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THE GAP EQUATION IN THE
NUCLEAR SIGMA - OMEGA MODEL

Phan Hong Lien
Technical Military University

Abstract. The CJT effective action and quantum polential for the nuclear sigma-
omega model is obtained when we consider the interaction of the spinor and pion
fields and electromagnetic field in nuclear matter. The gap equation is derived di-
rectly. It is shoun that the symmetry breaking part for inverse of the propagator is
proportional to T4

1. INTRODUCTION

ly recent vears, a systematic method for deriving the Schwinger - Dyson equations
nd ethe-Salpeter equations has been proposed by many authors |1/, [5]. It starts from the
ffective action I' (and effective potential), in particular from the CJT* effective action
or the composite fields 6], [8], which is obtained by the double Legendre transformation.

The purpose of the present paper is to apply the same method for deriving the
ap equation, when the interaction of the spinor field and the electromagnetic field are
onsidered.

The equations for the nucleon propagator and the boson propagators are obtained.
‘his is the nonlinear integral equation, when the equation is simplified by linearizing the
ropagator, it returns the ladder Bethe - Salpeter equation.

Our work is organized as follows:

In Sec. I, by introducing the electromagnetic field in the Lagrangian QHD- [**
r Sigma - Omega model, we derive the formula for effective action (and potential). The
ap equation is derived directly based on this approach in Sec.IIl, Sec. IV is devoted to
wweral discussions and conclusions.

2. THE LAGRANGIAN AND THE EFFECTIVE ACTION
. The Lagrangian
First of all, we will dealt with the Lagrangian of Sigma - Omega model:
L= i?{m"a,l -g(rrf‘*y"') - _qu'y"l-",,] '/
1 , : 1 2 ol
+ 5[(3#(1)2 + (8,7)%] - S BLre E (02 +7) (2.1)
2 y 2
o 51_(”2 F ﬁ'!)z + %‘:{VPV# + eo,

J Cornwall, R Jackiw and E. Tomboulis
** The full field theory with baryons, neutral scalar meson and neutral vector meson is called QHD-I [9)

*
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where F,, = 0.V, —8, V,; W, ¥, 0,7 and V), represent the field operators of nucleon, sigma
meson, pion and omega meson, respectively. The model has three coupling constant g, g.,
and A. The last term leads to the explicit breaking of symmetry.

Let us consider the interaction of spinor field and electromagnetic field, i.e., replace
P with p,, — eA,, where A, is the electromagnetic field vector.

In the case of nucleon field, we can write:

Ou — Oy — 16QA,, (2.2)
where the charge Q is
S+ B Y 1 for proton
Q=15+ 5l da -+ = = { -
2 2 0 for notron

L ‘——-\i;[if}'“ (8, — ieQA“) — g(o + iF7Y°) — gy V| ¥

1 1
+ 2 [(8u0)* + (8 ﬂr’)zl ——FWF““—G JGH (2.3)
2

2
B
2

(0 +72%) — (a +72)° +—§HVV“+M,

v
where G, = 0,4, — 0, A, is the electromagnetic field tensos and ( qu) is a two -

component field in the "isospin” space and 7 is the usual Pauli matrix.

Making the shift of the fields in nuclear matter :

o =0p+ s,
Vi = 6guw + wp. (2.4

In nuclear matter (the density is finite) the expectation values of fields tend to thein

ground state mean values, where
T = (F[T|F) = (F|®|F) = ¥ =0,
T = <F|G’|F>:JD+S (FlsiF):{},
V= <F|VﬁlF> = dopuw <F1“’#|F> =0,
4y — <FI‘JT,|F) = 0.,,

where F is the ground state, so the Langrangian takes the following formation:
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L W, (i7*8, — My + ey* A, — g5) ¥,

