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bstract. [n this paper we shall consider a free boundary problem for the heat equation.
aistence and umiquenees of the solution of the problem are proved by the method of sem:-
iscretization with respect to f.

Introduction

We deal with the free boundary problem

Problem (P). Find a pair (s(t), u(x, ) ) such that

1. s(t) € CM0,T], s(t) >0 fort €[0,T], s(0)=256>0,

2. u(xr,t) € C¥YDy),for Dy = {{z,t) : 0 <2< 8(t), 0<t < T}, Dr isthe
osure of Df'.

3. The following equation and conditions are satisfied

W =y 20 in Dy, (1.1)
u(z,0) = p(z), 0 <z <s(0) =b, (1.2)
tx(0/1) =1, ot < T, (1.3)
ula(l), L) = f{t), D <T, (1.4)
ug(s(t),t) = g(t), O=<t<T, (1.5)

here b, T being given positive numbers, f({), g(t). ¢(x) being given functions.

The existence of the solution of this problem is established by using the method of
midiscretization with respect to . This scheme has been used by Gary G. Sackett [2],
guven Dinh Tri [3] for the somewhat different problems. An other method for solving
auchy type free boundary problem for nonlinear parabolic equations can be found in
l.

The following assumptions are made:

A.
() € CH0,8], (1) € C?0,T, g(t) € C2(0, T,
h(r) <0, @' (2)—f{0)<0 for O<z2<H
Filtye U, gt >0, p'(t}i>0 for O<t<T
B.

©'(b) = g(b), ¥'(0) =1, @(b) = £(0).
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II. Uniqueness of the solution

Theorem 1.The following assumptions are made:  f'(t), g(t), ¢'(1), " (z) are contin
wous, f'(t) <0, g(t) >0, ¢ (t) >0, () <0 for0<t<T, 0 z<b, then th
problem (P) cannot have more than one solution such that s'(t) > 0.

Proof. The function z = u, satisfies

2t~ 25, =0 in Dy, (v
2,(0,1) = bLi<T (2 2
z(x,0) =« ”(T)«(ﬂ Uca=h ' (.3 3
2(s(t),t) = f'(t) — g(t)s'(t) <0, 0Kt <T. (2.

By the maxinmmum principle, z(z,t) takes its maximum value at = = s(t) or for t—(
because 2, (0,1) = 0. From (2.3) and (2.4) 2(2,t) = u(x,1) < 0in Dy, hence e de ) <
in Dy and  u,(r, f) is a decreasing function with respect to x. Hence w,(z.t) > 0in Dy
because u,(s(t),t) = g(t) > 0.

Now assume that there exist two solutions of problem (P): {s1(t),uy(z. 1)} an
{sa(t), ua(r,t)}. Then oz, t) = wuy(z,t) —ua(x.t), s(t) = {JE}*TT{S'(” so(t)}, satisfving

the folloving equation and conditions

th = =0 inDe={{p 130z <slt), 0t <1},
v (0:t) =0, 0t < T,
wz,0) =0, 0<z <5(0).

Hence v(z,f) can reach positive maximum or negative minimum only on « = s(t). |
s(t) = s;(t), we have

v(s(t), 1) = ui(s1(t), 1) — ua(si(t), 1) = f(t) — ua(si(t), 1)
= ug(s2(t), £) — ua(s1(t), t) = [sa(t) — s1()|ug- (£(1). 1) > 0, (2.5
!T:(ﬁ(!}‘ f) - H.}_-r(&'}(f), f) i 1‘&21(81( ,f) = g(l‘) - “21‘{""](”1 f)
= ugr(s2(t), 1) — uge(s1(0), t) = [s2(t) — s1(O)]uge,(n(t). 1) <0,
It’s a contradiction . We get the same conclusion if s(1) = so(f). O
IT1. Existence of the solution
Let 1, = nAt, with At >0
“‘0(‘6) = s{)(.lf), un{‘r} s 'Ll',(;]'f'., tn), sn = s(tn), s9 = b.

The problem (P) is approximated by the following problems (P, ).
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Problem (/%,). Find the functions u, () and s,, such that

tn () — tp_1(x)

", Aj —, 0L r £ s, (3.1)
a0 = 1 (3.2)
IS G A A ) (3.3)
'”-:-.{"“"n) y("'n ) (34)

We have to prove:

1/ The existence and uniqueness of the solution of problems (P,,),

2/ The uniform boundedness of some quantities, to be used for establishing the
wergence of the approximation scheme,

3/ The convergence of the scheme.

Proposition 1. [/nder the assumptions A and B, the problem (P,) has an unique
ution {$,, un(2)} such that s, > s,.-1,Yn.

