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. Introduction

It is well known that there are some functions on single variable complex. which
e anilytic in the €'\ {0}, but can not be analytically extended to the isolated singularity

0. The function w(z) is an example of such ones.

= Py | o

According 1o Hartogs'extension theorem. this phenamenon is no longer valid for
malytic functons on several complex veriables (see [1]).

Considering analvtic fuctions on several complex variables as solutions of the Cauchy-
ticann system, the Hartogs'theorem deals actually with the extension of the solutions
ol Tinear system of first order partial differential equations with constant coefficients.

We are interested in the following problem: Does the Hartogs' theorem still hold

or the linear system of partial differential equations of the form:

mni 1

L% =3 3 Al O 1T (1.1)
o

i=1 3221

(# . 5 ! e — S .
vhere .'l”] are fuctions forall¢ - 1,m, =1, 0.0 = 1. L.u, - ui(x;.....x,) are real analytic
M ry, o,y and wo (g, ., i, ) s the unknown function.

In 13, 4. Le Hung Son showed some matrix criteritions for extension of solutions
he above system with constant coefliciens. In this paper we prove similar result for the
. e ) . s -
asce, where the coeflicients AF: are real analytic funtion on variables ..., x,.

l. Preliminaries

Let ¢ be a domain in K".) * be an open neighbourhood of A,

Jefinition 2.1. Suppose that u — (uy(x), ..., um () is a solution of the system (1.1) in
dandu = (ug(x), 0., n.,,,(,r.'}'] 15 a solution of the same system in another domain G, with

FC G RY then was called a continuous extension of u if u = u in G,

The unique theorem on extention claims that if there exists an extension u of wu,
hen it is unique (see |1, 2]).

Noting:
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then 12 is a m x m.n - matrix and €’ is a m? X n -matrix.

It Au are constant, we get the following results (see [3, 4]):

Theorem 2.1. Suppose that m < n and there exist m vectors Xy, ... Ay, such that:
1. rank DV — 1. i =1 'm

2. rank B = m, rank CC = m.

Then every real analytic solution of (2.1) in X can continuously be extended to
solution of the same system in the whole domain (.

When m.n are arbitrary, we have:
Theorem 2.2. Suppose that there exist m vectors 3&-1 M X," such that:

. rank DAY =1, i=1 m

2. rank B = m, rank ' = 1.

Then every real analytic solution of (2.1) in X can continuously be extended to
solution of the same system in the whole domain (.

- . F} .
3. The extension theorem in the case Aij are functions

Assume that all coeflicients AE;} are (real) analytic functions in (U X, where ¢/

Gy X oo X Gy, Gy = {(a;,b;)} € R(X;). We get:

Theorem 3.1. Suppose that m < n and there exist m vectors A, satisfving

1. For each i (i - 1,m), there exists an element UE # 0 defined in the whole
Y UG and

D"'. IJ{" tgi, g = const, ¢=1,n

AR e

2. Rank D\9 =1, 1 = 1 m,
3. Rank B - m
4. Rank '
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I'hen every real analvtic solution of (1.1) in ¥ can continmously be extended to a
ntiors of the same svstew i the whole domain ¢

roof. First, becanse of the assimption, there exist the injective linear mappings

e FEY W € G ) = R (g ) (3.1)
1l
i = Lyba) AR SR g T T e 1 A w,)). (3.2)
here & = (€ o il £ = (s by =y e ) e e o)
We denate
6 =T (3.3)
BTN D) (3.1)
Then it is easy to see that (7 is a domain in R"(&,....&,) and ¥’ is an open
dghborhood of G, Sinee the functions wy (). .. .. uy, () are given in X and real analytic
" e i then it follows that o) (&), .. ul (&) are given in X' and real analytic on

L& Sinee

A A, 2 :
Y 7 ‘rcl(f.i-----*fn}'-r--(,_-}'c'l ‘p:n(tl--'--En)t (’iﬁ}
i LA

wre o (&, ..., &) are defined in the whole of ¥ U ¢ and real analvtic on &,...,&,, it
Hows that:

[ ; -
iy /"f“ffl BT e e

were | @1d€) is a primitive of ¢, in respect to &, then:
e e ! & -
Vh(G2y. < &) = Wy — [@Hi&- (3.6)

Since ) is given only in ', then the right hand side of (3.6) is defined only for
ch &, But ¢y is independent of &, therefore this function can be continuously extended

rall & € 7. This means that «) can be continmously extended in the whole of . It
easy 10 show that o) is real analytic in (. By an similar method we can show that all

i Yoo ot e 1 can be contimously extended in the whole of (7. and these functions are
al analytic on &,....&, in (Y. We denote these extension of ! by 4} (€) and consider
=T ) where © & Gy vt} = (Y0 (3.7)

[1 is easy to show that @, are defined in the whole domain ¢ and real analytic on
i r. On the other hand
i = 4 in X, (3.8)

S & TR e iy ) 18 a solution of (1.1) in . it follows:

LGy = L) = FO a8 ¢ =T L. (3.9)
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Further it is obvious that LY (i) is real analytic on .y, ..., r, . Because of the uniguene
theorem and of (3.9) we get:

LY9@) = 2 in the whole of ¢ for £ = 1, L. (3.1

The condition (3.10) means that @ = (ty....,Uy) is a solution of (1.1) in (/. Hence, i
the extension of u in (4.