— . ]
+ W liy"0, — My — _q.s‘)\il,, - EGPV(';HV

i e L b e e
— g (Y, T, + VU, 7970, )T + -2-|(c3“7r}2 - m.frrrz]
1 D' ; ; : ;G
E[({:)‘ph‘)z = ‘.'HiSzl -— ,)\Eﬁ,ﬁ,{-_.,‘z -+ ﬁ-"!} i ___{i__(HZ 4 7?2)2
- — 1
s y...-"l"p?hlﬁﬂpu;‘pr. = Quw w;}"!'P'H.’“‘DP == EF;‘;; ' R
W U m? 2 2 2
~ G VY b0uw¥n — g Vv w, ¥, + ~2—{w +wy) + mboww,
2 (0)2
i AS s i PP :
tel@ —ay) = (of ~af) =~ (08 0f) (2.5)
vhere
J’l':f‘.f"\' = ga,
m2 = u® +3)%92,

mf, = ;12 + X
re in-medinm mass of nucleon, sigma meson and pion are the mass of pion in the vacuum.

. The Effective Action

The generating functional for connected Green's functions in the presence of the
urrents .J and the sources K coupled to the corresponding field is:
Z|). K| = expm wlJ, K]

1 i iy :
T / (D] [DW] (Do) [DF] [DV,] | DA,]eapi{ S+

} /“ﬂ'fl W(xyn(x) +q(x)¥(2) + o(x)Jo(2) + 7i(x)Ji(z) + Vi (2)J5(x) + Ap(:z:).f:(:r)]
: (2.6)

; % / / d*od*y[ V()K= (z, 1)V () + 0(2) Ko (2, )0 (y) + 7i(2)K(E 7 (v)
FV(2) K (2, )Va () + Au(@) KA (2,9) A ()]

The mean values of field operatorsW¥, ¥, o, 7, Vi, A, respectively, in the presence of
cternal sources are defined by:
oW oW

e B ) -
SW e
AT i \&7)
oW oW
b.]"j(.r.) i V:U(IL | W o A#(I)v
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and the propagators corresponding are determined from:

52W W -
————— g T, y] : = [) A r.u ) ¥
e XA LIRS iy
§2W 82w
= Dy(z,9), = AN ),
6 Jy ()8 (y ) ( é,}:('““(g;)a.fﬁi"”{y} O

(2.8

The CJT effective action I'[¢, D] is defined as the double Legendre transformatia
of the generating functional W|J,K|:

I[¢, D] = W[J,K]—
- f d*z| ¥(z)n(z) + Alx)(z) + o(z) J(z) + m(z)Ji(x) + V()T (x) + Au(z)o
1 d*zdiy[2¢(x) Ky (z,)0(y) + o(x) Ko (2, y)o (y)+
+ vr,-,(x) Kk (2, )7k (W) + Va(@) K (2, )V () + Au(2) KA A(2)]
— 5 [ [ dad'y (25, 1) Ky . 2) + Dol ) Koy, )+
+ Dik(z, ) Kk;(, ) + Al (2. 9) K}, (v, 2) + Al (2, )AL (v, 7)],

Starting from (2.9) one obtains:

55;) — =) = [ a4 T K )
%m . / dyK (z,y)¥(y),
-ﬁ% = —o(@) [y m)ow)
% iy [ &y K (r. y)mi (y),
E% -:_uf"' /d“w i (2, V) Vi), (2.1
M"‘:"(‘I) - —Ip@) — [ AR A,
and
as?.: 5o TRy
Eﬁ% = ;K’ (x,y),
e e -.; Kk (2,v); (2.
6T

- K" Ay{i,y}.
ey 2



he gap equation in the nuclear ... 5

It 1s evident that when all the external sources vanish, the systems (2.10) and (2.11)
e equal to zero. This is the stationary condition for the physical solutions.

