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Abstract. This paper is concerned with the robust stability of linear differential-algebraic
equations (DAEs). A system of linear DAEs subjected to structured perturbation is considered.
Computable formulas of the complex stability radius are given and analysed. A comparison of our
formula to previous results is given.
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1. Introduction

Differential-algebraic equations (DAEs) play an important roles in mathematical modeling of real-
life problems arising in a wide range of applications, for example, multibody mechanics, prescribed
path control, eletrical design, biology, biomedicine, see [1, 2] and references therein. On the other
hand, the robustness issue is a crucial problem for the application of control theory, for example, one
of the basic goal of feedback control is to enhance system robustness. Robust stability is also an
important topic in linear algebra as well as in numerical analysis.

Consider a linear DAE

Ey(x) = Ay(x), (1.1
where A,E€e K™, K=Cor R. The leading coefficient matrix £ is singular.

Definition 1.1. (see [1]) The matrix pencil {E, A} is said to be regular if there exists 1€ C such
that the determinant of (A—tFE), denoted by det(A—tF), is different from zero. We also say that

(1.1) is regular. Otherwise, if det(A—tE)=0, Vte C, we say that {E, A} is irregular.
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If {E, A} is regular, then a complex number t is called a (generalized finite) eigenvalue of {E, A}
if det(A—tE)=0. The set of all eigenvalues is called the spectrum of the pencil {E, A} and denoted
by o(E,A).

If E issingular and {E, A} is regular, then we say that { E, A} has the eigenvalue oo .

Suppose that the matrix pencil {E, A} is regular. Then the pairs can be transformed to Kronecker
canonical form i.e there exist nonsingular matrices P , Q such that

PEQ = l.-0 PAQ = /0 1.2
o NV o 1] (12

where N is a nilpotent matrix of index k (see [1, 2]). If N is a zero matrix, then k = 1. Furthermore,
we may assume without loss of generality, that N and J are upper triangular. If {E, A} is regular,

then the nilpotency index of N in (1.2) is called the index of matrix pencil {E,A} and we write
index{E,A} =k .
In particular, a regular index-one system can be given by the form

E:|:EH E12j| A:|:All A12j|
o 0 Ay Ay

where A,, and E, — E12A2_21 A,, are square and of full rank (or invertible matrices).

Now, we give the definition of asymptotic stability of the solution of (1.1), see [2].

Definition 1.2. Suppose that {E, A} is regular. Let Q be a projector onto the subspace of consistent
initial conditions. Let P = I - Q. We say that the null solution of (1.1) is stable if for any € >0, there

exists 0 >0 such that for an arbitrary vector y,€ C" satisfying Il y, ll< J, the solution of the initial
value problem

Ey(x) = Ay(x), x€[0,00),
P(y(0)=y,)=0
exists uniquely and the estimate Il y(x) ll< € holds for all x=0.

The null solution is said to be asymptotically stable if it is stable and lim Il y(x) =0 for solution y

of (1.1). If the null solution, of (1.1) is asymptotically stable, we say that system (1.1) is
asymptotically stable.

Theorem 1.1. (see [3]) The null solution, of system (1.1) is asymptotically stable if and only if the
eigenvalues of the matrix pencil {E, A} all have negative real part.

If the eigenvalues of the matrix pencil {E, A } all have negative real part, then the matrix pencil
{ E, A} issaid to be stable.
Now, let us suppose that system (1.1) is asymptotically stable and consider the perturbed system

(E + BpAEC)y” = (A + BAAAC)y, (1.3)
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where B, € K™" B,e K"™ 6 Ce K" are given matrices, A, € K" A e K" (K=C

or K =) are uncertain perturbations. B,A,C, B,A_C are called structured perturbations. Denote

A
A= {AA }, we define the set of "bad" (destabilizing) perturbations
E

V Z{AE K (Ptp2)xq
K

the matrix pencil {(E+ B,A.C),(A+ BAAAC)}}

is either irregular or unstable

Definition 1.3. Let, the system (1.1) be asymptotically stable. The structured stability radius for
(1.1) is defined by r, =inf {”A” lAe VK} , where |||| is a matrix norm induced by vector norms in
K (Ptp2¥a

Depending on K=C or K=R, we talk about the complex or the real stability radius,
respectively. Obviously, we have the estimate 7. < r, The problem of computing the stability radius

for ODEs was introduced in [4-7]. Later, the result was extended to DAEs in [8-12], The aim of this
paper is to compute a general formula of the complex stability radius. Moreover, a comparison of our
formula to previous results is given.

