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CAC CONG THUC CHUAN TAC VA PHEP SUY DAN
TRONG LGP CAC PHU THUQOC BOOLE DUONG PA TRI

V0 NGOC LOAN
Khoa Toidn, PH khoa hoc ty nhién PHQGHN

1. Diit vén d&.

Trong [7] da gidi thigu v& ho cfic phy thude Boole v mdt s& tinh chft co' bhn clia ching.
Tiép theo (2,3] da phat tridn cdc két qha v& loai phy thudc ndy. Mdt Idp con khd rong cita né Ia
16p cdc phu thude Boole duvong tdng quét (PTBDTQ) da dugc céc tic gid quan tim nghién cifu.
Dya vio dinh Iy trong dwong trong [S], mét s& két qu lién quan dén tinh dan dwoc v2 mot s6
tinh chit cia quan hé Armstrong da dwgc nghidn cfu. Cong trén co s& cha dinh Iy trong
durong trong [9] da phat trién thém mot s két qud kirdc licn quan dén tinh din duoc trong lop
céc phy thudc ndy.

Muc dich ca bai viét 1 nghién ctu mét s& két qud lign quan dén tinh din duwoc trong ldp
céc phy thudc Boole dwong da tri (PTBDDT). Bai vidt trinh bly khdi nigm cdc cong thifc chuln
tic va da khiing dinh ring: Vi mdi cong thifc logic chi chifa cdc lién két logic A va v thi ludn
ludn c6 thé bidu difn duge bling mit cong thife & dang chuin tic. 9, cdic tdc gih cing da phdt
biu dinh 1y trong duong d&i vdi cde phu thude Boole dwong da tri. Dinh Iy ndy I tdng qudt
héa so véi dinh 1y trong duong da phit bidu trong [5) ddi vdi lop PYBDTQ. Trén co sé cia
dinh 1y twong dworg d8i véi 16p PTBDDT, bai viél da m& réng mot s6 két quh trong [S]) v&
tinh din duoc ddng thoi phat hjién thém mét s& két qui mai,

Bai ndy gdm 4 phin. Phin ddu gidi thi¢u chung. Phiin hai dwa ra mdt s§ khai ni¢m co bin va
ctc két qui co »&. Phin ba trinh bay mét s két quii lign quan dén tinh din duoc. Trong phin
nay bai bfo khiing dinh ring: Thay cho viéc nghidn cifu tinh din dwgc cia Idp cdc cong thifc f,
g - h trong d6 f, g, h 12 cdc PTBDDT chi chifa cde lign két logic A va v ta chi clin nghién cfu
tinh din dwoe clia lop chc cong ', g' — b’ véi I, g', b 1a cic PTBDDT chuln tic 12 du. Bai

viét cong chl ra didu kisn chn va div db s 12 £, 212 g - h. Cong dva vao dinh ly twong
duong, céc didu kién cin va di cho 4 dang suy din sau diy cting dwgc phdt bidu: 2 hy
by S1Z by o 1, T 4 by SIS 1. Trong do hy,.hy 1 céc cdng thife & dang chubn
thc hoi cdn ty, ty 12 cdc cdng thife & dang tuyén. Phin th 4 danh cho 1&i két luin va hudng
nghién cufu cfm.ch\ing di.

2. Céc dinh nghia co bin.

Pinh nghia 2.1. Gih st U = (A, Ay, ... Ap] 12 mdt tip hitu han khdc tréng. N6i ring trén
U xéic dinh mt vi tri da trj néu: Véi mdi phin b Aj € USi < n c6 mdt tip hatu han B; duoc



goi 12 midn ddnh gi4 cha A; , thda man cde didu sau:
L. Bijcl0,1],
2. Néu's € By thi 1-s € By,

3.1 eB;

n

Pt K = U. Bj, mdi s & K duwoc goi I mot hling 1dgic. Vdi s, s € K, ta xdc dinh cé

=
lién két logic v, A, =, -, ~ rén K nhw sau: Sy, sp = max{ Sy, s3 }, 81" sy =min { sp,57 )
spsp=max {1-5p, 59}, =Sp=1-5, 5 xsp=1néusy=sy,5 ~s9=0néusy=sy

Ky'hiéuB=Blx'Bzx...xBnAM()tdnhxax:U—»Ksaochox(Ai): xpp 151snkh
d6 ta ky hidu x b&i (x|, xg. xp) € B.