Proof. We put u,(z) = f(ts) + g{ta)(z — sn) for = > s,, n>0.

The general solution of the equation (3.1) is:

o l - T — E
up(r) = Apsh— + B, ch— sh—=1,1(&)d¢ 3.5
‘ e e e Gk
quiring that u,, satisfy the conditions (3.2)-(3.4) we have
Al LT
f(tn) = VAlsh—— + B,,ch / u,_ 3.6
\/— \/— \/— —1(€)dE, (3.6)

olta) = ch \/_H,, — F[ 2L @d (3

minating A,,, B,, from (3.6),(3.7) , we get

- \/hq(f,,}rh

(f,,)*-h

1 i &
e AT AT ok i ch——uy, .
‘/_ = &A! /f; r—'&t ('E)df

have to prove the existence of the solution of the equations

Js) = [ty mv,_ -Wg(r,.}rh\/_ + VAL~ \/‘r/ rhvﬁ_tun_l( £)de = 0. (3.8)
5 possible to check that ¥n
@, (5n-1) >0, (5n_1) <0,0"(s) <O0for s> 8,_;. (3.9)

Because (3.9), the equation ®,,(s) = 0 has an uniqué solution s,, > 8p—1,Vn.
The proof is completed by induction.
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Proposition 2. (Estimation of z,,(z) := Un(2) ;" 1(2) ). Under the assumptior

A and B, we have Vn, for € |0, s,]

fzn(z)] < M, (3.1

in this paper we denote by M; the constants which don’t depend on At.
Proof. z,(z) satisfies the following equation and conditions

Zn (J"} e zn——l(']'-]

for U<z <s. 9

() 5 | (3.1
ZH(I) £ e
Al F o2 S & % 91,
2lx) =¢ile) <0, 0<r<h,
4.(0) = 0,
U ilsn1) = olsa1) Afltaiy) As
zﬂ(ﬁ’ﬂ—ll | I( i Al 2{ ] ] L .(ﬁf I “.g(t?l-?) &ﬂ < 0, (; i
z:,(ﬁ.n...l) - |'“::--'1(Sﬂ—~lj T 11.:1_2(.‘;.,,,_1” . gltn-1) — 9(tvn=3) i Ag(t,) > 0.
At At At g
(.301'
: - u; I— od L
e -t e e B iR i L e

At At At

(3.1

Therefore, we can deduce that z, < 0 and takes its negative minimum value :
the endpoints or for t=0. But because 2/ (s,,_2) > 0, 2/ (0) = 0 it must in fact take i
negative minimum for ¢ = 0. We have Yn,0 <z < 5,

B B e R R i i ) | 2 4t 4
Izu(-’:)' I” ,,(.I,)] il tl%‘;ii};(ﬁi(p (J‘)l ‘M’I (} 1

Corollary. We have Yn, for r € (0,s,]

A-"'u buF PR F - B |
ARG, e~ o (i DNCOMRRRAmIES el 7 1 3.
Atl -1 Al l“Ma' ko
|u;, ()] £ M, (3.1
lun(z)| < My, (3.1
E"‘nE S ﬂ'jrﬁ‘ (3.]'

Proposition 3. (Estimation of z! (r) = «!”(x)). Under the assumptions A and
we have Yn, for r € 0,s,_4l

|, (2)] = Jul ()] < Me (3.2

Proof. q, = z! satisfies the following equation and conditions
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e -._3{:“](”- for 0% &< 8,2,
D) (3.21]
‘-Liﬂ fol g a8 g g
At i S e
lgo(2)] = @""(@)], 0 < & < b, (3.22)
| (0)] = |2, (0)] = 0, (3.23)
! Sn—2) =l (8,
!q::(”‘n-—‘z)l = iz:a("‘n—?)l — if""i( 2)Af ""'z( 2”
A"n-— A fﬂ—-' 7’
= )=t o “"A 2| < My.My + max |g(1)] = M.
; ” Sts (3.24)
‘'ombiring (3.21)-(3.24) we get
il [20] = ] < max{ max [$"(2)l, Mg, max |g'(t)[} = Mz for 0 <z < sny.
Srnb <1<
(3.25)
< r . . Azl " n
The last quantity to be dealt with is an estimate for —:3—- S PU Wy = ?:’ and
1ake an argument parallel to that for 2z, to obtain a uniform bound for w,,
lwn| < Ms. (3.26)

Theorem 2 . Under the assumptions A end B, there exists a solution of problem (P)
uch that u, uy, ur, are continuous in Dy, s(t) is differentiable, and s'(t) > 0 for 0 <
= T

Froof. From the remark following (3.16)-(3.19) we know there is a sequence At, — 0
ad a function s such that s2% — 5 uniformly on [0,T]. Now for each At; we construct
function of two variables u®" (r, 1) with domain {z > 0,f > 0} by first requiring that
coincide with each u), on the lines t -~ nAt, that is

WPtz nAt) = ul(z), (3.27)

At 2! is to be completed by linear interpolation

S.J.r(f.] o t —(n-1)At nAt -~ t

e F s, (3.28)
Abs = {n—1]Al nAt — t :
w Az, ) = BT u, () + e uﬂ._lfzr). (3.29)

Finally restrict u®% to have domain Dr.

