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CHARACTERIZATION AND
GENERALIZED CHARACTERIZATION
OF SINGULAR INTEGRAL EQUATIONS

Nguyen Van Mau, Nguyen Tan Hoa
Faculty of Mathematics
Collecge of Natural Sciences, VNUH

Abstract. In this paper we give an algebraic method for reducing some classes of singular
integral equations with a regular part to either the characteristic equation or a generalized
characteristic equation.

I. Introduction
Consider a singular integral equation of the form
(Kg)(t) := (Ko + T)¢ - [, (%)

where either

(Kog)(0) = a(tg(t) + 22 [ LG

T -1
J
= L[ b))
(Koo)(t) = a(ptt) + - [ 25 ar
/
and

o) = [T e
r
The Noether theory of the equation (x) was considered by several authors under
general assumptions about a(t), b(t) and T'(t,7) (see, e.g. (1], [2], [4], [7]). It is known
that the characteristic equation and its associated characteristic equation admit effecive
solutions. But in general, equations of the form (*) do not admit effective solutions.
However, there are some sufficient conditions which are given by Samko 5. G., Ng. V.
Mau,... (see, e.g. |4], [8]) so that the equations (%) can be solved effectively. In order to get
other sufficient conditions for the kernel T'(t, 7), we consider a problem on characterization
of singular integral equations, i.e. we find the operators T" such that the equation (*) can
be reduced to either Kypp = g or a generalized characteristic equation (Ko + Tp)y  g.
where T} is a compact operator with kernel Ty(t, 7) satisfying sufficient conditions which
are given by the authors mentioned above.
This paper deals with either characterization or generalized characterization of some
class equations of the form (*).
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§1.

Let 17 be a simple regular closed are and let X be the space HP(1) (0 < < 1),
Let L{X) be a space of all linear operators with domains and ranges in X.
Definition 1.1. (see [3]) An operator V' & L(X) s saed Lo be generalizlly alimost mvertible
of there s an operator W € LX) {called a generalized almost inverse of V') such thal
I < domV', hnV < domW and

VWV -V oon domV.

The set of all generalized almost invertible operators in L{X) will be denoted by
W(X). l'ora given V' € W(X) we denote by Wy the set of all generalized almost inverse
of V7,

Consider equations of the form

(K@)t) 2= (Ve)t) + [ Tolt, helr)ar = (), (1)
T
where V€ W(X), 1T = Je cap(be(r),  f(t),an(t), be(t) € X (k - 1,2,....,n),
{ax()} s a hm.arl} mrlcpondc..nl. system,
B} A0 (k=1.2.....m); O£ el (2)
Let W & Wy, Assume that
ap(t) edom W, k= 1.2,..,.n
. - (3)
(1 - W V)gp](f.] : —Zuk(gs)pk(f} on dom V,
k=0
where @o(t) = 0; {pr(t)}y 15 is a linearly independent system and uy € X" (k
0,...,np) are the given linear functionals (X* is a conjugate space to X ).
Let A = M’Jk]"ﬁ be an (n | kg) x (n + Kp) matrix that is defined by complex
numbers K, where

) 1+ Ky if j=k
ik { ¥ (4)

G A AR (k=1 ko)
and ‘ :
Afb()(Wak)(t)dt if jk=1,...,n
I’ _
5 fbj(f};pk_n(f}df if _} Lozt k6 =i ab v s394 Ka: 5
Kix =€ p - (5)
Aty (Way) if d=ndd..anvme k=10
\ '“j—-n(ﬁok-n) if jjk=n+4l,.. ,0+xp

Let A*() be an (n + ko) % (n + Kg) matrix, obtained from A by replacing the k'"
column by*the v(y¢) - column, where

""{99 l""l ‘P} “’2(50] ,'}',HNO(:,Q]JT.
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[b () (Welt)dt if 5 1, .m
) r (6)
Wiwn | W) R R (1S N TURIRR L

Y

i3]

L.t
A - det A and Ag(p) - det A*(p). (7)

The set of all equations of the form

(Ve)(t) + A un(p)de(t) = f(D)

k=1

will be denoted by H3,, where {dy(t)}, i is a linearly independent system in X, 0 /
up € X* (k- 1,....s) are linear functionals, f(t) € X is a given funetion, 0 / A € (.
Denote

HE - A{(Ve)(t) = f(6)/f(t) € X},
Hy | He
-0
Evidently the equation (1) belongs to Hy:.