The outline of this paper is as follows. Firstly, the complex structured stability radius for (1.1) is
given. Furthermore, we show the details on stability and structure robustness of systems of index one.
Finaly, we show that the formula of the complex stability radius by Byers and Nichols in [8] can be
obtained as a special case of our result.

2. Main result

Theorem 2.1. The complex structured stability radius for (1.1) is given by

-1

rC:{supH[Gl(t) Gz(t)]H} ,
teiR

where G,(t)=—C(A—tE)"'B, . G,(t) =tC(A—tE)"'B, .

(2.4)

Proof. To prove this theorem, we use the technique that is same as in [9]. First, we prove that
-1
T = { sup [[G,(1) G, (r)]”} :
Re 120
To this end, we prove that
-1

re> { ,f.u?oH[Gl ) G, (r)]”}

There are two cases in which {(E+ B,A,C),(A+ B,A,C)} is either unstable or irregular.
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The first case. Let {(E+B,A.C),(A+B,A,C)} be unstable, then there exists
te c(E+B,A.C),(A+B,A,C)) and Re(t) 2 0. There exists x # 0 satisfying,
(A+B,A,C)x=t(E+B;A.C)x
& (A-tE)x = (-B,A,C+tB,A.C)x
A
& x = (A-tE)'[-B, tBE]{AA}Cx

E
= Cx = C(A-tE)"'[-B, 1B;]|ACx.
Given u = Cx, we have, u = [G1 @) G, (t)]Au.
-1
Hence, |A] 2 { sup [ G, (r)]”} :

or

-1

S

The second case. Let {(E+ B,A,C),(A+B,A,C)} be irregular which means that for any te C

we have det((A+B,A,C)—t(E+B,A,C))=0. Given ¢ such that Re(t) 20, then there exists
x #0 satisfying

t(E+B,A,C)x=(A+B,A,C)x.

Similarly to the first case, we obtain

af>{swllGo c.ollf -

It is clear that, in any case,

e 2 {sup
Rer20

-1
[G, (1) Gz(t)]H} : (2.5)
Now, we prove the inverse inequality
-1
r(cs{supOH[Gl(t) Gz(t)]H} :

Indeed, for any € >0, there exists 7, having Re(z,) =0 such that

6.t Gz(to)]H_lS{sug)H[Gl(t) Gz(t)]H}_ e
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We construct a destabilizing perturbation A = {iA} such that ||A|| = H[G1(to) G, (to)]H_l. There
E

exists a vector xe C"*" ||x||=1 such that H[G1 () GZ(IO)])CH:H[G1 (t,) GZ(IO)]H. Invoking a

corollary of the Hahn-Banach theorem, there exists a functional y" € C*, |y||=1 such that
Y[Gt) G u]x=|[Gt) G,u)]A =[Gt G @]
Letus define A=[[G,(t,) G,(1,)]|” ", then
AlG () G,]x=[[G) G » [Gy) G,
=[[6.a) G G Gl
We deduce |A|2[[G.(1,) G,(0)]| -
On the other hand, from the definition of A, we have [A|<|[G,()) G,@)][ -

Thus, [A|=|[G,ty) G@)][ -

We show that the perturbed system will be either unstable or irregular.

A[G,(t,) G,(1)]x = x
& A|-C(A-1,E)'B, 1,C(A-1,E)'B,|x = x
& AC(A-1,E)'[-B, 1,B,]x = x

Multiplying  both  sides with (A—t,E)” [—B N tOBE] from the left, denoting
u=(A-t,E)" [-B, 1,B,]x, we obtain

u (A-1,E)"'[-B, t,B.]ACu

[-B, tOBE]{iA}Cu

E

& (A-tEu
< (A-t,Eu -B,A,Cu+t,B. A Cu
< (A+BACu = t,(E+B.A.Cu.

