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TINH CHAT C(R) SUY RONG VA BAI TOAN GIA TRI BIEN
TONG QUAT PO1 VO1 bA THUC CAC TOAN TU

KHA NGHICH PHAI

Pham Quang Hung
Khoa Todn, Dai hoc khoa hoc ty nhién, DHQGHN

Bai todn ndi suy téng qudt vd cic bai todn gid tri bicn dSi voi da thbc cdc tofin G khi
nghich phii da dwoc D.Przeworska - Rolewicz, Nguy®n Vin Miu, W.Z. Karwowski dwa ra va
nghién cifu tr nim 1988. Cdc_kél quii clia cdc tde gia ndi trén ddu dya trén tinh chit c(R) cla
16p todn wk ban diu da cho. Tuy nhién khdng phhi tht ci cdc todn t ban diu ddu c6 tinh chét
c(R).

Trong bai bdo ndy chiing tdi dia ra khai niém tinh chit c(R) - suy rong va sir dung d& giki
bai tofn gid tri bién tdng qudt.
N i
Z Dkax =y, FjDkx = Xjk»
k=0
trong d6 Q, . QN.1 € Lo(X), Qn = L F
¢(R) - suy rong; Xjk € ker D (k & lj.j =0,n-1).

n - 1 1 cdc todn t ban diu c6 tinh chit

1. Tinh chit <(R) suy rfng

Gih st X 12 mt khong gian tuyén tinh trén trudong F (& diy F= R hofic ¥ = C). L(X) Ia
tdp tht ch chic toun ik tuyén tinh tdc dong trong khdng gian tuyén tinh X. Ky higu

LoyX)={ A e L(X):dom A = X).
Mot todn tk D e L(X) dwoc goi I khi nghich phii néu 3R e L(X), sao cho ImR < dom D
va DR = [ trén dom R.
Néu todn th D 12 khi nghich phii thi ta viét D € R(X). Néu t3n tai mdt nghich dho phhi
R e Ly(X) thi ta viét D e Ry(X) . R € Rpy . Ky hiu :
Fp=(FeLyX): FX=kerD, F=fva 3Re Rp : FR = 0}
"MB3i todn tk F e Fp sao cho FR = 0 di voi mitR e Rp dwoc goi I todn ik ban diu cha
D twong ¥ng vdi R.

Ta co”

-l
ker D" =(Z szk t2g 2y e ker D }one N
k=0



Ky higu :
Py(R) = lin (R¥z ; z e ker D,k =0, ... 'n-1}.

Ta du biét Pa(R) = ker D" & dim ker D = 1. N6i chung trohg trudmg hop téng qudt thi
P(R) g ker D",

Dinh nghia 1 [2]. Cho D € Ry(X) vaR € Ky . Mot todn ti ban diu Fy € Fp duoc goi
12 tinh chft c(R), néu tn tai hiing 5§ cy. sao cho

‘FoR¥z'= ¢z, vz eker D, k € IN.

Dinh 1y 1 [2). Cho D € Ry(X) va R.€ Rpy - Khi d6 d& moi F ¢ 7 [y ddu c6 tinh chfit ¢(R)
ditu kign cin va dii 1a dim ker D = 1.

Ta da biét , néu dim ker D > 1 thi khong phai moi todn tt ban diu deu c6 tinh chét c(R).

Pinh nghia 2. Cho D € R(X), R € Kpy - Mt tofn tt bt dlu Fy € F y duge goi 12 ¢ tinh

chéit ¢(R) - suy rong néu nhir tdn tai bd che khdng gian con Z1+s Zg cha ker D sao.cho

s
) ke D= @ Z,Z=1(0) (1)
j=1
Zir\ZJ-= {0}, i=ji,j=1,.,s
ii) Ton tai cic };Kng 8 ckj € F sao cho
k. " -
FoR7zj = ckj zj, Vzj € Zj, ke N. (2)
Néu Fy € Fp cé tinh cht ¢(R) - suy rong thi ta viét F, € cg(R).
B8 & 1. F, € cG(R) c6 tinh chét ¢(R) khi va chi khi d&i voi Zj c ker D tdy y, tn tai hing
sécg € F suo cho
F()sz)' = ¢k ), Vzj € Zj oG = o8
Chifng minh
vz e ker D, zj € Zj ,(G=1,..,58),s0choz=z +.. +zg Khids

