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GENERAL INTERPOLATION PROBLEMS INDUCED BY
GENERALIZED RIGHT INVERTIBLE OPERATORS

Pham Thi Bach Ngoc
Hanoi University of Science, VNUH

Abstract. The general interpolation problem induced by a right invertible oper-
altor D with dim ker D s (0 < s < +ox) was introduced and investigated by
Przeworska-Rolewicz D., and then devoloped by Ng. V. Maw and Ph. Q. Hung (see
| 1], [2], 4] ). Later, Ng. V. Mau and Ng. M. Tuan have constructed the generalized
right mvertible operators (see [3]).
In this paper, we deal with a general interpolation problem induced by a generalized
right mvertible operator V. with dim kerV = s (0 < 5 < ).
. Prelimilaries and notations.
Let X be a linear space over the field A of scalars, where A = IR or ' = C. Denote
v L(X) the set of all linear operators with domains and ranges in X and by R;(X) the
't of all generalized right invertible operators belong to L(X). For every V € R;(X),
e denote by Ry the set of all right inverses of V and by Fy the set of all right initial

perators for V, ie,
Ry ={WeL(X): VWV =V, VW =V},
Fv i={Fel(X): FX=kerV, F?= F and 3W € R}, such that FW = 0}.

In the sequel, we shall assume that dim kerV = s (0 < s < +00) and {e;,... ,€e,}
a basis of ker V. Then ker V' = @] . Z,, , where Z,,, — infen}, m=1,...,s Write

m=1

Px. (W) = lin{W*e,,, k=0,... N—=1}, m=1,...,s. (1.1)

lefinition 1.1. Let V € R\ (X) and W € Rl.. Every element

N=1
1 Z Wz (1.2)

k=0
here zny 1 #0, 2zo,...,2N-1 € ker V is said to be V - polynomial u of degree N — 1.
. General interpolation problem (GIP)

Consider the following problem
Given n finite sets /; of different non-negative integers with #/;, = r,, ry +-+-+7r, =
(2= 1....,n). Find a V - polynomial u of degree N — 1 satisfying N conditions

FiV¥a=uy, kel, i= L PR (2.1)
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where u,. € ker V are given and I, ... , F,, are different right initial operators of V.
In the sequel, this problem will be called a general interpolation problem for gene
alized right invertible operator (Shorthy : GIP).
Suppose that the elements of sets [/, are ordered r; - tuples (k;,... ki), 0O
g e e G g (2.1) is of the form

f'yll_rkn_;u;:_ I“lk,,‘! t: i!.._.‘fl; J;: 1._,<,r.. (2
Write
ulki) o Jurﬂ‘*‘“"l' L -I'|'j! r{] - []\ {2
. 3
Thy o § :u‘[v—‘lls+|;ﬁ’?" "‘;{u-—l}s-l-u €N, v=1,..., “'\F’ (2
=1
a
2= Zip.fu Ty u €K, k=0, N-1. (2.
=1
Now, we can rewrite (1.2) in the form
N—-1 =

°u = Z Z z;”_lp#l{f’key. (2.

F
i
[ =}
j =
i

It follows

N—=1 = N=1 =
A .rkl.j. e ] ; k.; rk ' 7 Fh—Kq; -
EVia=3% "N 2 EVRWle « 8" 5 g  EVIWEEaite,
k=0 pu=1 k=k,, u=1
Since F; € Fy and Fi X = ker V, we get
- .—k—-—k},- " A /. ; %
F‘l‘l. li +EE’H - Zf{‘-.{’;_ku}dh”l‘;u; fil.{.‘\.‘—kULp.ﬂ & K (2
Nzl
These equalities imply that
N—-1 =
Z Z Zhap uPi =k = Boo bokrg g bi)adn (2.
k:.':k.,‘. ,U-_'l
Write
, Bliatiids S if k> k.
‘-ii.(k-k.,,}.mr; 2 { {(rot-4ristij—=1)atnks+pu ; J (2,
0 lf 0 E }i'. << ’!'-.1_]'
g MRl | LD R 1 IEERIA | e S S BT romn=1,... .
Rewrite (2.8) in the form
Ns
Z 24850 = Ups pedre £ oy i bren g The o (2.1

q::'kl;"‘_‘" 1
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Write
vl
FIJ" G (“‘{}H;J. s11 "';-Ni}
ky,& zera
" A"; .A“JI ‘k:]_ﬂ e
(tf rf ({r' ""'(‘r ]!,
€r;: {(.'r‘k'” (.'{k"' H}"r

Fiy. o= BV P

Ly

‘E‘r{k‘i' : (!"]&IJ, j“lj.

where A7 is the transposed matrix of A.

Lemma 2.1.. The svystemn of operators IS i T Vo
independent on every Py
ol k ] i 3
Y e s R RSl 0

where Py, (W), Fi, , F*)

ki) .
Proaf. The system {l*,{ gt T L SR

Zm mn = 1,... 8}, i.e, the equality

sz,; WML = 0, Ml B 2. i EX, Ml

y iy
impliesioe; =0forz=1,...,0; §=1,... .r:. It means that
n 4
S°3 e Fue, Whup =0; k=0,... N =1.
el ey
.0,
N-—1 "
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(2.11)

(2.12)
(2.13)
(2.14)
(2.15)
(2.16)

.7y} Is linearly

(W) (=1 s) if and only if the system of vector-operators
1.....r} is linearly independent on everv Z,, (m =1,...s),
are defined by (1.2), (2.15), (2.16), respectively.