We have u #0 because x#0. It is obtained that eithert, € o((E+ B,A.C),(A+B,A,C)) or
{(E +B,A.C),(A+ BAAAC)} is irregular.

Because Re(#,) 20 then the perturbed system is either unstable or irregular. It is clear that

-1 -1
r(CS”A":H[Gl(tO) Gz(to)]u S{:ul)ou[Gl(t) Gz(t)]H} +e. Because € is arbitrary, we

deduce
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[G() G, (r)]”}_ . (2.6)

e < {sup
Rer>0
From (2.5) and (2.6) we have
-1
e ={sup 6o 6, (r)]”} :
Ret>0
To complete this proof, we note that [G1 @) G, (t)] is analytic in C\C", due to the maximum

principle, their least upper bound is attained in /R (at a finite point or at infinity). Hence,
-1

[wlico c.ol] ~fwlico 6ol

-1
Finaly, we have 7. = {supH[G1 @ G, (t)]”} ,

teiR
where G,(1)=—C(A—tE)"'B,, G,(t)=tC(A-tE)"'B,. O
Remark 2.1.

If E is nonsingular matrix, then

(G G =Jim [-cca-ey'B, ca-E)'B, ]

lim
[t} —>-+e0

= lim < oo,

[t| >+

[—C(A—tE)‘IBA C(%A— E)‘lBE}

If E is singular matrix, then
J—-t r)_1 0
G @)= —C(A—tE)_lBA =-CQ

B,

1 P
0 I+ (N)
i=1

(11 -1)" 0]
G,(t)=tC(A—tE)"'B, =CQ PB,,t#0.

0] t, , + ki(tN)")

Thus, the complex structured stability radius for (1.1) is strictly positive only if the
index{E,A}=0. Moreover, for index{E,A}=1, the radius is positive when the structured

perturbation of the leading term has influence only on the differential part. And from now on, we
consider the system having index one with suitable structured perturbations of the leading term.

Lemma 2.1. Let, {E, A} be regular.
If index{E, A} <1 then deg[det(A—1E)]=rankE .
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If index{E, A} >1 then deg[det(A—tE)] < rankE .

Proof. Let pencil {E, A} have canonical form,

E=P" {I’ O}Q‘l, Azp‘{J o }Q“.
O N o I,
sIf k=0then E=P'I Q', A=P'JQ". It means that rankE = n
det(A—tE)=det(P'Q ") det(J —tl).
Because det(J —1/,) is polynomial of degree 7, so deg[det(A—tE)] =rankE .

J-tl, O]
o I_. |

e If k=1,then N isnull matrix, and A—tE = P_{
Hence, det(A—tE)=det(P~'Q ") det(J —1l,).
Because pencil {E, A} is regular, so det(A—tE)# 0, or det(J —1/,) is polynomial of degree r.

On ther other hand, rankE =r, so deg [det(A —tE )] =rankFE .

e If k>1, then N is in  Jordan form, N =diag [Jl, e ] , and

A—tE=P" {J_ﬂ’ © } -
0 MT
where MT is upper triangular matrix which have diagonal elements equal to one. We deduce
det(A—tE)=det(P'Q ") det(J —tl,).

Because pencil {E, A} is regular, so det(A—tE) #0, or det(J —¢/,) is polynomial of degree
r . On ther other hand, rankE > r, so deg [det(A - tE)] <rankE . O

To prove the following lemma, the technique is used in the proof of Theorem 2.1 can be applied.

Thus, we obtain the result.

Lemma 2.2. Let M € C"" is nonsingular matrix. If d_ =inf {”A ,M + HAT is singular},

-1
where H € C™7, Ae C"™?, T e C” are given matrices, then d. = HTM’IHH )

Without loss of generality, the system having index one can be simplified as follows

|:I 0} Y Z{Au Au“i)’l}
O 0 y A’Zl A22 y2
2
where A,, is invertible. From the Remark 2.1, for index{E, A} =1, the radius is positive when the

structured perturbation of the leading term has influence only on the differential part. So that, we
consider the structured perturbations with
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B‘Fﬁﬂ’ BEz{ﬂ, c=[C, G].

