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ON MODULES M FOR WHICH ALL FINITELY
GENERATED MODULES IN ¢[M| ARE LIFTING

Mai Quy Nam

University of Qui nhon

Abstract. A module L is called a lifting module if for any submodule K of L there is
a direct summand X of L such that X C K and K/X is small in L/ X . In this paper
we show that for a finitely generated, self-projective module M , if all finitely generated
modules in o| M| are lifting then M has a decomposition M = M & - & M,,, where
each M, is simple or is local with Soc(M,;) = Rad(M,).

In particular, a ring R is semiprimary with J(R)? = 0 if all finitely generated
right R-modules are lifting.

1. Introduction and Preliminaries

Throughout, we consider associative rings with identity and all modules are unitary
For a module M over a ring R we write Mp to indicate that M is a right R-module. The
Socle and the Jacobson radical of M are denoted by Soc(M) and Rad(M), respectively
The Jacobson radical of a ring R is denoted by J(R).

For a module Mp. we denote by o|M] the subcategory of Mod- R whose objects ar
submodules of M-generated modules (cf. Wisbauer [10]).

L.et M be a right R-module. We consider following conditions:

(alE) All modules in o[M] are extending.

(fE) All finitely generated modules in ¢|M| are extending.

(al L) All modules in o|M]| are lifting.

(fL) All finitely generated modules in o[ M| are lifting.

It is well known that, all modules in o|M| are extending if and only if every modul
in o[ M] is a direct sum of modules of length at most 2, if and only if all modules in a|M
are lifting (cf. |2, 13.3], |3
that a finitely generated module M is noetherian if all finitely generated modules in | M

and [9]). Recently, Dinh Van Huynh and others [4] showe

are extending.

In this note we consider a finitely generated self-projective module M for which al
finitely generated modules in o[ M| are lifting. We also discuss the following: When are
the conditions (alL) and (fL) equivalent?

Recall that a module M is called an extending module or C/S-module if ever
submodule of M is essential in a direct summand of M. A submodule A of M is callec
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all in M. written A << M, if A+ B # M for every proper submodule B of M. Module
is called a lifting modnle if every submodule K of M lies above a direct summand
M. i.e. there is a direct summand X of M such that X € K and K/X is small in
X. It is clear that, M is lifting if and only if for any submodule K of M, there exists a
omposition M = M, S My where M, C K. MaN K is small in M. For characterizations
lifting property refer to [10, 41.11 and 41.12] or to [6]. We call a non-zero R-module
hollow if every proper submodule is small in M. A module M is called a local module
W has the largest proper submodule, i.e. a proper submodule which contains all other
yper submodules. In this case, the largest submodnle has to be equal to the Jacobson
lical of M and Rad(M) is small in M (cf. [10, 41.3; 41.4] or [6, Definition 4.1]).

The results

A. Condition (fL): All finitely generated modules in a| M| are lifting.

For convenience, we say that a module M satisfies the condition (fL) if all finitely
werated modules in g| M| are lifting.

Remark 1. Let Mg be a finitely generated, self-projective module. Assume that
is lifting. Then every submodule of M has a supplement by [6, Proposition 4.8].
‘ording to Proposition 4.39 in [6], M is discrete. By [6, Theorem 4.15] therefore M has
ecomposition M = &', H;, where each H; is hollow. Since M is finitely generated,
-projective, each H,; is self-projective local, hence the endomorphism ring Endg(H,) is
al by [10, 41.19].

Now we consider modules with local endomorphism rings. We first prove the fol-

ing result.
Lemma 1. Let L be a right R-module unth the {ocal endomorphism ring Endg(L)
t S be a simple right R-module. Assume L & S is lifting. Then for any diagram
S
L h
L2+ LIK
vhich K is a submodule of L, p is natural epimorphism, h 1s a non-zero homomorphism
Lit is not epimorphism, there exists a homomorphism h : S — L such that ph = h.
Proof. Assume that h(S) = C/K with a submodule C of L, K C C. Since h is

epimorphism, €' # L. Denote L & 5 by M and set

N = {(z,y) | 2 €C, y €S, p(z) = h(y)}.

