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Abstract: In this paper we establish sufficient conditions for the solution mappings of parametric
generalized vector quasiequilibrium problems to have the stability properties such as lower
semicontinuity, upper semicontinuity, Hausdorff lower semicontinuity, continuity, Hausdorff
continuity and closedness. The results presented in the paper improve and extend the main results
of Kimura-Yao [J. Global Optim. 138, (2008) 429-- 443], Kimura-Yao [Taiwanese J. Math., 12,
(2008) 649--669] and Anh-Khanh [J. Math. Anal. Appl., 294, (2004) 699--711]. Some examples
are given to illustrate our results.
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1. Introduction and preliminaries

Let X,Y,A,I',M be Hausdorff topological spaces, let Z be a Hausdorff topological vector
space, AcC X and BCY be nonempty sets. Let K, :AXA— 24, K,:AXA — 24
T:AXAXI = 2%, C:AxA —2° and F:AXBXAXM — 27 be multifunction with C(x) is
closed with nonempty interiors different from Z.

For the sake of simplicity, we adopt the following notations. Letters w, m and s are used for a
weak, middle and strong, respectively, kinds of considered problems. For subsets U and V under
consideration we adopt the notations.

(u,v) wUxV means VueU,IveV,
(u,y) mUxV means HFyveV VuelU,

(u,v) s UxV means Yue U,VveV,
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pU,V) means UNV #O,
p,U,V) means UcCV,u,v),
(u,v) wUXV means dueU,VveV and similarly for m,s ,
p,WU,V) means U NV = and similarly for p,

Let e {w, m, s} and e {w,m,s}. We consider the following parametric quasiequilibrium
problem (in short, (QEP @ ).

(QEP,): Find X € K,(x,4) suchthat (y,0)aK,(x,A)XT(X,y,y) satisfying
PF(X,t,y,1);C(X, ).

For each AeA,yel,ueM, we let E(A)={xe Alxe K,(x,A)} and let
. A . . .
Ly AXIXM -2 be a set-valued mapping such that X, (4,¥,4) is the solution set of
(QEP,,). ie.

LAy ) ={xe E(D) 1(y,)ak, (X, )XT(X,y,y): p(F(X,t,y, 10); C(X,A)}.
Throughout the paper we assume that X (A,7,u)# for each (4,y,4) in the
neighborhoods (A, %, 44,) € AXIT'XM .

Special cases of the problem (QEP ,,) are as follows:

@ If T(x,y,y)={x},A=I'=M,A=B,X=Y,K,=K,=K,p =;2 and replace C(x,A4)
by —intC(x,A), replace F by f be a vector function, then (QEP ap—z) become to (PVQEP) in
Kimura-Yao [1].

(PQVEP): Find x€ K(x,A) such that

f(x,y,A)¢ —intC(x,A), forall ye K(x,A).

O IfT(x,y,7)={x},[=M,A=B,X =Y ,K,(x,A) =K,(x,A) = K(A),p = ;2 and replace
C(x,A) by —intC,replace F by f be a vector function, then (QEP a?z) become to (PVEP) in
Kimura-Yao [2].

(PVEP): Find X € K(A) such that

f(x,v,7)¢ —int C, for all ye K(A).

QI T(x,y,)={x},A=I'=M,A=B,X =Y,K, =K, =K ,replace F' by f bea vector
function, then (QEP s ) becomes (QEP) in Anh-Khanh [3].

(QEP): Find x€ K(x,A) such that

f(x,y,A)e C(x,A),Vye K(x,A).
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d If T(x,y,y)={x},A=1A=B,X=Y ,K =clK.K,=K,p=p,,p=p, and replace
C(x,A) by Z\ —intC with C c Z be closed and intC #J, then (QEP,,) and (QEP,, )
become to (QEP) and (SQEP), respectively in Anh-Khanh [4].

(QEP): Find x € cIK(x,A) such that
F(x,y, ))Nn(Z\ —intC) =, forallye K(x,A).
and
(SQEP): Find x € K(x,A) such that
F(x,y,A)c Z\ —intC, forall ye K(x,A).
In this paper we establish sufficient conditions for the solution sets X, to have the stability

properties such as the upper semicontinuity, the lower semicontinuity and the Hausdorff lower
semicontinuity, continuity and Hausdorff continuity with respect to parameter A, ¥, i .