} is linearly independent on

s Sy

Y 0O ZZ% Sy Wren =0, YOy €K, Zp = lin{enm),

k=0 =1 3=

f and only if

D) BLILN

=14

ZZ”’U Fuk.,J'm =0, Vz,, € P, ..,(H’)
t=1 gs=1

I'he proof is complete. A

k=0

I'herefore

semma 2.2. The svstemn {a" e B ol i 1
m every Zy, (m = 1,...,s) if and only if the systemn {dp; p

ndependent, where d,, is defined hy formula (2.11).

N -1
(Z O "’Vk"-’-rn) =0, Vi € K.

..y} is linearly independent
l,... ,Ns} is linearly
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The formulas (2.8) and (2.9) together imply

Ns
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Proof. Let the system {d,;: p  1.... . Ns} be linearly independent and
Z Z r‘-rljnrﬁ“tk” 1] 0, V'“-na £ Z"“ Xy fary € A I EA e
R R |
Then
LZ Z Qs VW R 0, R = 0,00 N =~ 1.
i F=Tm
Hence.
\'n'! "
k T ]
e,
s N—=1
ZZ Z Z Cizin e VY WE ks a =0, Ve €k
! 1 m !
By the choosing 4 € A and by formula (2.7) we have
ZZZ“}JTH ZFT,U; by ) e e 0.
A= A e
Since {e,.... .ey} 18 a basis of ker V¥ then
ZZ‘ Z gl (k=K. ) o 8 SR L ¢ eelGR N~ 1;: p 1, i

E ttj‘hu',, .
p=1
: ; i ; S v k)
Now. our assumption implies that a; — 0. e, a5, 0. So the system {F
N, R L.....r} s inearly independent on Z,,, (m ey
. =1g Ty S ; 2
Conversely, suppose that the system {F!27'} is linearly independent on every Z,
(1 S s) i.e, the equality
0'{‘-.,1 k Pl - }\
(tl;rn L ”~ Vu‘fn = /:-nu "'-'r_;]n , s .
| 1 wri
implies o, 0O for . s LRy B S
N - i .
On the other hand, if 37, agdp =0, o €K thenayjm = o, o L o .
a;, = U i.e. the system {d,; p=1,... Ns}is hnrarly independent.

The proof is complete. 2
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By combining Lemmas 2.1 and 2.2, it follows:

Theorem 2.1, A necessarv and suflicient condition for det G 7 U is that the system
TS  SHCSE ) LE Lyo.. e} ois linearly mdependent on every Py, (W) (m
. 8). where (¢ and Py (W) are defined by (2.11) — (2.14) and (1.1).

"heorem 2.2. The GIP has a nnigue solution for every wu;y € kerV (¢ = 1,... ,n; j
Lo o) i and only if the svstem (P01 boovoameig =l Ueey s Inesrly
ndependdent on every Py (W) (i 1., s), wherery -+ . +r, = N, If this condition

s satisfied then the mique solntion of the GIP is of the lormn

N1 ia
t ZZ"F: ‘ii.i.- Een (217)
={) jas=
vliere (2, ..., 2y, ) Is @ nnique solution of the system
(= 2y Ly el (2.18)
et e S penea e ALl :

n which G is defined by (2, 11) — (2.14) and the elements u}, ...  uy,  are defined by
2.3) - (2.4).

Proof. Note that every solution of the GIP is of the form

N1 N N-—1 ol

1 AX;IH' Z}ZHA'LHP s ZUZ”-‘*WH e,
el s

vhere zf.. ;. i8 defined by (2.8),(2.9), (2. 10).

The assumption and Theorem 2.1 imply that det ¢ # 0 and we have the proof of
he theorem, 4

As an application of theorems 2.1, 2.2 we shall give a solution of Hermite classical
nterpolation problems for generalized right invertible operators.

Let 1, = {0,....r; —1}. 2 = 1.... ,n, then we obtain the following Hermite inter-

olation problem: Find a V- polynomial u of degree N — 1 satisfying N conditions
RVl =g o= Lol ool gl oniiea ]

vhere ry 4 v+ 41y, = N, uy; € ker ¥ are given,

Fheorem 2.3. The Hermite interpolation problem has a unique solution for every . €
erV {i=1,....m F=0,... 0% —=1) ifand only if the system {FVI:i = 1.... ., J=
),....r, = 1} is linearly in dependent on every Py (W) (m = 1,...,s). If this condition
s satisfied, then the unique solution of this problem is of the form

Z Z “iwi;:u

- | BE're
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where (zi.... .zx.) Is a nnique solution of the systemn

: j T A ) !
Crtier Loy ) £ Vet T 0

in which 7 is defined by (2.11) — (2.14) with k,; — j. j = 0,....7r; — 1 and the element

iy, ...,y are defined as follows

I'l,_l 7 WU+ - 41,1 Fi+1,

-

v AT
has 3 E W 1yag S ¥ RTIR o

el
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BAI TOAN NOI SUY TONG QUAT DOI VO1
TOAN TU" KHA NGHICH PHAI SUY RONG

Pham Thi Bach Ngoc
Dai hoe Khoa hoc Tw Nhien, DHQG Ha Noi

Bai todan noi suy tong quat trong lop toan tir kha nghich phai D vai dim ker D
(0 < 5 < o) da diroe Przeworska-Rolewicz. Nguyen Van Mau va Pham Quang Hin
nghien airn trong [1],[2].]4]. San d6 Nguyén Van Mau va Nguyen Minh Taan da xa
dirng khai niem todin tir kha nghich phai suy rong ( xem [3]).

Trong bai nay, chiing toi giai quyét bai toan noi suy tong quat trong lirp todan i

kha nghich phai suy rong V vai dimker V. = s (0 < s < 00).