-Z ckzj =Ckz‘: a1
=

i=

s
FOsz = Z FQRij = cxz,
j=1

T bd & 1 ta thiy ring Fy € Fp o6 tinh chiit o(R) thi Fo c6 tinh chft c(R)- suy rdng.

Vi du dudi diy chi ra ring dn ti Fo e 7 p c6 tih chét c(R)- suy rong, nhung khéng -c6
tinh chit c(R).



d
Vi du 1. Cho X = CX(IR), D = e R= . Mt co s& clia ker D Ia {1, t}, tifc I
%

ey =lep) =t
Vit

1

(Fix)(1) = x(0) + 1x’(0) + 1_ (I+0x7K + — (1-1t)x(-k)
2 2

k=12
Tu thly rling F € Fp. ker D =2) ©Z, & diy Zq =lin {e}), Zp = lin {ep), v

2j-2
FRley=———e
ke (2j>zj,‘l
FyR'e =ﬁ—e2 j=12..
TR

Nhu viy h@ {F] JFp) c6 tioh cht c(R) - suy rong, nhung khong o6 tinh chfit c(R).
WV @2j- D! (2j- 1! vadobd dd 1)

2. Bi to4n gid trj bién tdng quat.

Gid st D e R(X). HE cdc todn tb ban dlu Fy, ..., Fpop ¢ tinh chfit c(R) - suy rong twong
wWng voi cde bd cde khong gian con Zy. ..., Zg  cla ker D (Fj #Fy vdij = k).

Cho n tip httu han Ij cic 6 nguyén khong im # lj R I o | =N.

Xét todn

N
Q<D>= . D',
o
trong d6 Q... QN.] € Lo(X), QN = 1.
BAi todn gid tri bitn u‘mg qudt ddi vei todn 1k Q < D > I : Tim tit ch cic nghigm ctia
phuong trinh
Q<D>x=y, yeX,
Théa man cde didu kign
FiDkx = xjk.  xjk € ker D

(kelj =01, ...n-1).

Theo gih thiét Fy...., Fy_y 6 tinh chit c(R) - suy rong. Khi d6 ta c6
FijzV = Cikvivr vzy € Zy
(k eIN; v=l,..,8 j=01,..n-1).

1



T d6 d8i véi mdi 2y e ker D (k = 0,1, ..., n-1), ta c6

s

s 5
gy
FRKz = FRK 3 24y = 3 FiR ) =
v=1

€ kv Zh »
v=] v=1
Vogy €Zy, v=1..8 kj=01,.,n-L
Ky hidu zp : = (21,02 )T
y bicu zy k1reZks)
Gny t = (Cjkv)j, k=g N-Lveslos
& G 0 St
R = bjk) jk=0,1,...N-1
0 " Gu
N = det GN'

Gih sit bai ton gid tri bién ddi viii todn th Q < D > = D™ [a thiét lap ding diin, wfc 1a bai
todn

pNx=y, )

FjDkx = Xjk ©6)
(ke lj 5 =001
c6 nghigm duy nhft déi véi moi y e X va Xjk € ker D

Ta da biét (xem trong [8] bai todn (5) - (6) c6 nghi¢m duy nhft déi véi moi y e X va Xjk
€ ker D vdi gih thiét.
VN 0 (]

va Bijz = bjkz, zekerD,
Bro+o 401 4 m = FDNM ®)
(m=1,.., i i=01,..,n-1)
Nghifm ctia bii todn (5) - (6) viél dudi dang
X = UN (xo,..., XN . 1),
Trong dé
Xot+ G o1 +m = Xjkjm:

(=1 g j=01.,n-1).