Dinh nghia 2.2. Céc phiin Wk trong U dwoc goi 12 cc bién 1agic hay 1 cdc bién so cp. Ca
hiing I8gic trong K va cdc bién 1dgic trong U dwoc goi 12 cdc cong thife.

Gih st g, h I cde cong thife, khi d6 ta cd thé xdy dyng cdc cng thfe mdi bling vige s
dung céc lign két logic v, A, —, =, = V2 cdc cdng thifc da cho. Ditu d6 c6 nghia ring (g ~ h)
(g v h), = (g), (g =), (h = g) I cdc lien két logic da néu &rén bd F. M&i [ e F duoc goi |
mdt phu thudc Boole da trj.

Cho f € F 2 x = (x, X900 X,) € B. Khi d6 ta goi f(x) 12 gi tri chan ly clia £ déi voi danl
gid x va duoc xde dinh nhu sau: Néu £ 12 mot bién ‘A; thi f(x) = x; . Khi f dwoe tio nén tr cf
cong thifc g, h va cdc k€L Idgic v, A, -, =, = thi ta xdc dinb f(x) nhu sau:

. Néu = (g7 b) thi f(x) = g(x) ~ h(x)

. Néu £ = (gv h) thi f(x) = gx) v h(x)

- Néu f = (g - h) thi f(x) = g(x) - h(x)
CNéu == (g) thi 1(x) = = (g(x))
CNéu = (g=h) thi f(x) = a(x)= g(x)

D3 thy riing vdi bt ky f eF, xe B ta ludn 6 f(x) e K. D& ngfn gon, tuay cho cde cong thit
(@ h),(gvh), - (@, (g->h,(h=gtaviligrh gvh g g—h g=hmdcich tron
wng.

Dinh nghia 2.3. Gia st T 1a mot Gp cde ddnh gid trén U vd g,'h € F. N6i ring g va b |
twong dwong trén T v ky higu 3 g Th néu vi bAL kY X e T, Judn c6 ding thic sau: g(x) -
h(x). Rd rang d¢' 1 mdt quan h@ twong dwong. Khi T = B ta néi ring g v h I trong dwong v
ky higu g = h.

Dinh nghia 2.4. Mot héi so cfip 12 mét cong thife duoc two bdi cdc bin so clp, cde ph

v gt i S
dinh cic bién so cp va lién két lagic ~.



Pinh nghia 2.5. Mot tuyén so cip 12 mat cong thifc dwoc tao bdi cde bidn sor chp, cdc phis
dinh ctia cdc bién so cdp va lién két logic v.
Dinh nghia 2.6. Mt cdng thifc logic t duoc goi I & dang chulin the tuyén néu ng c6 thé

bidu didn nhur sau t = hy v hy... v by trong d6 mdi by, 1 i S nk R mdt hdi sor cfp.

Dinh nghia 2.7. Mdt cong thifc logic h dwoe goi 12 & dang chulin the hoi néu n6 c6 thé bidu
didn nbu sau h = () A (g A, trong d6 mdi by, 1S i< 0k 12 mdt tuyén sor cfp.

Luu y riing: M3i hoi so cfp 12 mét cong thife & dang chulin tic tuyén va mdi tyén so cfp I
mét cong thic & dang chufin the hgi. Mot cong thie Idgic & dang chulin tic tuyén hojic & dang
chuln the hi doi khi dugc goi ngfin gon 13 cong thic & dang chudin thc holic 1 cong thiéc chubn
tc.

BS dt 2.1.

a. Tuyén clia hai cong thic 1ogic & dang chulin tic tuyén khéng cha dfu phi dinh - c6 thé
bidu diln trong mdt cong thic ldgic & dang chuln tic tuyén khdng chifa dfu —.

b. Hoi clia hai cong thife 1dgic & dang chuln tic hoi khong chifa dfu phi dinh - c6 thé bidu
diZn bling mét cong thifc 1ogic & dang chulin tic hdi khong chifa dfu -

c. Héi clia hai cong thifc logic & dang chuln tc luycn khdng chia dfu phi dinh - c6 thé
bidu ditn trong mdt cong thifc logic & dang chufin tic luycn khdng chifa dfu -

Chyng minh.

a) D& dang thy ring phép tuyén v c6 tinh ké hop 1 d6 suy ra tinh ding din cla khing
dinh a.

b) Cong chiing minh tuong ty nhu phin a.