The structure of our paper is as follows. In the remaining part of this section we recall definitions
for later uses. Section 2, we establish sufficient conditions for the lower semicontinuity and the
Hausdorff lower semicontinuity of solution sets of problems (QEP ,,), and Section 3 is devoted to the

upper semicontinuity, continuity and Hausdorff continuity of solution sets of problems (QEP ;).
Now we recall some notions.
Definition 1.1[5, 6]
Let X and Y be topological vector spaces and G: X — 2" be a multifunction.
(i) G is said to be lower semicontinuous (Isc) at x,€ X if G(x,)NU #O for some open set
U cCY implies the existence of a neighborhood N of x, such that G(x)NU #J,Vxe N. G is

said to be lower semicontinuous in X if it is lower semicontinuous at each X, € X.

(ii) G is said to be upper semicontinuous (usc) at x, € X if for each open set U D G(x,) , there
is a neighborhood N of x, such that U © G(x),Vxe N . G is said to be upper semicontinuous in

X if it is upper semicontinuous at each x, € X .

(iii) G 1is said to be Hausdorff upper semicontinuous (H-usc) at x,€ X if for each neighborhood
B of the origin in Z, there exists a neighborhood N of x,such that, G(x) € G(x,)+B,Vxe N .
G is said to be Hausdorff upper semicontinuous in X if it is Hausdorff upper semicontinuous at
each x,€ X .

(iv) G is said to be Hausdorff lower semicontinuous (H-Isc) at x,€ X if for each neighborhood
B of the origin in Y, there exists a neighborhood N of x, such that G(x,) € G(x)+ B,Vxe N .

G is said to be Hausdorff lower semicontinuous in X if it is Hausdorff lower semicontinuous at
each x,€ X .
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(v) G issaid to be continuous at x,€ X ifitis both Isc and usc at x, and to be H-continuous at
x,€ X ifitis both H-Isc and H-usc at x,. G is said to be continuous in X if it is both Isc and usc
ateach x, € X and to be H-continuous in X if it is both H-Isc and H-usc at each x,€ X .

(vi) G is said to be closed at x,€ X if and only if Vx, — x,,Vy, — y, suchthat y € G(x,),

we have y,€ G(x,). G issaid to be closed in X ifiit is closed at each x,€ X .

Lemma 1.2. ([7, 8]) LetX and Y be topological vector spaces and G:A—>2" be a
multifunction.

(i) If G isusc at x, then G is H -usc at x,. Conversely if G is H -usc at x, and if G(x,)

compact, then G is usc at Xy
(ii) If G is H-Isc at x,, then G is Isc at x,. The converse is true if G(x,) is compact;
(iii) If G isuscat x, and if G(x,) isclosed, then G is closed at x,;
(iv)If Z is compactand G isclosed at x, then G isuscat x;

(v) If G has compact values, then G is usc at x, if and only if, for each net {x,} € X which
converges to X, and for each net {y,} € G(x,), there are y€ G(x,) and a subnet {y,} of {y,}

such that y; — y.

2. Lower semicontinuity of solution set

In this section, we discuss the lower semicontinuity and the Hausdorff lower semicontinuity of

solution sets for parametric generalized quasiequilibrium problems (QEP ).

Theorem 2.1 Assume for problem (QEP ) that

(i) E islscat 4, K, is usc and compact-valued in K,(A,A)x{4,};

(ii) in K, (A,A)XK,(K (A, A),AN)x{y,}, T is usc and compact-valued if &=s, and Isc if
a=w (or &d=m),

(iii Jthe set  {(x,t,y,u,A)€ K (A, A)XT(K,(A,A),K,(K,(A,A),A),T)x

K, (K (A, A), A)x{u,} x{A,}: p(F(x,t,y,10);C(x,A))} is closed.