The problem is now reduced to prove the existence of two injective linear mappin
T) and T'.

Let us consider the matrix D).
. ; 1 G e 5
According to (1) there exists an element DL] # 0 in X UG, Without loss

generality we may assume that D“’ ;’ 0. ‘Let 1)“} = apntz) ey (o = 1), 'Th

1 1
the first row of DY has the form: [u” o, nl]flj(tg] ....,n.%]}n,,l]. where a11,..., 0 &

constant.,

(1)
. : pil
Under the above assumption of DH’ # 0, the function ',',E,i () ‘;‘:} is the r¢
11
analytic. Furthermore, since rank D'’ = 1. the k- row of D! is of the form
(1) (1) p (1& (1) (1) (1)
9 P LRI & el B fhy1 Q11 @Y O21s - - -0 B3 )

We denote 7“’:151,' - 1% then IJ,ELI = a1k - 51, where a () are real analytic fu

tions on (i), ..., %), & = 2,m, j = T,n. Thus there exist the tuple (ay,(x),..., oty La
of real analytic functions and the tuple of constants (c¥yy, vy, . ... ¥, ) such that: f')i,':
gy, ko 1,m, j = T, n. Similarly, by using the assumptions (1) and (2), it follows t}
there exist the tuples (o, (x), ..., a,n(x)) of real analytic functions on @y, ..., r, and t
tuples of constants (ay,,...,q2,,...,0,;) such that: Dt] = A, © = 2,m. Since ra
B = m and by (1), we can extract in each matrix D) a column to obtain a sub-matri

i1 * (‘tjt; "1210?)'-;2 iR My L"t_,_",,-*

212 - f‘tj-l-, ﬂggnhg Sl A 2C, . mi

B” - 4 : . i (3.1

gy * g Qe ¥y 2 o Myren (¥

such that det B* /Z 0.
From (3.11) it follows that:

f!'“(.'.l'f) I'lg](f] .. ”nl!':‘r)
r!-;g(.l'-'} fiz‘)(-f') s en ”m!(-r) 5 %
det A ! : 0 'inEUCG. (3.

”]ﬂ’l('f'.) "2n1(3-r} v ”nun{-r]

Since rank (° - and by (1) we can exact in each matrix D' a row to obtai
sub-matrix:
M1k C¥11 Ly ke, O3 My gy

- LD TR S ) Ak, (e HR 24y (V912 {i

Tk, Xt ke, X240y voew Tk, Xnm
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mwch that rank ¢ - . Hence

4 RISy L S e ¢ £
Qe g2 a0 Qg

et : ! : g # 0.
¥l kD, e “'hrn

From (3.14) we get m vectors:

f:'lfx {f'lj]‘fl“g] ..... ¥y )

o o (g, o0, )

L4 {“lm—”bnw - -”nnl)-

(3.14)

vhich are linearly independent. Because of m < n, we may add to this system (n —

N VeCtOTE Bt 1y gl @,, such that the resulting system {a@;,... . dpn, ...,

ndependent. Thus exist the numbers o, ¢, j = 1,1, such that

Oy ) .. Qg

k12 = 92 . ... ¥y 2
det 2 ! : L £ 0.
i 25y vas C¥pn

vow we consider two injective mappings:

! i R”{.f;.....{f"} i Rn(.}.'l,.. ; .I,,)

n

Ty § ek Sk

k=1
b R ™My e Tl )

m

() = Zu,_,-(.r)ﬂjf.r).

3=l

el then we get

' dayy - uy Oy
Ak Z z Ay r)fk

ye=1 =
i, da,
E E (IIJ ’ Uy d )al’k
=1 =1
m T duJ dﬂw
E E u”t“ku 1 Z E Wy - Oegg - B
=T e F=1 #=1 £

et t - k. replace j by k and 7 by j, we get:

N Ei .t e

_.1?

@, } is linearly

(3.15)
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Putting

M ZZ el ZZM
ko = ] 4

_1 b

we get:

=33 ooe
ka ('?'.Il'j

k= 1;—1

ZZ ,\':”Ai;.' " \{lAffl)

=1 y=
L

Z'\{IJ f(“ = ©i(&1,- - - €n),

where ; are real analytic on &;,...,§,, and we have

m " (‘jD(l]

N = ZZ i ('5:: :

k=1 j=1

Since
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dt't_“fllj,

ahr

iy
o ;

fw“] ooV AaL) £ Al

-3

(because of (5)), it follows N = 0, hence

n ooalf)
247
&j'l.'j

J=1

1
L
. AE}'J
=1

ou’

— = M N = (,G;{&},---qsn)-

A&,

Thus we have shown that there exist two injective linear mappings satisfying (3.1), (3.

and (3.5). The proof of Theorem (3.3) is complete.