Theorem 1.1. For the equation (1), suppose thal the condition (3) is satisfied. If A /0,
then the equation (K K@)(t) = (K f)(t) belongs to HY., where

—~

K =1-13,
(o) = 1Y 25
k=1

Proof. It is easy to check that K € L(X) and domK - domW D Im K.
We have

(KKo)(t) - (1 =T)(Kp)(t)

(Ve)(t) | AZuku;\.(I) o BN Lﬁj'—(‘;ﬁ—)nk[f}

P ko1

where
) /h;‘-(f).p(f]tﬁ. k ..., n
k

Form (3), we have

"o

(WVe)(t) - o(t) 1 Z”k(lp]*{?kf” on dom V|
k=0

K

‘H’(K-,: — AZrt}u‘,)!(f) e(t) 4 Zuk{;)gk(r} on dom V.
1=1

k-0
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This implies

(WK p)(t) {AE:& (Wa,) !)1§:uﬂm$ﬂﬂ
k0
LR B
= w(t) 4 Z Ot (t) on on V) (%)
k=1
where
{t‘.u ) T A G |
.'"fk
Up-nlw) if k=n4+l,...,n+ Ko
MWag)(t) if k=1,... ,m
Ye(t) :
Pre—nll) if k=n+1.....n} Kp.
From (4), (5) and (6), we obtain
n+Kg
Joi(t) [e(t) + 3 Bevw(t)]dt if j=1,... ,m;
» I k=1
'.‘",:(h'fC} ki
'uj_,,[g:-(f) + X: 5;;?;}&(!)] if 9=n4+1,... n+Ky
k=1
ntxg n+Kg
- ,3_-'.' 1 Z ﬁk‘w‘;k Z ﬁkK}'k, 3= s K.
k=1 k=1
Thus
N UKoY = Bl o 2 lsted g
Hence
T & h } mn
k(dHf— ag(t) Zﬁkak(f Znim(!)
k=1 k=1

This implies - K
(KKg)(t) = (Ve)(t) = (K1)(1).
This equation belongs to H{.. The theorem is proved.
Corollary 1.1. For the equation (1) suppose that the condition (3) is satisfied and ui(p)

ex (k 1,..., nu) ex € U are given complex numbers. If A # 0, then the equation
(KiK@)(t) = (K, f)(t) belongs to HY, where

Ki - I-T,,
A n+ Ky &
(T2e)(1) AZ Sl Y f” 03-n(t):

Jendl
Proof. By similar arguments as seen in the proof of theorem 1.1, we have

A,q(h’ip) BN k=100 4 Ko

{ﬂ:i; =T en
B = .
. alp) i E=n+l...,n+ 8y

where
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Hence,

n+Kp

(KiKe)(t) = (Velt) = ) Bypi-alt) ~ (KiN)(0).

j=n+1

Ko

(Vo)(t) = (Kif)(t) + Y uy(0)e; (1),

357 ]

From our assumption, we have
I

adt]

(Ve)(t) = (K0 + ) ep;(t).

j gl

This equation belongs to H{.. The corollary is proved.
Ti W - +
Let |LJA-|J 4. be an n x n matrix that is defined by complex numbers L ;. where

L { 1—} ok ?r J k,
_I‘}k lr j f -‘L‘-
AJ(ﬂk)

IJ;k = A ‘&

g k=Y 0. 08

where A and A, () are defined by (7).

Proposition 1.1. Suppose that all assumptions of theorem 1.1 are satisfied. If
det LJ*]?&_.I 7/ 0, then (t) is a solution of (1) if and only if (1) is a solution ol

(KKp)(t) = (K)(t).

Proof. Suppose that y(t) is a solution of (1), ie. (Kvy)(t) = f(t). Then f(t) €
ImK C domK and (KK’&’}(! (Kf)(!) so Y(t) is a solution of (KK\p)(r) U:’f)(f).