Then ¥, is lower semicontinuous at (Ays Yo o) -

Proof. Since a={w,m,s} and p={p,,p,}, we have in fact six cases. However, the proof
techniques are similar. We consider only the cases & = s, 0 = p, . Suppose to the contrary that X o, 18

not Iscat (A% th). e, Ixge X, (A% ty). A7, 4,) = (A% 1)
Vx, € X, (A%, M), X, + X,. Since E is Isc at A, there is a net x, € E(4,), x, — x,. By the
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above contradiction assumption, there must be a subnet x:n of x; such that, Vm,

X, @2, (A7l ie, Iy, € K,(x,,4,),3t,€T(x,,y,,7,) such that

F (Xt Y, M) € €570 4,). (2.1)
As K, is usc at (x,,4,) and K,(x,,A4,) is compact, one has y,€ K,(x,,4,) such that
y,, —> Y, (taking a subnet if necessary). By the lower semicontinuity of 7" at (x,,,,%,), one has

t,€T(x,,y,,7,) such that £ —1,. Since (x, .,y A ¥ 2 )= (Xgslys Vs Ays Yo» ) and by
condition (iii) and (2.1) yields that

F (X410, Yos o) € C(xg5 Ay
which is impossible since x,€ X, (4),%,4,) - Therefore, X, islsc at (4, %, 4). O
The following example shows that the lower semicontinuity of E is essential.

Example 2.1.Let A=B=X=Y=R,A=I'=M =[0,1], 4, =0,C(x,4) =[0,0),
F(x,t,y,A)=2"T(x,y,A) = {x},K,(x,1) =[0,1] and
(-1, 1] if 1=0,
[-4-1, 0] otherwise.
We have E(0)=[-1,1],VAe (0,1], E(1)=[-4-1,0],VAe (0,1]. Hence K, isusc and the

conditions (ii) and (iii) of Theorem 2.1 are easily seen to be fulfilled. But X ap is not upper

Kl(x,/l)z{

semicontinuous at A, =0. The reason is that E is not lower semicontinuous. In fact
Eap (0’ 07 0) = [_l’ l] and Eap(l, 7 ﬂ) = [_2’ - l’ 0]’VA € (0’ 1] .

The following example shows that in this the special case, assumption (iii) of Theorem 2.1 may
be satistied even in cases, but both assumptions (ii, ) and (iii, ) of Theorem 2.1 in Anh-Khanh [4] are
not fulfilled.

Example 2.2. Let A,B,X,Y,T,A,I',M,A,,C as in Example 2.1, and let
K, (x,A)=K,(x,4)=[0,1] and
—4,0 if 1=0,
Foy={ ") L
[-1-A4, 0] otherwise.

We shows that the assumptions (i), (ii) and (iii) of Theorem 2.1 are satisfied and
X, (4, 7,1))=[0,1],VA€ [0,1]. But both assumptions (ii,) and (iii,) of Theorem 2.1 in Anh-

Khanh [4] are not fulfilled.

The following example shows that in this the special case, assumption of Theorem 2.1 may
be satistied, but Theorem 2.1 and Theorem 2.3 in Anh-Khanh [4] are not fulfilled.

Example 2.3. Let A,B, XY, T,A,I'M, ZO, C asin Example 2.2 and let

K, (x,A)=K,(x,A) = [O,g] and
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[0,11 if A=0,

F(x,t,y,A)=
(%53.4) {[2,4] otherwise.

We show that the assumptions (i), (ii) and (iii) of Theorem 2.1 are satisfied and

Zap(/l, 7, ,u)):[O,g],‘v’/le [0,1]. Theorem 2.1 and Theorem 2.3 in Anh-Khanh [4] are not

fulfilled. The reason is that F' is neither usc nor Isc at (x, y,0).

Remark 2.7. In cases as in Section 1 (a), (b) and (c). Then, Theorem 5.1, 5.2 and 5.3 in [1]
Theorem 5.1, 5.2, 5.3 and 5.4 in [2], Theorem 3.1 in [3] are particular cases of Theorem 2.1.

Theorem 2.2. Impose the assumption of Theorem 2.1 and the following additional conditions:

(iv) K, islscin K, (A,A)x{A,} and E(A,) is compact;

(v) the set {(x,t,y)e K,(A,A)XT(K,(A,A),K,(K,(A,A),A),T")x
K,(K,(A,A),A): p(F(x,t,y,14,);C(x,4,))} is closed.