It is clear that IV is a submodule of L& S, NNS =0and NNL = K. Let «,
ote the projection of M = L & S onto S and m; denote the projection of M onto L.
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Then we easily see that w (N) = S; 7(N) = €. By the hypothesis, M is lifting, henc
M has a decomposition M = M; & My with My C N and M; N N < M.

If My == 0 then N <« M. By [5, 51.3 Lemmal, 7, (N) <« 5. On the other hane
T N) = 8, a contradiction. This argument shows that M, # 0.

®

Consider the decomposition M = L&S. Note that L and S has local endomorphis
rings. By |1, 12.7 Corollary], the decomposition Al = L&S complements direct summand
Then. for direct summand M, Al must have decomposition M = My &L or M = M, & ¢

Suppose that M = M; & 5. Consider the projection wy : M = L& S — L. W
have my(My) Cere(N) = C # L. On the other hand, L = n(M) = ms(My, & 8) = (M,
a contradiction. Thus M has the decomposition M = M, & L. Consider the projectiao
re M = LS —' 5. Since My (VL =0, g =,

Ar My, — S is an isomorphism. Se

7y .?Tf‘Ml My = L ‘and hiwmarl o Lo

Let y be any element in S. Assume y = g(m) for an m € M; € N. By the definition of |
and g, we have m = (x,y) with an = € € such that h(y) = p(ix). Since h(y) = n(g~"(y))
i) = wle.y) = =, (phily) = plx) = hly). Thus ph = h. The proof of Lemma 2.1
complete. (

Now, we consider a module Mpg satisfying the Condition (fL). We have the [in
result.

Proposition 2. Let M be a right R-module satisfying the Condition (fL). Assun
that L is a self-projective local module in a[M|. Then L is simple or Soc(L) = Rud(L).

Proof. By |10, 41.19], the endomorphism ring Endgp(L) is local. We proceed i
two steps.

Step 1. First we prove that Soc( L) is essential in L. Since L is local, Soe(L)

if Soc(L) @ Rad(L). In this case, L is simple.

Assume Soc(L) C Rad(L). This implies that Rad(L) # 0. Let & be any non-zer
element in Rad(L) and set Ly := rR. Then Ly has a maximal submodule, say K, such tli
the factor module L, /K is simple. Consider the module L & (L, /K). which is a finitel
generated module in ¢|[M]. By hypothesis for M. the module L % (L,/K) is lifting.

Consider the following diagram

/K
1 h
I_.' -
L~ Lk,
in which p is natural epimorphism, & is inclusion homomorphism. Apply Lemma 1.

follows that there exists a homomorphism b Ly/K — L such that ph h. Therefor
L contains a sitnple submodule S, h{L;/ ) such that (S, + K)/K = L,/ K. Weé easil
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see that Ly — S, & K. This argument shows that Soc(L) is essential in Rad, L), hence is
essential in L.

Step 2. We will show next that L is simple or Soc(L) = Rad(L).

Suppose that L is not simple. Then Soc(L) C Rad(L). We show that Soc(L) =
Rad(L).

Note that L is self-projective. Hence, by [10, 18.2(4) and 21.2|, the factor mod-
ule L/Socl is also a self-projective module. By the same argument as in the Step 1,
Soc(L /Soe(L)) is essential in L/Soc(L).

If L/Soe(L) is simple then Soc{L) = Rad(L).

Suppose that L/Soc(L) is not simple. Let T' be a simple submodule of L/Soc(L).
Then the inclusion homomorphism g : T — L/Soe(L) is not epimorphism. By the
Condition (fL) for M, module T' & L is lifting. Consider the following diagram

T
Lq
L -2 L SeelL);

where p is natural projection. From Lemma 1 we conclude that there exists a homomor-
phism g : T« L such that pg = ¢. Then g(T') is a simple submodule of L. It implies
ng = 0, a contradiction. Therefore L/Soc(L) is simple, and thus Soe(L) = Rad(L). O

Therem 3. Let M be a fimtely generated, self-projective right R-module. Assume
that M satisfies the Condition (fL). Then M has a decomposition

4‘""! = ﬂf’[ﬂ%"'@lﬂ’fnr

where each M, is simple or local with Soc(M;) = Rad(M,), i = 1,2,...,n.