©) Gid st ) . 15 I hai cdng thife logic ¢ dang chuln tic tyén khong chifa dfu phi dinh va

t] = hy Vhy Ve Mhp sty = ep V2 Ve M eg lrong dép, 1sispva g lsjs<q 12 nhwng hi
so cfip khong hifa dfu phit dinh. Véi x e B, ta dit my = max { hj(x) hy(x),... hp(x)). my =
max { 11(x) c(x),... cq(x . Khi d6 st tdn tgi i va jovdi 1 Si<p,15jsqsaocho my =
hi(x), mp = cj(x). Gi skt =1 “tg=(h) vhyv. * hp) Aoy vep vt cq) (1). Ta ¢6 t(x)
=min (my,my ). Dt =(hy Aepvihy fep)vavihy v cq) vihghepv..v(hy” eV -
v (hp VeV v (hp A cq) (2). R8 rang t' 12 mft cdng thifc c¢d dang chuln gﬁc \uyén khéng
chifa lién két phil dinh —. Ta s chi ra t = €', Thit viiy, khdng khd khin ta kidm tra dwoc £'(x) S
mj va t'(x) < my . Do dé £(x) smin { mp , my } (3). T? (2) suy ra t'(x) 2 hj(x) A Cj(x) =
min{ my , my } (4). T& (3) va (4) suy ra U'(x) = min { mj , mp} va do dé t(x) véi moi x € B.
Viy t = ', Khiing dinh ¢ da dwoc kidm tra va do d6 bd d& dwoc chifng minh xong.

Bling quy ngp ta d& dang chifng minh drgc bd d& sau.

B8 d& 2.2. Cho h 13 mdt cong thic & dung chulin thc hoi khang chifa dfiu phi dinh —, khi d6
st tdn tai mdt cong thifc 1dgic t & dang chuln tic tuyén khong chifa dfu phd dinh - sao cho
h=t



Chyng mish. Gil st h 12 mot cong thife & dang chuln hoi va h c6 bidu difn b=ty Aty a
t . trong d6 1< i < k Ia mt tuyén so cfip. Ta st chi ra rling tdn tai mot cdng thifc t & dang
chuln tic tuyén khong chifa lién két phti dinh = sao cho h = t. St dung phép quy nap theo k.

. VGi k = 1, hién nhién khiing dinh 12 ding.

. Gili stt bd & da diing v6i moi cong thitc & dang chuln the hoi h = 1] Ay~ .. Aty v k <
p. Biy gior taxét véi k = p. Dlit hy =] Aty A LAty ;. Rarang k-1 < p, theo gih thit quy
nap st tdn tai mot cong thifc ldgic Ty ¢ dang chuln tc tyén khong chifa lign két phit dinh -
sa0 cho hy = Ty. Tacé h =Ty Ay (1). Ap dung bd d& 2.1 suy ra h c6 thé bidu ditn bdi mot
cong thifc lgic & daog chuln tic tyn khong chifa ddu phir dinh. BS d& dwoc chifng minh
xong.

Ta bd d& tén ta 6 he qui sau:

He quh 2.1. M3i cong thifc 1ogic & dang chuln tic khong chifa dfu phi dinh — thi ludn ludn
c6 thé dugc bitu didn bfmg mdt cong thife & dang chulin the myén khéng chifa ddu ph dinh -

BS d& 2.3. Gid stk ¢; , ¢y I hai cong thifc & dang chuldn tic va khong chifa lien két phi
dinh —. Khi d6 s tdn tai cdc cong thiic ny , ny cing & dang chudn tic va khong chifa lién ka
phil dinh sao cho ny =cy vey ‘ ny =cy A ey

Chyng.minh. Ap dung h¢ qud 2.1, cfic bd d& 2.1, 2.2 ta suy ra didu cAn ching minh.

