique is similar as that for Corollary 3.1 with suitable 
modifications.                                                                                                                          

Corollary 3.3.  Assume for problem (QEP 2 ) that 

  (i) K  is continuous in A  with  nonempty convex closed values; 
  (ii) for all x A∈ ,  ( , ) intf x x Z C∈ −‚ ; 

  (iii) the set { : (., ) int }y A f y Z C∈ ∈ −‚  is convex; 

  (iv) for all y A∈ , (., )f y  is generalized type II C -quasiconvex; 

  (v) the set {( , ) : ( , ) int }x y A A f x y Z C∈ × ∈ −‚  is closed. 

Then, the  (QEP 2 ) has a solution. Moreover, the  solution set of the  (QEP 2 ) is closed. 

Proof.  Setting ,Y X B A= =  and 1 2 1 2( , ) ( , ) ( ), ( , ) ( , ) { }S x u S x u K x T x u T x u z= = = = , 

1 2F F f= = ,  problem (QEP 2 ) becomes a particular case of (QEP 2 ) and the Corollary  3.3 is a 
direct consequence of Theorem 2.5.                                                                             

Corollary 3.4. Assume for the problem  (QEP 2 ) assumptions (i), (ii), (iii)  and (iv) as in Corollary 

3.3 and replace (v) by (v') 
    (v')  f  is continuous in A B A× × . 

  Then, the   (QEP 2 ) has a solution. Moreover, the  solution set of the (QEP 2 ) is closed. 

Proof.  We omit the proof since the technique is similar as that for Corollary 3.3 with suitable 
modifications.                                                                                                                          

4. Applications (II): Quasivariational inequality problems 

Let X, Y, Z and A, B, C be as in Section 1.  Let ( , )L X Z  be the space of all linear continuous 
operators from X  into Z , and   : 2AK A→  and ( , ): 2L X ZT A→  are set-valued mappings,  

: ( , ) ( , ), :H L X Z L X Z A A Aη→ × →  be  continuous single-valued mappings. Denoted ,z x〈 〉   by the 
value of a linear operator ( ; )z L X Y∈  at x X∈ , we always assume that .,. : ( ; )L X Z X Z〈 〉 × →  is 
continuous. 

We consider  the following  vector  quasivariational inequality problems (in short, (QVIP)). 
(QVIP) Find x A∈  and ( )z T x∈  such that ( )x K x∈   satisfying 

( ), ( , ) int , ( ),Q z y x Z C y K xη〈 〉∈ − ∀ ∈‚  

Corollary 4.1. Assume for the problem  (QVIP) that  
 (i) K  is continuous in A  with  nonempty convex closed values; 
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(ii)  T  is upper semicontinuous in A  with  nonempty convex compact values; 
(iii) for all ( , )x z A B∈ × ,  ( ), ( , ) intQ z x x Z Cη〈 〉∈ −‚ ; 

 (iv) the set {( , ) : ( ), ( ,.) intC}y z A B Q z y Zη∈ × 〈 〉∈ −/ ‚  is convex; 

 (v) for all ( , )y z A B∈ × , the function ( ), ( , )x Q z y xη〈 〉a  is generalized type II C -quasiconvex; 

 Then, the  (QVIP) has a solution. Moreover, the  solution set of the   (QVIP) is closed. 
Proof.  Setting  1 2 1 2 1 2( , ) ( , ) ( ), ( , ) ( , ) ( ), ( , , ) ( , , )S x u S x u K x T x u T x u T x F x z y F u v y= = = = = =  

( , , ) ( ), ( , )F x z y Q z y xη= 〈 〉 ,   the problem (QVIP)   becomes a particular case of (SGQEP 2 ) and 
the Corollary  4.1 is a direct consequence of Theorem 2.5.                     

Corollary 3.4.  Impose the assumptions of  Corollary 4.1 and the following additional condition: 
  (vi) the set {( , , ) : ( ), ( , ) int }x z y A B A Q z y x Z Cη∈ × × 〈 〉∈ −‚  is closed. 

  Then, the (QVIP) has a solution. Moreover, the solution set of the (QVIP) is closed. 
Proof.  We omit the proof since the technique is similar as that for Corollary 4.1 with suitable 

modifications.                                                                                                                          

Acknowledgment 

 This research is the output of the project “On existence of solution maps  for system multivalued 
quasi-equilibrium  problems and its application” under grant number D2014-06 which belongs to 
University of Information Technology-Vietnam National University HoChiMinh City. 

References 

[1] Q.H.  Ansari, S. Schaible and  J.C. Yao (2000), The system of vector equilibrium problems and its applications, J. 
Optim. Theory Appl. 107, pp547-557 . 

[2] Q.H.  Ansari, S. Schaible and  J.C. Yao (2002), System of generalized vector equilibrium problems with 
applications J. Global Optim, 22, pp 3-16. 

[3] Q.H. Ansari (2008),  Existence of solutions of systems of generalized implicit vector quasi-equilibrium problems, 
J. Math. Anal. Appl, 341, pp 1271-1283. 

[4] S. Plubtieng and K. Sitthithakerngkiet(2011), On the existence result  for system of  generalized strong vector 
quasi-equilibrium problems. Fixed Point Theory and Applications.  Article ID 475121, doi:10.1155/2011/475121  

[5]  Y. Yang and  Y.J. Pu(2013),  On the existence and essential components for solution set for symtem of strong 
vector quasiequilibrium problems. J. Global Optim.  55,  pp 253-259. 

[6] N. V. Hung and P. T. Kieu(2013), Stability of the solution sets of parametric generalized  quasiequilibrium 
problems, VNU- Journal of Mathematics – Physics, 29, pp 44-52, 

[7] K. Fan (1961), A generalization of Tychonoff’s fixed point theorem. Math Ann. 142, pp 305--310. 
[8] X.J. Long,  N.J. Huang,  K.L.Teo(2008),  Existence and stability of solutions for generalized strong vector quasi-

equilibrium problems. Mathematical and Computer Modelling. 47,  pp 445-451 
[9] E. Blum and W. Oettli (1994), From optimization and variational inequalities to equilibrium problems, Math. 

Student, 63, pp 123-145. 



L.H.M. Van, N.V. Hung / VNU Journal of Science: Mathematics – Physics, Vol. 30, No. 2 (2014) 33-46 

 

46

[10] N. V. Hung (2013), Existence conditions  for  symmetric generalized   quasi-variational inclusion  problems,  
Journal of Inequalities and Applications, 40, pp 1-12. 

[11] J. Yu (1992),  Essential weak efficient solution in multiobjective optimization problems. J. Math. Anal. Appl.  
166, pp 230-235.  

[12] G. Y. Chen, X.X. Huang and X. Q. Yang (2005), Vector Optimization: Set-Valued and Variational Analysis, 
Lecture Notes in Economics and Mathematical Systems, 541, Springer, Berlin. 

[13] J.P. Aubin and I. Ekeland (1984), Applied Nonlinear Analysis, John Wiley and Sons, New York. 
[14] E. Blum and W. Oettli (1994), From optimization and variational inequalities to equilibrium problems, Math. 

Student, 63, pp 123-145. 