Conversely, if ¥(t)is a solution of (K K)(t) = (K [)(t), then (Kg)(t) 0, where
g(t) — (Kv)(t) = f(t)

Le.,
g(t) — AZ —*—f 1(t) = 0.
o, Ailg) _ : : : _ -y ..
Put - ok (K I,...,n). Acting by linear functionals v; to both sides of this
A
equation, where v;(p) - ;&(_v) (4 - 1,...,n), we get

é_,wak 56 =0 §=1iam
k=1

i.e.,

Zakf,}k 0, j=1,..,n
kool
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Since det !L,;‘.):k 1 /0, we obtain §; =0, j = 1,... ,n. Hence, g(t) = 0, i.e., (K )(t)
f(t). The proposition is proved.

Consider now the case A = 0.

Suppose that r is the rank of matrix A and A |K“;#~I;;¢_ , Is a submatrix of A
such that

A" det A £0,

where
Ve < Me<py i kK<gyogk € {12, r}
VI V2y oo oW, 2, itm € {1, ),
Vig1i¥i42v o5+ s Upi Pmgiss-- ol €E{n+ 1,00 .0 4 Kg).
Let A" (p) lw an r x r matrix, obtained from A replacing the k'" column h-. the
Y () v Y p)] column, where v, (¢) (j 1,...,r) are defined by (5) and let
Al (¢) det A" ")

Theorem 1.2. For the equation (1), suppose that the condition (3) is satisfied. If A" / 0,
then equation (h K¢)(t) = (K f)(t) belongs to FI{,‘.*"""', where

=17,

(T AZ—-*‘Lﬁ’-:.. (0.

Proof. 1t is easy to see that K € L(X) and dom K - domW 5 Im K.
We have

(KK)(1) ~ (1= T(Ke)(t)

(V@(!]+A2ftkak —,\Z "* —u (1),

where ax — [ be(t)p(t)dt.
o
By similar arguments as seen in the proof of theorem 1.1, we have
! " Tt .
AL (Ke) = BuA + A+ ‘Am S S

where A7 | Ap; are determinants of the matrices which obtained from A replacing the k"
column by the Uy, ... ,U,|T column and the [U{,... ,U!|T column, respectively, where

U, L INEURN . SO £ PR (%)
{1 n I\ dim }

y S
t€{ntintrol\{Emerir}.

3 {a, if 4=1,... .m

i U, ,,(p) i t=7n41.....n+ 8p.
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Hence, we obtain

TH A,ﬂ:
(KK2) (1) = (Vo)(t) | A Y aa () =AY o (1)
(T N\ {Frm ) ke
5 *Z S0 () (KN
This equation can be written in the form
(Volar+x 3 aa(t) +A D A, (1) - (K[)(1),
{1\ {FTAm JE{nt Lot mo N\ {pm 1 s}

where ¢,(t), d;(t) are defined in terms of ax(t) (k = 1,... ,n). Thus, the last equation

n -I Kg—r

belongs to H The theorem is proved.

Corollary 1.2. Suppose that the condition (3) is satisfied and ug(p) — ex (k- 1,...  Kg).

ex € O are given complex numbers. 1f A" # 0 then the equation (h 1 K@) () - (hlf)(f)
belongs to H{,™ ™, where

Ky ol *r,;‘
m T

AL (s
(Tae) (1) AZ —————— G “AE(’O—)%,_ﬂ(f),

Jemi

Proof. By similar arguments as seen in the proof of theorem 1.2, we obtain

(i{'nﬁ’w)(t] (V) (t) + A 0 aa,(t) AZ o a”,‘

i€ {1\ ()

m A ¥ N AH
o }‘Z A" am. = z ﬁ.uiip#)_.n(t] e Z Es “Ti(t]
J=m+] j=m-il
T A'” aed
3 Z ‘ﬁ‘f‘"@p,-—n(r) {:K:[f)(f),
F=mil
where Af .é.:} are defined by (9).
This equation can be written in the form
(Ve)() + A Z e Zuj @), (1) (K f)(1),
e { TP\ (BT Hm } =
where ¢;(t), d;(t) are defined in terms of ax(t) (k ~ 1,... ,n), gu-n{t) (I - m 1t 1,... 7).
From our assumption, we have
(Vo)) +x Y aai(t) = (K + Y esds(t).
V€ {T P\ | prt

This equation belongs to H{:™™. The corollary is proved.
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§2. SOME EXAMPLES OF APPLICATION

Let 1 and X are defined as in §1. Denote by D' the domain bounded by ' and
)7 - its complement including the point at infinity. Assume that 0 € D', Let

(Se)(t) = — / 1) 4.