The CJT effective action can be derived directly basing on [6]:

[ =8 4 -i'l'."h:|f:'['," "1'} - f'Trl‘ff'{ 7,w, Ag) b‘ b al'rl

;Irfnjl) feip ) +—1‘T[D Gl D 27 rl

Lron| DO Dy] + "TT[D 0 (5)] Dy~ 2Tl

2 2
L imn[ajﬂ,“x’ | 4 _—Trmgﬂ,’"]“ Z ~7r! (2.12)
- fr!nl.'k“”q.ﬁ 4}—1 ﬁTrI + I's.

here the free propagators in the momentum representation have the following formation

; 1 (0}
Solp) = P MD _ic My’ = goo,
1 - Ly
i S L A m®? = 12 4 3)20, (2.13)
¥ g o
;){“i(.,] ! S nl0)2 L 2 4 32 2
by LT p? - 02 e LR L o 7oy
-
7 1 1
Aﬁu(p) P'j il TFLE, - Eép#i
i(gH¥ — pHp¥ 2
AL (p) = o - e ), (Landau gauge)

preg B
il the functional operators are determined by:

DO (p,7)] ™" = p? = m2,

{D(U}( ] o, (51'_;'(!32 i mfr)& (2.14)
Lgl:i- (p,'ﬁ‘, W, Ag) = fp i M.N o gw.-rg b GQFYDAl'h

[, is given by all the two-particle irreducible vacuum graphs with the vertices
termined by S, and the propagators set equal to S(x,y) [10].
For translatetional invariance the quantum effective potential is defined by:

L[é, D] = ~V'[é, D] / s (2.15)

Starting (2.12) - (2.15) we can arrive at the expression for effective potential in
ymentim space:
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[

2
(7% — gp) — (7 — aq) — f%—-u.}‘!

{fﬂ['j{] If]’]}‘l{]’)} o "1" i{p T, W, ;1[1)‘5(;(1} -4 ]]}
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{ (DL ) D] = [P (17, 40)] ™ Dis @) + 1}
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{m[(affm{p}) AL (p) — [AI0A )] T AL J+1}

d*k
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p d*k T

i(2

}4 {ry"‘r"s(p)ri (p, K)S(k)Dy;(p — L—.)} (2.

o f [ L Lol s oS WAL - b
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o ]
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(21:))4 (34’; {"r‘”S(:o)I““{p, K)S(K)AA (p — k]}

Ly BT (kip, —p — k
227 [[ a2 Gy DD+ Do (AT (ki =p = )

337 [f o

)-1. (.’! :,4

Lk

i // (2m)F (27

e
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(Y @m)?

d? P

Lk b o) Da(p + DD (KT, k —p = k3)

kS
Z%p D)

d*k

e ) iy

o]

D, (p) D (k)
dp  dtk
D,(p) Da
2m)4 f?*r)*‘!r () Do (k)
d i Apv
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where the mesonic T matrices are given the NN - meson irreducible vertices.
3. THE GAP EQUATIONS

The svationary condition (2.10) - (2.11) imply that the effective potential must be
stationary against variations of S. From (2.16) it is given by

S~ (p) = Sy ' (p: 7w, Ag)

d*k

Iy /(2 e S(k)L 2 (k.p)Do(k — p)
d*k
(2r)4

2 fﬁl v
o2 ](2 S (R) A (k)AL (1 = )]

b ig? [¥ris(k) (k,p)Ds;(k — p)] (3.1)

(eQ)? /(2 L [YuSR)TL (k, p) AL (K = p)].

where:
= (p & B 0
,510 (P: gy A“) Y e My i Guy W — (:Q'}' Ay

j o _
- Sl?l(p) gy — e(7s 4 E) 0 Ag. (3.2)

It showns that the symmetry - breaking part of S~! is proportional to 7.