Proof. By assumption, M is lifting. According to Remark 1, the module M has a
lecomposition M = M, & ... & M, where every M, is a self-projective local module in
7[M| for which the endomorphism ring Endg(M,) is local. By Proposition 2, each M, is
simple or local with Soe(M;) = Rad(M,), i = 1,...,n. a

Now, putting Mg = Rp, then we need only to assume that all finitely generated
ight R-modules are lifting to obtain following result.

Theorem 4. Let R be any ring for whaich all finitely generated right R-modules are
Wfting. Then R is a semiprimary ring with J(R)* = 0.

Proof. We recall that a ring R is called semiprimary if the factor ring R/J(R) is
semi-simple and the Jacobson radical J(R) is nilpotent, i.e.,-J(R)* = 0 with a positive
nteger k. O

Applying Theorem 3, the module Rp has a decomposition Rgp = R, & -+ & R,

»

vhere each R, is either a simple right K-module or a self-projective local right R-module
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with Soc(R;) = Rad(R,;). Then

J(R) = Rad(Rg) = @) Rad(R,) C Soc(Rp).

=13

It is clear that the right R-module Rg/J(R) is semi-simple. From this, the factor
ring R/J(R) is semi-simple. Because J(R) C Soc(Rg), J(R)? = 0 by [5, 9.3.5]. It follows
that R is semiprimary. Ol

Remark 2. For the module M in Theorem 3, Soc(M) is finitely generated if and
only if Mg has finite uniform dimension. In this case, Mg is of finite length. For a ring
R, we get the following Corollary from Theorem 4.

Corollary 5. Let R be any ring for which every finitely generated right R-module
is lifting. Assume R has finite right uniform dimension. Then R is right artinian unth

J(RY =0,
B. When are Conditions (fL) and (alL) equivalent?

Recall that for a ring R, every right R-module is extending if and only if R is a
generalized uniserial ring with J(R)? = 0, if and only if every right R-module is lifting
(ef. [2, 13.5] and [9, 2.5]). On the other hand, K. Oshiro [8] obtained a characterization
for u generalized unserial ring: A ring R is a generalized uniserial ring if and only if every
extending right R-module is lifting. From this and above results we have following result.

Proposition 6. Let R be a generalized uniserial ring. The following statements
are equivalent.:

(1) Every finitely generated right R-module 1s extending;
(2) Every finitely generated right R-module is lifting;
(3) Every right R-module is lifting;

(4) Every right R-module is extending.

Proof. Straightforward. 0

Now we generalization above result for a finitely generated self-projective right R-
maodule to obtain the following

Theorem 7. Let M be a finitely generated self-projective right R-module. The
follounng statements are equivalent:

(1) M satisfies Conditions (fL) and (fE);

(2) M satisfies Condition (f L) and every finitely generated, indecomposable module
in a| M| is extending;

(3) M satisfies Condition (alL);

(4) M satisfies Condition (al E).

Proof. (1) = (2). It is clear.
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(2) == (3). By the assumption and Theorem 3, M has a decomposition M =
My % -+ & M, where each M, is simple or local with Soe(M,) = Rad(M,). Since M, is
extending, M, is uniform and hence Soc(M,) is simple. Then M is of finite length.

Consider a finitely generated, indecomposable module K in o[M|. Then K is lifting
and extending, This implies that Sec(K) is simple and K is local, hence K/Rad(K) is
simple. By [10. 55.14]. every module in o|[M]| is serial, in particular, every indecomposable
modnle in a| M| is uniserial. :

Let N be any indecomposable module in a|M/|. Then the M-injective hull N of N
is uniserial. Suppose that N is not simple and N # N. This implies that in N, there
exists 4 composition serial:

0 C Soe(N) C Ny C Ny,

where Ny and Ny are finitely generated submodules of N, According to {10, 55.14], N
is self-injective hence the endomorphism ring End(Nj) is local. By assumption, Ny &
Ni/Soc(N) is lifting.