A
Theorem 2.2. Let pencil {E,A} be regular and index one. For any AZ{AA}E Crrr>a
E

satisfies ||A|| < 1., we have

index{(E + B,A,C),(A+B,A ,C)}
deg[det((A+ B,A,C)—t(E+ B,A,0))]

index{E, A}.
deg[det(A—1E)].

Proof. Consider the perturbed system
I+BA.C, BAG, ||y | |A,+BAC A,+BAG, ||y
{ 0 0 }{y'j_[AZﬁBZAAq A22+BZAACZMyJ‘
The perturbed system has index one if and only if A,+BA,C,, and
I+ BA,C,—BA,C,(A,, +B,A,C,)" (A, + B,A,C,) are invertible.
Denote R, = inf{

R = chAz_lezu_l

Next, we prove inequality

+B,A,C, is Singular}. Using Lemma 2.2, we obtain

-1
{gﬂg”q (t)”} <[c,AnB, .
i.e
lim H C(A-tE)"'B, H_HQ B, H

[t|>+o

We have (see [13,14])
A_IE:[A“—H AH} {1 AIZAZQ}[ —tl - A,AL A, 0}{ I 0}
A a0 0 Ao L Ana, 1

So
(A—tE)_l :[ —11 0} {(An _tI_AlezizlAzl)il 0—1}[1 _Alez_zl}.
—ApA, 1 0 A, || O 1
We deduce
_C(IE - A)_l B = _(C -C A2_21A21)(ﬂ - A11 + A12A2_21A21)_1 (Bl - A12A2_2132) - CzAz_lez

We have lim [-C(A—1E)"'B,|=|C,A,B,|.

[t| >+

Hence,
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-1
T S{§q£||Gl (t)||} <

This means that A,, + B,A ,C, is nonsingular if ”A” <I.

On the other hand, we have

[ I+BA,C, BA,C, }{1 BA,C,(A,, +B,A,C,)™|

_A21 + BZAACI A22 + BZAACZ 0 1 _
[1+BA,C,—BA,C,(A, +B,A,C,) ™ (A, +B,A,C) o ]
0 A22 + BZAACZ .

nrsscr /|
(A +B,AC) (A +BAC) T ]
It is easy to see that / + BA,C, —BA_.C,(A,, + BZAACz)_1 (A, + B,A,C)) is singular if and only if

[+BA,C, BA,C, I 07 [o B[a,
or [C, C,]]|is singular.
A21 + BZAACI A22 + BZAACZ A21 A22 B 0 A

Denote
AT ol o B ¢ c |
A, 1 a4, A22 B, 0|4, M ,| singular.

R,= H[CzAz_lez (e _C2A2_21A21)B]H_1

R, =inf {

Using Lemma 2.2, we have

Now, we need to prove

lim |-C(A—tE)"'B, (C(A—tE)"B,|=|C,A3B, (C,—C,A3A,)B].

[ too
From (A—zE)—I:[ 11 0}{““_”_%%%) 0_1}[1 _AIZAZ_ZI}.
—ApA, 1 0 Ao 1
We deduce
—~C(A—tE)"'B, =—(C, - C,Aj A, )t — A, + A, A, A, ) (B, — A,AB,) - C,(-A,,) ' B,,
tC(A—tE)"'B, =t(C,— C,A,, A, )(A,, —tl — A, A A,) ' B.
We obtain
lim [-C(A-tE)"B, tC(A—1E)"'B,|=|C,A,B, (C,—C,AjA,)B|.