Fig 1. The nucleon propagator satisfies the equation (8.1). The bold solid line repre-

sent the nucleon propagator S, the dashed line notes sigma propagator D,, the solid line

pwn propagator D;;, the dashed - dotted line notes omega propagator A}, and the wavy
- photon propagator A;w

One also obtains the expressions for the boson propagator
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0 R 2 A4k =
DZ(p) = [D,(, }(p;a)] - 1_{;2/ @) Tr{S(k]F(k,k + p)S(k + p]]

44 1.
3%z f (‘2‘ ’}‘4 (DL (D (k4 PYT (e £, ~p ~ k) 4 Da () Do (p + DT Pk, —p —

- 3i3° (g ’;4 (D (k) + Dy (k)]
4( (4
«-Azf (fj T ;}‘4 BD D (b e DD T g ~p =gt k k) (

+ Do(q)Dy(q +p — k)D,(K)T(p,q, —p — q + k, —k;)],
where
D(m(p, o) = p? —m?2 D(m(p) 352 {b‘z - aﬁ),

D;'(p) = DWW (p;7) + ¢ / (2—;)—4% [7575(;.-')?(::,& +p)S(k + p)]

= 5 A (g ';“4[0 (k) + 5D, (k) + 25D, (k) Dy (k + p)T(—k; k + p, —p)]
— g% d"‘q dk [Ai; D () Do (k)Dx(p + k — p)T(q, ks —q — k + p, —p)

(2m)* (2m)*
1 ! :
“+- '-'D ( D'ﬂ'(k) Dfr(q + k — p}("siaébc . 3 6:'!:-63(* it é'licéub}T(; T, k» L s k -+ Py ‘"P}

— 1eQy ——r (2 ok Tr[D (k)T (k, & +p)Aﬂp{k +p)| (3.4
4
i /f (254 (g ‘;4 Dx(DAL(K)A™ (g + k —p)

where ij}(p,d} 6ii(p* —m2) = Dw}(p) ~ N (@ -0}) Dy = %h""f),k and Q2% —

The equations (3.1), (3.3) and (3.4) are the homogenous, nonlinear equations.
Make linearizing the propagators, i.e., setting:

S"‘l == SII_I_ZN § S = 50 + .SZ!VH(]
Dot o (DO D; = D + D11, DY), (3.6
D' = [DP)7 —1y; D, = DY 4 D.IL,DY.

The symmetry breaking part in (3.1), (3.3) and (3.4) coincides with the ladder Bathe
Salpeter equation, which is well known, accquires the masses for nucleon, scalar and vecto
meson.

It is evident that the electromagnetic interactions in nuclear matter give the con
tributions to selfl energy of the nucleon and pion meson. It takes the form of the ga)
equations proposed by Johnson [12]
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AM = eQn Y Ay eQn /

el

Am? = ieQsy / ZTr [ De (k)% (k, k + p)AA (K + p)]

f { )Llf‘
= 2¢ (:,)-r // : ; r D’T( Jm“)A h“’ (g k—p).

Graphically this is represented in Fig 2.

M'=M -
eQ eQrf

el G

d*k ¢ a A
(D )1 l YIS (R .-‘.U'.'}"}A;w('t" Ty f’}!-

Y

(3.6.)

er,
(b)

Fig.2. The gap equations for nucleon and pion meson in 0 — w Model

4. CONCLUSION

We have presented an effective action approach for the nuclear Sigma - Omega model

then the electromagnetic field is considered. The method used seems persuasive since it

llows us to determine consistently the gap equation and the propagators of the fields

oncerned. Further more, the theory naturally accounts for all high order corrections. It

yable to determine the energy density of the nuclear ground state and the phase trasitions

1 nuclear medium.
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TAP CHI KHOA HOC BHQGHN, KHTN, t XVI. n”2 - 2000

PHUONG TRINH KHE NANG LUQNG
TRONG MO HINH HAT NHAN SIGMA-OMEGA

Phan Hong Lién
Hoc vién Ky thuat Quan su

Tac dung hiéu dung CJT va thé hieu dung hrong tir cho mé hinh hat nhan sigma
omega da thu dirge khi xét dén tirong tdc cila cac trudmg spinor va pion vai triromg dier
tir trong chat hat nhan. Tir dé true tiép rit ra cac phwong trinh khe nang hrong. Ke:
qua cho thay phan pha vo dol xirng eda nghich ddo ham truyén nucleon ty lé véi thand
phan thir ba cia spin dong vi 73.