1 -

T —

'[.

(Same)(t) ?Tl—!/ﬂ{i(f_ :] o(T)dT.

'I.
1. Characterization of singular integral equations

(‘onsider singular integral equations of the form

(Kp)(t) = a(t)p(t) + b(t)(Sp)(t) + A_/’!'..(f.r);,c(r),h f(t), (10)
{
where [(1). a(t), b(t) € X, a(t) £ b(t) 7 0 for all t € I To(t,7) is defined by (2).
[Denote

(Kow)(t) : u(f)aa(f) Fb(t)(Se)(t),

(f)?(! f (T)d'r
Rop)(t) = 57— |a(t)e(t) — -
where
—x al{t)—b{r
‘ b2 In( =3
Z(t) - e (”\,/M, r'(t) = L/ ( e J)d‘ﬂ x = Ind K.
2mi T—1
r
Denote
k if x>0,
Ko )
0 if k<0,
Fo 1~ RyKpy.
It is easy to verify the following lemma
Lemma 2.1. The following equality is holds
]
(Foe)(t) = =) u(p)px(t) on X,
k=0

where @o(t) = 0, ;(t) = [a?(t) — b3(t)]~'b(t)Z(t)t'=" (j = 1,...,nme) and ui(p) (k
0,..., k) are linear functionals which are defined by
0 if £=10

uk(p) = Lo 0 "[..(p(—,—} n ;}!_fﬁ(f‘—dr,]dr A R

el {7} Ty=T

where 1"~ (t) is a boundary value of the function I'(z) in D™.
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It is known that (see |1])
Ker Ko = lin (@o(t), @1 (1), . - ,xo (1)) (11)
From (11) and lemma 2.1, we obtain
Ko € W(X), Ro€ Wkg,.
Let A and K are contructed in the same way as A and K in §1 (where replacing

the operators WV by Ry, Ky)
According to the theorem 1.1, we obtain

Theorem 2.1.. If A / 0. then the equation (KKg)(t) — (K[)(t) is the characteristic

equation,

2. Generalized characterization of singular integral equations

a) Consider singular integral equations of the form

(Kp)(t) := @(t) + b{t)(Skp)(t) + A / Ta(t, )p(r)dT = f(1), (12)
frl=1
where b(t), f(t) € X; T, (t,7) is defined by (2) and
m=—1—kik
(&pﬁ)m#‘/jﬁﬁjggﬁMn l<meN, 0<k<m=1.
|r]=1
Denote

(Kve)(t) := () + b(t)(Ske)(t),
(Kaw)(1) 1 @(t) + b(t)(Se)(t),
(Wig)(t) := plert), & - exp(2ni/m), &; - € (5 - 1,...,m),

m

where b(t) ;LZ?J(EJI).

7=1
Assume that 1+ b(t) / 0 for all t such that |¢| 1.
Denote
{Hw})(t] : dp(f.) = b(ﬂ](SkR'}P Lp)( )
!)/(f) / @(7)dr
R, ) 1= ——e - et .
( 399)(} l-—bz(!)[ (] g Z(T)(T—f)]
where
Py 1 ir"'—l Wi,  Z(t) el .I._:Ef_(_fﬁ)
m Kk 1y ' x !
] In(r""il?:s-—@)
() - =— / 2A0dr, &k - Ind K.
2mi T—1

I 1
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Denote
koif x>0,
Kp =
0 if <0,
Fy, =1-RK;.