Pinh 1y 2.1. M3i cdng thifc 1dgic droc tao bdi cic bién 1dgic va cdc lign két logic *, v ludn
ludn c6 thé droc bidu diZn bdi mot cong thifc & dang chuln the ma cdc hoi so cfp hoje cde
tuyén so cfp khdng chifa phii dinh ciia cdc bién so chp.

Ching minh. Ta chifng minh biing quy nap theo tdng s6 cdc lién két A, v c6 mit trong cong
thife.

Khi tdng sé lién két A, v trong ¢ xuit hign khdng qué mat thi ro rang Khing dinh 1 dung.

Gil st rling vdi mdt cong thifc ¢ bit ky chi chifa cdc lién két A vd v ma tdng & i clia 58 13n
xufit hign cdc lién k& A, v trong ¢ khong qud s6 p thi khing dinh ding. Ta st ching minh
khiing dinh trén ciing ding véi i = p + 1. Tt cdch xiiy dyng cong thifc ¢ € tdn tai hai cong
thife ¢ , ¢y sao cho ching khdng chifu cdc lign k& phii dinh va c6 dﬁng thife ¢ = ¢} * ¢ holic
e=cpvey. Vicod tdg s§ An xuft hidn clia cdc lign k6t~ va v I p + 1, t d6 suy ra trong
cic cdng thifc ¢ va cp diu khdng xufit hién qud p 1n cdc lien két lagic A va v. Theo gih thuyét
quy nap s& tdn tai hai cdng thife 1ogic ky , ky ¢ dang chulin tic v2 khing chifa lign két phi
dinh sao cha ¢} = ky , ¢y = ky . Tur bd d& 2.3 suy-ra tdn tai cde cong thiic ny , np & dang
chulin the khong chifa lign két pht dinh sao cho ny = kj A ky, my = k| v ky vi e =ny hoje
c=np . Tt d6 ta suy ra dinh Iy da duoc chifng minh .

Gih st U= ( Ay, Ay v Ay ) I Lip chc thude tinh. Vi mdi A, 1< i s n c6 md thp d;

nao dé gdm {t nhit hai phan t& dwoc goi 12 midn trj clia thude tinh d6. Vi A e U midn trin
‘clia A cOng droc ky hidu 1d dom (A).



M3t tip con R hitu han clia tich d} x dy x..x d;, dwoc goi 12 mdt quan h trén U. Mdi t € R
duoe goi 1a mdt bd. Tap (dt ¢ cie quan hé trén @p thude tinh U dwoe ky higu I REL(U). Gid
skt e R, A e U khi d6 ky hitu LA 11 gid tri cia t d6i vdi thude tinh A. Dt t.X 1a tap {LA |
Ae X}

Dinh nghia 2.8. Vdi céic tip dj , 1< < n ta xét cdc dnh xa «j : dj x dj > B; thoa man céc
ditu kién sau:

L (Vae dj ) aj (ab)=1),
2. (va, b e dj ) aj (ab) = «j (b, ),
3. (Vae Bi,3a,bedp) (g ab)=s)

Véimelo, 1, feF,ScFudt T =|xeBli(x) 2m) vaT"E = ( x e Blvf e I,
f(x) 2 m}.

Mét cong thiéc f € F duge goi R duong néu f(e) = 1 vdfi e = (1,1,.., 1) e B. Ky higu Fp I
tap tht ¢l chc cong tnfe dwong trén U. M3i f e Fp dwoc goi [d mdt phu thuje Boole dwong da
tri va dwoc viét tit 12 PTBDDT. Gid st ¢6 R € REL(U) va u, v e R, khi dé dinh gid
fag (. Ay, vo Ap ) ap (U Ag, vo Ag ) ay (o A L ve Ay )) duoc ky hidu bdi au, v).
Pt TR = {a (u,v) | u, v e R}

Dinh nghia 2.9. Gii
din duoc ti g, deoc ky higu 1 g|D f, néu voi bit ky x € B, thda man g(x) 2 m thi ta ctng c6

i f, g € Fp, m e [0, 1]. N6i rling g 1 m- suy ra din f hoic f 2 m- suy

f(x) = m. Hai cong thwic f va g duoc goi 12 m- wong duong néu g|M g va gm 1.