Then ¥, is Hausdorff lower semicontinuous at (A, ¥y, t) -

Proof. We consider only for the cases & =s,p = p,. We first prove that X_ pz(ﬂo,yo, M) is
closed. Indeed, we let x, € Zspz (Ay» ¥o» M) suchthat x, — x,. If x, ¢ Zspz (Ays Voo Mo) »
Ay, € K,(xy,4,),3t, € T(x,,y,,%,) such that

F (X010 Yo tdy) T C (5 Ap). (2.2)
By the lower semicontinuity of K,(.,4,) at x,, one has y, € K,(x,,4,) such that y — y,.
Since x, € X, (4, ¥y, 1) » we have
F Xyt 0o thy) € C(%,0 ). (2.3)
By the condition (v), we see a contradiction between (2,2) and (2.3). Therefore, X " (Ays Voo Mo)

is closed.
On the other hand, since X (4,%.4,) S E(4) and E(4) is compact. Hence

X, (A, ¥y k) is compact. Since X, is lower semicontinuous at (Ays ¥y» M) and X o, (Aos Voo y)
is compact. Hence X is Hausdorff lower semicontinuous at (Ay»¥y» M) - And so we complete the

proof. m]

3. Upper semicontinuity of solution set

In this section, we discuss the upper semicontinuity, continuity and H-continuity of solution sets
for parametric generalized quasiequilibrium problems (QEP ).

Theorem 3.1. Assume for problem (QEP w ) that
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(i) E isuscat A, and E(A,) is compact, and K, is Iscin K,(A,A)x{4,};

(ii) in K, (A,A)XK,(K,(A,A),A)x{y,}, T isuscand compact-valued if ¢=w (or &d=m),
andlscif ¢=s;

(iii) the set {(x,t,y, 4, A) € K (A, A)XT(K,(A,A),K,(K (A, A),A),T') X
K, (K (A, A), A)x{u,} x{A,}: p(F(x,t,y,14);C(x,A))} is closed.

Then ¥, is both usc and closed at (Ays Yo o) -

Proof. Similar arguments can be applied to six cases. We present only the proof for the cases
where @ =w, p = p,. We first prove that X | ,, 1S upper semicontinuous at (AysYo» M) - Indeed, we

suppose to the contrary that X, is not upper semicontinuous at (Ays Yo» My) » 1.€.,there is an open set

U of X, (A, %) such that for all {(4,,7,,4,)} convergent to {(A,,%,,4,)}, there exists
X, €X,, (4,,7,,1,), x,¢ U, Vn.By the upper semicontinuity of E and compactness of E(4,),

one can assume that x, —x, for some x,€ E(4,). If x,¢ prz(ﬂn,}/o,,uo), then
Ay, € K, (xy,4,),Vt,€ T(x,,y,,7,) such that
F (X019 Yo tdy) T C (%o, Ap)- (3.1)

By the lower semicontinuity of K, at (x,,4,), y,€ K,(x,,4,) such that y — y,. Since
x,€X,, (4.%,.4,),3t,€T(x,,y,.7,) suchthat

F(xut,09,.4,) € C(x,.4,). (3.2)
Since T is usc and T'(x,,y,,%,) is compact, one has a subnet ¢ €7T(x,,y,,7Y,) such that
t, =1,
for some 1, e T(x,,,,%) -

By the condition (iii) we see a contradiction between (3.1) and (3.2). Thus,
X, € prz(ﬂo,j/o, M,) c U, this contradicts to the fact x ¢ U, Vn. Hence, prz is upper

semicontinuous at (A, %, 4,) -
Now we prove that £, is closed at (Ay» 79> 4y) - Indeed, we suppose that X, 5, 1s not closed at
(A Yos My)» 1e., there is a net (x,,A,7,.1,)—> (x,, A ¥ H,) With x, € prz (4,,7,.4,) but

X ¢X,, (Ay» %o M) - The further argument is the same as above. And so we have X ,, 18 closed at

(ﬂ{) ) 7() ) /'l() ) . O
The following example shows that the upper semicontinuity and compactness of E are essential.
Example3.1.Let A=B=X=Y=R,A=I'=M =[0,1], 4, =0,C(x,4) =[0,00),

F(x,t,y,A)=2"" K (x,A) = (=A-1,A],K,(x,A) = {~1} and T(x,y,A)=[0,e* ***].
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Then, we have E(0)=(-1,0] and E(4) =(-4-1,4],VA€ (0,1]. We show that K, is Isc and
assumption (ii) and (iii) of Theorem 3.1 are fulfilled. But Zap is neither usc nor closed at ﬂo =0 and
X,,(0,0,0) is not compact. The reason is that E is not usc at 0 and E(0) is not compact. In fact
Zap(O, 0’ O) = (_1’ O] and Zap(l’ 7/’/’!) = (_l - 1’ l]’vz' € (0’ 1] .