Lemma 2.2.. The following equality holds
AQ)
(Fie)(t) = =) uy(@)e;(t) on X,
Frat)

BNZ() 5

where go(t) = 0, @;(1) = bt)(Sk¥, ) (t), v;(t) = 1,... Ko and

1 — b2(t)
0 if j =0,
. 3 P {T:l » v
SR I G ) :?:):—‘dn]df if j =1, Ko;
7]=1 I7i=1

where '™ (t) is a boundary value of the function I'(2z) outside the unit circle.
Proof. We have

(Fip)(t) = [(I — RiK:1)gl(t)
= @(t) — (Kig)(t) + b(t) (SkRa P Ky (1)
“p(t) = (K, 4’).(’) b b(t) (SkRa K2 Prp) (1)
p(t) = (Ki)(t) + b(t) [Sk(] = F2) Pegp| (1)
@(t) = (Ki@)(t) + b(t)(SkPe) (1) — b(t) (Sk Fa Prp)(t)
=b(t) (Sk Fa Prip) (1),
On the other hand, according to the lemma 2.1, we obtain

Ko

(Fae)(t) = = vy(@)uy(0),
J'_.:.O
where
0 ) ¢ B
Uy (t) B2 ji—1 g s
1 ‘1%” A g =000 ke,
0 if 3=0,
u) =0 B O FS[-em s f Eanldr =1,
Ir]=1 Iri=1
Hence
L4]
(Fio)(t) -~ =3 ui(p)p;(t),
=0
where

u;(@) -~ v;(Pep), 0y(1) = BO)(Skwr;)(0).

The lemma is proved.
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Without loss of generality, we assume that ¢,(1), j l,...,kp (il kg > 0) are
linearly independent.
It is easy to verify

Ker Ky - lin(wo(t).e1(t), ... ceny(t)). (13)
From (13) and lemma 2.2, we obtain
Kye W(X), Ry € Wg,.
Let A and K are contructed in the same way as A and A in §1 (where replacing
the operators W, V' by the operators F;, Ky).
Theorem 2.2.. If A /# 0, then the equation {Kﬁ',ﬁ)(l) (kf)(l‘) is a generalized char-

acteristic equation.

Proof. According to the Theorem 1.1, we have
(KK@)(t) = (Kip)(t) = (K)(2).
This equation has a solution in a closed form (see, e.g.|4]), i.e., it is a generalized charac-
teristic equation.

b) Consider singular integral equations of the form

(Hp}(!) 33 n(!}.’g(f) T b{f){-”'kﬁ')(f} b ;}; / -I":I(-",T: :ﬂ?f(f.”

r

A [ Tt mp(rdr - 1o (14)
/

o(7)dT 4

where a(t), b(t), f(t) € X, a(t) £ b(t) # Oforall t € I'; M(t,7) is a function satisfying
Holder’s condition in both variables (f,7) € I' x I.
Let functions N;(t,7) (j — 1,2) satisfy the following conditions:
Ny(t,t) = Na(t,t) =0, tel, (15)
M(t,7) — M(t,t) = Ny (t,7) — Na(t, 7).

Denote
. ' A(t, 7y — M(t, 1
(Kse)(0) == a(et) 1 oS0 s - [ MEDZMED 0y
c[‘ -
Ni(t, 1) No(t, )

111 I'. —‘—r' """"""""" = 4"1 r i ——
1(t7) ) falt,7) a(t) — b(t)
Moatimy e 2o f MilbhsIMelrn) 1 / Myt z)Malr )

i T — 1 i 7—1
I "
M (t, ) & / Ma(t, T)My(7, 71) Al / My, TIM (7o)
m T =T e T— I
I I’
(R3g)(t) : l[(a" | aS'ﬂ'fn}—__I— t (I —Sm, — Smy )-H——l—-—]v’?(f];i
) 2 T a(t) + b(t) o T2 a(t) - b(t)

L3 2 e g 2 ) [ elr)dr
"zmr[“ *"‘"’”*)u(e) b b(1) (1= S, ‘(’”2-*)11(:)—&(:)] /Z(T)('rmf)'

'I.
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where
P e b
2y S0 fPO=BO G ci) o= Tnd 2L A
/ , L : oSl S O 2 L. dr. P .
\/ 2 2t T—1 & a(t) + b(t)
:
Denote
k if k>0,
] L .
0 if k<0,
Fi | — R3K;5.
Lemma 2.3. Let the functions N,(t.7) (J 1.2) satisfy the condition (15) and let

M. (t. 7). My(t.7) can be extended to the D', D~ in such a manner that they are analytic
in both variables in D', D~ and continuous in D', D™, respectively. If the function
M, »(t, 7) admits analytic prolongation in both variables in D' and continue in D', then
the following equality holds