Voim e [0,1], S F, f e F, ndi ting, T I m- suy din f holic f I m- din dugc tr tip I, ky
higu la YD, néu TS ¢ TM. Gid st T, I F. Tip Idwoc goi 12 m- suy din dwoc wr tip
S ky higu 12 T [DLT néu £|0 f cho mdi £ e T. N6i ring, £ va T’ 12 m- wong dwong, ky higu
DEBr abxI® rarfy

Pinh nghia 2.10. Gid st m € [0,1], R € REL(U) i f & Fp. Néi riing R I m- thda f, ky higu
I RM(f) néu TR ¢ T™ £. V&I T g Fp, khi d6 m- duoc goi 3 m- thoa tip PTBDDT I, ky higu
I R™(e) néu véi moi f'e L c6 R™ (f). Ditu d6 twong dwong véi TR ¢ T™ £ Néu
R € REL(U) va R khdng phii Id m- thoa f, thi ta viét =R(f). Néu R khdng phii 12 m- théa I thi
viét - R™ ().

Pinh nghia 2.11. Chom € [0,1), S ¢ Fp vaf e Fp. Ta ky hidu T Ig

f c6 nghia 12 voi
moi R e REL(U) néu R™ (£) thi R™ (). Ky hicu £/ 2 2 f, c6 nghia 12 véfi moi R e REL(U)
VA R chi ¢6 hai b, néu R™ (E) thi ta cong c6 R™ (f).

Gih st m € (0,11, £ ¢ Fp v R € REL(U). Ta ky hitu S+ 1 aip (f 1512

S f). Ky higu

LDM(R) 12 tdp tft ¢i c4c PTBDDT trén U md ching 12 m- thou R.



3. Céc m-stty din.

Gih st m e [0,1]. Cho tip £ < Fp va f e Fp. Hbi riing suy din X/ oo diing hay khéng ?
Trude khi xet mot s§ két quk lign quan dén tinh din dwoc, ta hay phat bidu dinh 1y twong
dwong v néu ra mét Vi hé quh true tiép clia né.

Pinh 1y 3.1. (9] (Dinh Iy twong dwong). Gik st c6 m e [0,1], £ ¢ Fp , f e Fp. Khi d6 cdc
didu sau 12 trong duong

[E]
[}

L2 2.% |

3]

f 3.
Tu dinh Iy trén ta d& dang suy ra bd d& sau:

BSdi3.1. Chome (00, ScFpwfigeFp. Nucs £IZ2 ¢ va vID g thi cde didu
sau 1 ding.

L |Meag, 2.5 8 rvg, 32xMr,g

Dinh Iy 32. Gib st m e [0,1), & T'e Fp. Cho £ | BT . Khi d6 véi cong thiéc bt ky ¢
duoc tao bdi chc cong thife trong I va cic lign két 1ogic », v, — thi luén ¢6 | o,

Ching minh. Dya vdo bd d& 3.1.

Trye tiép suy ra 6 dinh 1y 2.1 ta c6 hai khling dinh sau:

Pinh 1y 33. Gih st m € (0,1}, £ < Fp, f € Fp va f chi chifa cdc lign ké Iagic A, v. Khi d6
didu kien cdn va di £1 D £ 1 tdn i © e Fp sao cho £ 12 mdt cong thiie & dang chuln tic
Khong chifa déu phi dinh — va £ ¢,

Dinh 1y 34. Cho m ¢ [0,1], £ ¢ Fp . Gili st g, h € Fp va chiing chi chifa cdc lign két logic
A, v. Khi dé didu kién cn va di x| B g —h1atdn tai g’, b’ e Fp sao cho g, b’ R chc cong

thife & dang chulin the khdng chita dfu phil dinh = ¥

Theo dinh Iy 3.4 ta thiy rling véi m e [0,1], ¥ < Fp v hai cong thic g, h € Fp chi chifa ce

lién két 18gic A, v thi khi nghién cifu Lp chc suy din c6 dang 3| o g - h, ta chi cin quan tim
dén cde cdng thifc g va h & dang chulin tic khong chifa dfu phi dinh - 13 db. Dinh Iy sau diy

se néu ra didu kién cln v di cho cic suy din dang ¥
chiing 12 cdc PTBDDT & dang chudin tic.