Remark 3.1

(i) In Theorem 4.1 in Kimura-Yao [1] the same conclusion as Theorem 3.1 was proved in anther
way. Its assumptions (i)-(iv) derive (i) Theorem 3.1 assumption (v) coincides with (iii) of Theorem 3.1.

(ii) The assumption in Theorem 3.1, we have K, is Isc in K,(A,A)x{A4,} (which is not

imposed in this Theorem 4.1 of  [1]).  Example 3.2 shows that the lower semicontinuity of K,
needs to be added to Theorem 4.1 of [1].

Example 3.2. Let X,Y,A,I,M,4,C(x,A) as in Example 3.1 and let A=B=[—%,%],

F(x,t,y,)=x+y+A,K (x,A)= [0,%],T(x, v,A)={x} and

{—%, 0%} if 1=0,
K,(x,A)=
(1, %] otherwise.

We have E(A)=[0,1],VA€[0,1]. Hence E is usc at 0 and E(0) is compact and condition

(ii) and (iii) of Theorem 3.1 are easily seen to be fulfilled. But Zap is not upper semicontinuous at

A, =0. The reason is that K, is not lower semicontinuous.

The following example shows a case where the assumed compactness in Theorem 4.1 of [1]
is violated but the assumptions of Theorem 3.1 are fulfilled.

Example 3.3. Let X,Y,AI’M,T,A4,C, as in Example 3.2 and let A=B=][0,2),
F(x,y,A)=x-y and K ,(x,A)=K,(x,A)=(x—A—-1]NA. We show that the assumptions of
Theorem 3.1 are easily seen to be fulfilled and so X, is usc and closed at (0,0,0), although A is
not compact.

The following example shows that the condition (iii) of Theorem 3.1 is essential.

Example 3.4. Let A,I',M,T,A,,C asinExample 3.2 andlet X =Y = A= B=[0,1],

K,(x,A) = K,(x,A)=[0,1] and

x— if =0,
F(x,y,A)= { Y .
y—x otherwise.

We show that assumptions (i) and (ii) of Theorem 3.1 are easily seen to be fulfilled. But X ap is

not usc at ﬂo = 0. The reason is that assumption (iii) is violated.
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1
Indeed, taking x,=0,y, =1, =——>0 as n—oco, then {(xn,yn,/in}%(O,l,O) and
n

F(x,,y,,A)=F(0,1,1/n)=1>0 but F(0,1,0)=-1<0.

The following example shows that all assumptions of Theorem 3.1 are fulfilled. But Theorem 3.2-
3.4 in Anh and Khanh [4] cannot be applied.

Example 3.5. Let A,B,X,Y A, T, M,/?O, C asin Example 3.1 and let
K, (x,A) = K,(x,4) =[0,34], T(x,y,7) =[0,2"*"*2] and
{O} if A=0,

esin4 x+cos” x+1

F(x,t,y,A)=
otherwise.

We show that assumptions (i), (ii) and (iii) of Theorem 3.1 are easily seen to be fulfilled. But

X ap 1S USCat (0,0,0) . But Theorem 3.2-3.4 in Anh and Khanh [4] cannot be applied. The reason is

that F is neither usc nor Isc.

Remark 3.2 In cases as in Section 1 (b). Then, Theorem 4.1 and 4.2 in [2] are particular cases of
Theorem 3.1.

Theorem 3.2 Suppose that all conditions in Theorem 2.1 and Theorem 3.1 are satisfied. Then,
we have X is both continuous and closed at (4, %, £4,) -

Theorem 3.3 Suppose that all conditions in Theorem 2.2 and Theorem 3.1 are satisfied. Then,
we have X is both H-continuous and closed at (4, %, &) -
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