LS
(Fap)(t) = =) u;(p)g;(t) on X,
j_:[]
where
n 0 if 7=0,
o (
¥ - & + Z g
(l’"‘b,ﬂ,}fl SM?])E‘{'%H‘t{ UJF"MJ)J%:%M‘ ”r] 1’---7’{{];
0 if g =10,
wule) - _{:gl—‘[ () + {5 }(T]dT AL 2 By
P "
: 1
where 1" (1) is a boundary value of the function 1'(z) in D™ and @' (t) 5“! f

!
)| (.7 (1)~ (=1 + S)e| (D)
Proof. We have

(F3e)(t) = @(t) — (R3Kap)(t)

o) = 5 (1 + Sa)

g+ 24 [ o) ),

1
a(t) + b(t)’[ S 2(r)(r=1)

1 . 1 Z(t) [ (Ksp)(T)
b5 (1= Sm = Sma,) a(t) — b(t)[ (Kse)(t) + = / 2(#)(T—£]dr}
0= 3011 s x [ 500 1 L ,f{i“'i’i,ﬂ K

1 . H (sz)(!) (Kse)(r)
: Tz("_ Sa, = Sua ) X (‘)[' T / Z(0)(r - t) ”]

where X' (1) (O, X=(t) = t==" (O (I't(t), I'"(¢) are boundary values of the
function I'(z) in D', D™, respectively).
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On the other hand, it is easy to verify

(Kse)(t) | 1 / (Kag)(7 )rif]

ol -Z(t)w mi / E’(T)(T - )

o' ()= {Sm, ¥ ){I]

X if k<0,
T“} {‘1:!;}?— )“} . -: f;;l:'l .\;l-_ﬂT:r_j yﬂ (T) } (54\4 lIG {T)‘I’.f'r l]" K> U‘
71 I
.1.[ (Ksp)(t) | / (Kae)(r)dr 4
2 Z(t) ) Z(t)(T-—1)
@ “”,E'S?:);-)m if x<0,

JH{Smae ™ ) (8t B o ki i
f— = ','E' - ‘{"t!]; )( } ; 1 t-zir: f r- {i} [‘ﬂ ) + (SU2¢+)(T)]L!T lr E ek 0'

where et (1) 2“1’ + S)e|(t), ¢ —“ I+ 8S)p|(t).

Hence, from our assumptions, it is easy to rhﬂ:k that

(Fyo) (1) {0 if <0
¥ =i ui(e)es(t) if k>0

18y
]

(Fy)(t) = =D u;(#)ps(t).

j.',:n
The lemma is proved.

Without loss of generality, we assume that @,(t), j = 1,... k0 (if ko > 0) are
linearly independent.
It is easy to verify.

Ker K3 - lin(wo(t),@1(t), ... no(t))- (16)
From (16) and lemma 2.3, we obtain
Ky e W(X), Rie€ Wk,.

Let A and K are contructed in the same way as A and K in §1 (where replacing
the operators W, V' by Ry, K3).

Theorem 2.3.. Suppose that all assumptions of lemma 2.3 for N;(t,7), M,(t,7) (; 1.2)

and M, 5(t,7) are satisfied. If A # 0, then the equation (KK@}(!) (Kf)( ) is a
generalized characteristic equation.

Proof. According to the theorem 1.1, we have

(KKo)(t) = (Kzp)(t) ~ (K)(t).
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This equation has a solution in a closed form (see, e.g. [4]), i.e., it is a generalized

characteristic equation.

Remark. If we apply the proposition 1.1 to the equations (10), (12), (14), we shall get
sufficient conditions under which these equations have a solution in a closed form.
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DAC TRUNG HOA VA DAC TRUNG HOA SUY RONG
CUA PHUUNG TRINH TICH PHAN KY DI

Nguyén Van Mau, Nguyén T4n Hoa
Khoa Toan - Co - Tin hoc
Dai hoc Khoa hoc Tu nhién - DHQG Ha Néi

Bai bdo nay chiing 16i dwa mot phwong phép dai s6 d€ chuyén mot s6 phuong trinh
tich phan ky di voi nhan chinh quy thanh phuong trinh dac trung hoac phuong trinh déc
trung suy rong.