g = h, rong dé T < Fp, g.h € Fp, va

Dinh 1y 35.[9]) Giti st m & (0,1, TcFp,va Xj, YjcUvdi Isiskvalsj < hKhi
dé ta c6:

LSTE (0 X v (8 Xg)vee v ("Xp) (4 YV (AY)v..v (\Yy,) Khi va chi khi vsi bt ky x €
TMy vh véi mdi i, 1 <1 <k s tdn ai B € Xj sao cho x(B) < 1 -m hofic tbn i j, 1 <j < h

sao cho voi mdi C e Yj, ta ¢6 x(C) = m.



2. 51 (A XV (" Xveee v (Xp) (v YA (VYA A (vYp,) khi va chi khi v bt ky x e
Ty va véi mdi i, 1 <isksttdn i B e X; sao cho x(B) < 1 -m hojic véi mi j, 1 <j s h
thi t8n tai C e Yj sao cho x(C) 2 m.

3051 @ XA (v X A (K)o YV (A Yoy ("Y}) khi va chi khi vei bt
ky x € TMg s¢ ton tai i, 1 < i <k sao cho véi m{yiB € Xiho,'u:xx’in tai j, 1 <j < h sao cho
véi mdi C e Yj, thi x(C) 2m.

4 21 B v XA (v XM A (VX (v YDA (v Yg)A A (vY) khi va chi khi véi bt
ky x e TMy s¢ n tai i, 1 $i<ksao cho véi mdi B e X; thi x(B) < 1 -m holic vdi mdi j,
1<j < hsetdntiC eYj saocho x(C) 2 m.

4. K&t lugn. Te mot 8 ké} qud du trinh bdy trong bai mdy va trong mot s§ bai khdc nhw
[5.9] ta thiy ring dinh ly luo'ng v tinh din dwoc trong 16p cdc quan hg c6 s§ bd ty y cong
nhy trong 16p céc quan h; chi gdm c6 hai bd hay trong 1dgzic ménh d& thyc sy 1.’: mét cong cu
8t d& nghién cfu mt sé cic bai todn lién quan cdc 16p phy thude Boole néi chung cting nhu
16p cdc phu thudc Boole duong tri néi riéng . Nha dinh ly trong dwong vanié cdc cong thifc &
dang chuin tic ta c6 thé chifng minh mdt s6 két qui mot cdch d& dang va ngén gon. Cang dya
VAo cfic cdng cy dé ching ti 52 ti€p we nghién cu mdt s& vn d& khdc lién quan dén cdc phép
suy din cting nhu quan h§ Armstrony trong 16p cdc phy thubc Boole dwong da trj.

LOT CAM ON.
Tdc gid xin ¢hin thanh chm on:

PGS, TS Nguy?n Xuin Huy, PGS, PTS Djing Huy Rufn da doc bai viét va cho nhitng 1di
£6p y rfit quiy bau.
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ON-NORMAL FORMS OF FORMULAS AND DEDUCTIONS IN THE CLASS OF
MULTIVALUED POSITIVE BOOLEAN DEPENDENCIES

Vu Ngoc Loan
Dcpartment of Matematics
College of Natural Sciences. VNU
In this paper, a type of multi-valued logic and some of its properties are presented. On lhe
basis of this Ioglc. a class of multi-valued positive Boolean d that is a
of some kinds of dependencies such as the equational dependencies, the generalizetion positive
Boolean dependencies is introduced.

The main purpose of the paper is to develop the result which have been obtained from the
class of Boolean dependencies introduced in several above papers, especially from the class of
the generalized positive Boolean dependencies in [5,9]. By the help of Equavalence Theorem and
the concept of formal forms of formulas, the paper presents some results on the reductions,
which are generalizations of the previous results.

- With the aid of the Equival Theorgm of in the world of all relations, the
world of 2-tuple relation and propositional logic” we can give necessary and sufficient
condictions in the some subclass of formulas.