[t| >+

Thus, 7. ={§gﬂl§”[Gl ® G, (t)]H}_
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In conclusion, if ||A|| <1, then index{(E+ B,A,.C),(A+B,A,C)}=1. Using Lemma 1.1, we
have
deg[det((A+B,A,C)—t(E+ B,A,C))] =rank(E + B,A,C) = rankE. O
The algebraic structure of an index one DAEs is characterized by the index and the number of the
finite eigenvalues of the pencil. We denote
the pencil {(E+B,A.C),(A+B,A,C)}
Ve ={Ae C»*P| i either irregular or unstable,

or its algebraic structure changes

The algebraic structure of the pencil {(E+ B,A,C),(A+B,A,C)} changes if its index, or the
number of finite singular values, or both change . Now, for a DAEs of index one, the complex

structured stability radius can be redefined as following re =inf {”A” lAe 17«:}-

By the Theorems 2.1 and 2.2, the following result immediately follows.

Theorem 2.3. Using the same assumption as in the Theorem. (2.1) and (2.2), we have

-1
re=r, ={?€1£H[Gl(t) Gz(t)]H} : 2.7)
where Gl(t)z—C(A—tE)’lBA, Gz(t):tC(A—tE)leE.
Example 2.1. For sake of simplicity, we use the maximum norm as the matrix norm.
Consider
-1 0 0 1 00
A= 0 1 0|, E=|0 0 1
0 0 1 00O
1 00
It is easy to verify that index{E,A}=2, G(E,A)={—1}. With C=1, B,=|-2 0 0
0 00
1 00
B.=10 0 O], wehave
0 0O
— 00 o o]
I+ t+1

G ()=-C(A~1E)'B,=| 2 0 0|,G,()=1C(A~tEY'B,=| 0 0 0.
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=

1
The least upper bound is attained at r=0. So, 7. =—, we construct the destabilizing

-t
t+1

t+1

b

Hence, sup|[G,(t) G,(n)]|_ =sup max{
teiR teiR

: 5 0 0 0 g

perturbations A, =10 0 0], A.=|10 0 O0]. We deduce
0 0 O 0 0 O
| i |

o(E+B;A.C),(A+B,A,C))= {0} which means that the system is unstable.

In the case which the least upper bound attained at oo, we consider arbitrary sequence f,

n
proceeding to oo. Then, for each ¢,, we construct the destabilizing perturbations { :} The

E
Al
Al

equal to the stability radius only change the algebraic structured. To verify that, we consider following

sequence which have limits being the stability radius. But the perturbations that have norm

Example 2.2. Consider

1 -1 -1 2
A=| 2 , E= .

-1 0
It is easy to verify that index{E,A}=1, O'(E,A):{—%}. With C=1=B, and

4¢

— 1
1 0
BE: , we have Gl(t):_C(A_tE)—lBA: 2t+1 ,
-2 0 1 1
2
2t
G,(t)=tC(A-tE)"'B, =| 2t +1
0 0
2t 4t 3
Th , Su G t G t = sup max _’_+L_ :3,
® ,E,IEH[ @ GOl e {2t+1 2t+1 2}
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the least upper bound attained at f =oo. Considering the sequence f, =in, for each ¢, , we construct

the destabilizing perturbations A’, = \/32 b \/32 b , AL =0. Tt is easy to see that

An
{A:} is a destabilizing perturbations i.e the pencil {(E+ B,A.C),(A+B,A’,C)} is unstable. On

E

1 1
- A
the other hand, we have A, - A,=|3 3|, AL, >A,=0 when n—>co. But {AA} only
E

changes the algebraic structured because o((E + B,A%.C),(A+ B,A’,C)) = . This can be explained

that the least upper bound is not attained at a finite point so the greatest lower bound of the
destabilizing perturbations is not attained. Althought, the limits of the sequence of perturbations is
existence. Now, we will show that our result can be used to obtain the result of Ralph Byers, N.K.
Nichols in [8]. Firstly, we can repeat some results from [8]

Definition 2.1. ( see 8] ) The radius of stability of the stable regular pencil {A, E} is given by
{(E+0E),(A+0A)} is either unstable or irregular}

or algebraic structure changes

P(A,E)=1inf {II [0AIOE]I,

where [I-1l. denotes the Frobenius norm.