Remark. When m,n are arbitrary, by -an argument analogous to that used for the pro

of Theorem (3.1), we get:

Theorem 3.2 Suppose that there exist m vectors :\'1. Sy :\'m such that:

1) For each i (i = 1,m) there exists an element D
Di}).ah. o =const, £ =1 n

2) Rank DWW =1,i=1,m

3) Rank B = m

4) Rank C =1

) £0in BUG, and DY
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l

Sl [0 ”'1.&, _____ Eian
W) AN et L e = T

¥l fr1 fhn;

Lhen every real analyvtic solution of (1.1) in ¥ can continmously be extended to a
shition of the same system in the whole domain (4.

. Application

xample 4.1 We consider the svstem

( (1 uy A iy )
kel 2 it 2 0
A (lry
4@ s Al hy @
¢ "2 Dy D
ihy Dhiy (4.1)
5 = = . 4 :
(.J“l' bopa ) 'i} - i (J"; 4 -'"'Ll".z } !) i "\.H
B n"’.i"'{ ! 2 “.'l'.; s
2 i IRy S iy
(a7 + x5 + 3)- (el 5224 1) - (1)
i A1y dry

(13 (1 11 (<) I [ . . - ¥
here Ay Ay AL AST L S MY are the given real analytic anctions on ry, ..., 74

¥y
-
5

the whole X UG,
The svstem (4.1) has the form of {2.1) with m =2, n = 4, L = 4,
We choose: {] (6 101 ) /'('_! (0,0.-1,1)

Then we get:

D 0 0 Jf { .frﬁ o Jf bas +3
B rs Sed +1 2% 4 hrg +1 )

is clear that
* DY /0 and “i.':} DV oy a5 = const, i = 1,2, 5=1,2.3.
* rank D) o pank D3 o
We choose
- ( (af + 234 3) —(af + 254 :{)) cn o @R+ 93 +3) (af 4 2F 4 3)
(% + B + 5 (2f + 525 41) ~(2% + 523 + 1)
rgetdet BT /0, det € /0. Then rank B = rank €' = 2 - m. It is clear that:
iy (8 R mene s o e
d."iil} ; r)AE.‘e' F r'),fl{l_.i} +_ r)‘z’l&?
iy lo B0 iy iy

0,

ih"'(z':] } ”';1;::?, } ”A:{:l? HAE!:;}

iy ro iy ity

= A
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Thus

A
e %, ;
"Similarly
e ax ; 7
hence

r}Ag“ s oAt

(”z oy A(”Z—dm— R
= J

Thus the Theorem (3.1) can be applied.
Example 4.2 We consider the system:

dﬂg

P (}ul eiipn eti)
{33‘1+3 .;) . {Mz‘--f
§ (4zyzg + E}du] fl“f?fi‘;é _ f@ (4.
d.'L"]
‘ du] : 2 (;}TL'I Py (J‘ug {;}
L ((#1 +22)* + 1} £ Aler - 9]~ 1)5;; ¢ v = f

The system (4.2) has the form of (2.1) withm = 2, n = 2, L = 3,
Choose: Xy = (0,1,1), X2 = (1,0,1), then
—(ry +tz2)2 -1 (1 +22)% 41 - (z1 —22)* -1, (= —;r)"‘*—

D{ll i ( #il 02 ' 1 {-]2 ), D(l} it ( £ = : 3 1 2

It is clear that rank D' = rank D2 - 1.

Choose

g% . ((J:1 + 9'7'2}2 * 1! (It _hz2}2 i 1) i (_(J'.l + I2)2 s 1! (J'-'] ¥ -1.'2)2 1

e w2 o e o
0 —pri a2 i Sy — P

Then we get rank B* = rank * = rank B = rank (¢ = 2 = m.
On the other side

: aAll  aAt) . aAlY - aAll . ALY ., BALY . A : 842 5
oa,y dry adr, OLs iy dro ry Ors
: aAi“{’ - 8Af . aAﬁ’ . 8ALY . DAL ; AR . 8AY + ALY -
ax dxry adr, Axrs 0T iy Ty Az
Thus:

2 3A® 2 dA'“

2 (1}
”Z -:').r;. Z—L—J : ”Z oz, =10, =12 k=12

3=1
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Hence. we can apply the Theorem (3.1) for the system (4.2).
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AP CHI KHOA HOC DPHQGHN, KHTN, t XVI, n'3 . 2000

BAI TOAN THAC TRIEN BOI VOT HE PHUONG TRINH
DAO HAM RIENG TUYEN TINH
TONG QUAT VOT HE SO HAM
Nguyén Thanh Vin
Dai hoc Khoa hoc Tu nhien, DHQG Ha Noi

Trong bai nay, mot so tién chuin ma tran cho viéc théc trién nghiem cia mot he
mrong trinh dao ham rieng tuyén tinh tong quat dirge chimg minh. bieu dé chi ra rang
én tirgng thac trién noi tren co quan he mat thiét vai hang cia ma tran cac he s6 cia
s phuong trinh do.