By the uniform boundedness of u), and 2z,, the u}, form an equicontinuous
riformly bounded family on D7, and hence , there exists a subsequence of At; (which
e shall still designate as At,) such that u! — u uniformly on Dr-.

We have to prove : u(x,t), s(1) are the solution of problem (P).
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1. u(x.t) satisfies the differential equation w; = ty, in Dp. By the constructio
of -ua"-(-.z, t) and the uniform boundedness of w,, that u,, and wu,, exist. Also, it is nc

difficult to show as in 2] that

uj‘(:c) - u}_,(z)

u(z, t) = e>N Al : (3.3(
where k are chosen so that kAt; — t. At points of the form (z, kAt;) we have
1Al 1
(uk) == E‘z‘;luk U‘*Il, i (331

and in view of (3.30) u, = wu,, for points of this form.
2. The conditions at the fixed boundary u(z,0) = @(z), u.(0,t) = 1 can b
dispatched by u!, — u uniformly.
3. For the condition wu(s(t),t) = f(t). we compute
fu(s(t), 0) — F(O)] < u(s(t), 1) — udt (s(0), O] + [uB (s(0),8) — ™ (s(0), kAL)]
+ [uBt(s(2)), kAt) — udh sk, kAL)|
+ |ubt(sh, EAL)) = f(2)] = C1 + C2 + C3 + Ca. (3.3%

Since u, — u uniformly, we may choose n large enough so that for arbitrary ¢

Cisn (3.3

Also recall that u®% (r,nAt;) = u!(z) so that

C3 = uj(s(t)) - ui(sk) < 1(ui)' (€)-Is(t) — si| < Ms|s(t) — sil. (3.34
Moreover,
Cy = up(si) = (1) < [f(RAL) = [(O)] £ max |['(1)].[kAL; — 1] (3.3

Finally, by the interpolation contruction of «!, we have

It — kAt
Al
It = kAt m: |

(= [u®t (s(2), (k + 1)AL) — udt (s(t), kAt,)|

S TR kll("'(” ug(s(t)] < Ms|t — kAt,]. (3.3¢

We now take n large enough such that

¥

My + max [J'(O])

s(t Rl o
|s(t) — s3] < GM and |t — kAL <

For such large n, we have, according to (3.32)-(3.33)

lu(s(t),8) — f(1)] < e
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4. We proceed |u, (s(t).t) — g(t)| < ¢ as section 3.
We show that s'(t) exists and s'(t) > 0. From the condition wu(s(t),t) = f(t), by
omputing we get

1 : St +8)— f(t) u(s(t),t + 6) —uy(s(t). t)
Hls(t +6) = s(t)] = [ B2 : |

[:u.['.a'(i 1-b).f f0) —uls(f),t+ fl]]“‘

0

aking the limit as & — 0", & — 07, all hmits on the right-hand side exist (since s is
ontinuous) giving

s( o) — sl 7 -
i ) S ey — (s, Ol (s(8), )]

A—() 0

lence exists s'(f). Note that s(t + &) > s(t) therefore s'(t) > 0.
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BAI TOAN BIEN TU DO DANG COSI
PHOI VOT PHUONG TRINH TRUYEN NHIET
Nguyen Dinh Binh

Khoa Toan - Dai hoe Bach khoa Ha Noi

Bai bao nghién ciru mot bai toan bien ty do, vai cae diéu kién cho trén bien co
ang Cosi doi vai phiromg trinh truyen nhiet. Tim cac ham s(t) u(z,t) sao cho

e il = O<r<a(0<t<T
u(z,0) = w(z), <z < a(0)=b,
w0 ) w1, 0<t<T

ul{s{t), t) = f(t), 0<i<T,
ug(s(t). t) = g(t), e

rong do b, f la cac hang s6 duong va f(1), g(t). ¢(x) la cac ham s6 cho trnrac.

Sir ton tai nghiém cia bai toan diurge gidi quyét bang phrong phédp nira roi rac hoa
heo bi*n £, tinh duy nhat nghiem diroe ehitmg minh bang cach sit dung nguyén ly ce
ai dai vai phirong trinh parabolic.