Consider the following diagram

N/ Sur'(i\.’]
L h
Ny <%+ Na/ Soc(N),

where £ is the inclusion homomorphism, p is natural epimorphism. Applying Lemma 1,
there exists a homomorphism h Ny/Soc(N) — -N, such that p:‘; = h. Since N; is
uniserial, ,n.;: 0, a contradiction.

Therefore, if N is not simple then N = N and N is a module of length 2.

Now, from this, the module M is a direct sum of simple modules and modules
of length 2, which are M-injective and M-projective. Thus every module in o¢|M] is
extending, alsd is lifting by [2, 13.3] and [9, 2.5].

(3) = (1). From [2, 13.3| and [9, 2.5], it is clear. O

Put Mz = Rg, we have the following.

Corollary 8. The follounng statements are equivalent for a ring R :

(1) Fvery finitely generated right R-module s Lifting and is extending;

(2) Fvery finitely generated right R-module is hfting and every finitely generated,
tndecemposable right R-module is extending;

(3) Fvery right R-module is lifting;
(4) Fvery right R-module is extending.

In following theorem. the module M is not necessary self-projective.

Theorem 9. Let M be a fimtely generated module. The following assertions are

cquivalent.
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(1) M satisfies Conditions (fE) and (fL);

(2) M satisfies Conditions (fE) and every finitely generated, indecomposable mod
ule in a|M| is lifting;

(3) M satisfies Conditions (alE);

(4) M satisfies Conditions (all).

Proof. (1) = (2) is clear.

(2) = (3) By the assumption and [4, Theorem 5], M is extending noetherian. Hence
M has a decomposition

M = &"_ , M;, where each M; is a finitely generated uniform module,

Let N be any finitely generated uniform module in o|[A]. Then N is lifting. hene
is local. This implies that every uniform module in a|M] is uniserial by {10, 55.1]. Sine
M is noetherian, N is noetherian and every submodule of N is too. Set

No i= N, Ny = Rad(N), N; = Rad(N,),....
We have a descending chain
NnZNDNi DNegDNyDvv

where each Ny /Ngy, is simple, k = 0,1,2, ...
If Ny # 0 then we have following composition series

(N/N3) D (N1/N3) D (Na/Ns) D 0.

Note that N/N3 is uniserial. Now, according to [2, 7.4 Corollary|, (N/N3)&(N, /N,
is not a extending module. This is contrary to the assumption (2). Thus Ny = 0 an
hence N is a module of length at most 2.

From this, M is of finite length. By [10, 55.14}, every module in o|M] is a seria
module. By above argument for the module N, we conclude that every uniserial modul
in o|M] is a module of length at most 2. Now, all modules in o|{M] are extending by |2
13.3].

(3) = (1) follows from [2, 13.3

and [9, 2.5]. [
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VE CAC MOPUN M CO MOI MODUN HU7U HAN
SINH TRONG 8|M| LA LIFTING

Mai Quy Nam
Khoa Toan, Dai hoc Su pham Quv Nhon

Mot modun L dugce goi 1a lifting nén véi modun con tiy ¥ K clla L ¢6 mét hang tir
rire tiep X eia L sao cho X € A +io K/X la modun con nhé trong L/ X. Trong bai nay,
hiing 101 elntng minh vang véd wot modun hiva han sinh tr xa anh M, néu moi modun
uru han sinh trong 6| M| la lifting thi M c6 mot sir phan tich M = M, & ... & M, trong
16 moi mot M, la don hoac la dia pharong vai Soc(M,) = Rad(M,).

N6i rieng, mot vanh R la mra nguyen so vai J(R)? = 0 néu moi K-modun phai

i han sinh 1a lifting