Lemma 2.3. ( see [8] ) If {E, A} is regular and of index less than or equal to one, then there exists
an orthogonal matrix P and a permutation matrix (0 such that

PEO = Eu E12 PAO = An A12
°“lo o Q‘Aﬂ A,

_ _ _ _ Au A12 E11 E12
where rank(E,, E,,) =rankE =k , rankA,, =n—k and p(A,E)=p , .

A4 A,JLO O
Furthermore, POEQ = {é‘E“ 5E12} PSAQ = {5‘411 0A, }
o 0 04, 0A,
We define for 0, we R, 6’ +a’ =1, the matrix function
H(6, @)= {HA“ eAn}{ia)EH ia)Elz}
Ay Ay 0 (0]

Theorem 2.4. (see [8]) If {E, A} is stable, regular, and of index less than or equal to one, then
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PAE)= jnf 0, {H(O.0).28)
0*+w*=1

To show (2.7) implies (2.8), we consider the pencil with index one in the form

0 0 Ay Ay

I O I 0 I 0
B, = , B, = , C= :
0 1 0 0 0 1

Theorem 2.5. If the matrix pencil {E, A} is regular, stable, and has index one, and the matrix

and

norm is Euclidean norm, then the complex structured stability radius is

e = Hi,?)efR O-min {H(e’ a))} ’
8’ +w’=1

Proof. Using the formula of the complex structured stability radius from Theorem 2.1, we have

{All—tE“ Au—tEuT[—I 0 i 0}

-1

A, A, O -1 0 O

We shall consider two cases.

* The first case. If the least upper bound is attained at 7, then we set 7, = ZE , where @, we R,

0+0, and
6>+’ =1. Thus, » -1
= A”—ZZE” An—zZE12 -1 O 151 o
A, A, o -1 O O
2
On the other hand,
. 2
A“_ZEEH AIZ_IEEIZ -1 0 lg] 0 _
A, A, o -1 0 O

2
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-1 (0] .
o - .0 0] B
A —-i—E, A,-i—E,
a)I 4 6
i ad
0 Ay A,
(0]

where 4 {} is the largest eigenvalue. Hence,

_ 2
An—i%E” An—i%En 2 o i%l ol _
A, A, 0o -1 o o
A% a—i%: T[L; o 0 o, T
=1 not gt ety 9? A,-i—E, A,-i—E,
A, Ay, 0o 1] Ay Ay
4 E, A,-i2E, 1 o] oolla sy a2 T
7 6 1 Aemig B
L Ay Ay O Ijlo 1 Ay Ay
. R
'y {01 0} A“—i%)E“ Alz—i%)Eu [01 0} A“—z%’E“ Alz—i%)Eu
MR S A ) (L9 A, A,

{OAH—ia)EH ¢9A12—ia)E12T {QAH—inH ¢9A12—ia)E12T
" A, A, A, A,

We deduce

~{o,. {HEO.0)"})

where O, { } is largest singular value.

*The second case. If the least upper bound is attained at oo, then we set ¢ = 15 fe R, and

|#|— 400 where | 81— 0. Similarary with the previous case, we also have

o A—iE, A, —iE, -1 0 1 0O
o=l A, A, -1 0 O
OA —iE. 6OA -
=1im|: 1 e, 2 11 } max{(H(O 1)) }
60 A, A21 Azz

Hence,
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re ={0,. {(HO. 1))‘1}}_1

where O {} is largest singular value.

max

From the both cases, we deduce 7. =4 sup O, . {(H(@, a)))“}
6,0cR

i.e

0+’ =1

{H(6,w)}

min

.= inf o
8,weR

0>+’ =1

where O, {} is smallest singular value.

Remark 2.2. Using the fact that a rank-one destabilizing perturbation can be constructed, an
alternative proof for Theorem. 2.5 can be given. The Frobenius norm gives a upper bound for the
Euclidean, norm. Note that, for a rank one matrix, the Euclidean, and the Frobenius norms are equal.
Then, we can. show that, the formula of the complex stability radius given, in [8] and in Theorem 2.3
are the same.
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