(10)

v | N
N = VN E’(-l)w Mk

G=01 N-1),
Va VNjk Ia dinh thic con sinh béi dinh thic VN bing cich gach b di cft thf k va hang

thef j (K, j = [0,1],.., N = 1).
Pinh nghia 3. Gia st D € R(X), cfc todn t ban diu Fo, F1,..., Fy.1 c6 tinh chft c(R) - suy

rong va VN = 0, cho By .., BN.1 xdc dinh bdi (8), todn b G xdc dinh nhu sau
an

By.qu ), d8i vdi u e dom DN-1-

Gu = Uy (Bg

trong dé UN x4c dinh bédi (10).
Todn tr UN dugc goi 12 todn t Green déi vdi todn tk DN vdi didu kién (6).

BS A2 2. Gil st Fy,..., Fy.) c6 tinh chfit c(R)- suy rong, khi dé mot phin t} X e dom

DN thoéa man didu kién (4) khi va chi khi né cé dang
X = (- G RNu+ UN (X g X ) (1)
Chiéng minh bd d& nay giéng nhur chifng minh h@ quk 3.3 trong [8).
Dinh Iy 2. Gih st tit ch cde didu kign cda dinh nghia 3 dirgc théa man. Khi d6 bai tosn gid
tri bién (3) - (4) trong dwong vdi phrong trinh sau:
a3

[1+(1- Gy Q°<R>Ix =yN,
trong dé
N-1
Q<ILR>=1+Q°<R>:Q°<R>= Y R*(Q,; (14)
k=0

YN = (1- Gn) RNy + Uy (xgXN21)- (15)

Chufng minh: Gih st x 12 mot nghiém cla i todn (3) - (4). Viét :

u=Q<LR>x
Tacs: D¥u=DVQ<IR>x=(Q<D>x =y
v Bl.1'1=B’.(1+Q"<R>)x=x’.+HI.Q”<R>x(i=0,l,,,.,N-l). Do h¢ qui 33

trong (8) khi d6 u ¢6 dang sau



u= (I=GpIRN y+U 0, +B,0° <R>x,. 0
(-G )Ry + Uy (x,,..xy ) + Gy Q°<R>x =
=yN +Gy Q" <R>x

+Bn_lQ" <R>x) =

T d6 tacé: Q < LR > x = yN + GNQ® <R > x hay
1+Q°<R>)x=ayN+ GNQ°<R>x,

o[l+I- Gy Q°<R>x =yN
Do viy x 13 nghi¢m cta phrong trinh (13)
Nguoc lai, gih st x 12 nghiém ctia phuong trinh (13), khi d6 theo gih thiét ta c6

x= GNQ®<R>x-Q°<R>x+yN e dom DN
va
Q<D>x=DNQ<IR>x=DNI1+Q°<R>]x=
=DV [GNQ° <R>x+yN|=
= DN [GNQ® <R > x + (1- Gp) RNy + Uy (xgrXN-1)]
= DNRN y=y
Do tinh chét clia todn t¢ Green, tu cé Bjx = xj (j = 0,.... N-1). T& d6 x théa man didu kién

).
Heé qua 1: Gih st tit ch cfe didu kién cha dinh nghia 3 dwoc thba man. Vit

G\ <R>=(1- Gy Q°<R> (16)
i) Néu -1 12 gi4 tri chinh qui ctia tofn tF G% < R >, thi bai todn (3) -(4) 12 thiét 1ap dun,
q N p ding
dfin va nghigm duy nhét cla né I
x= [1+G°\ <R>I" yN an
i) Néu~-1 > mdt gid tri riéng chia todn wk G® < R > thi bi todn (3) -(4) 1 thiét 1ip khong
dung dfn. Bi todn c6 nghigm khi vd ¢hi khi
§N € [[ + GON <R >)X.
Néu ditu kign ndy dugc thda man thi cde nghidm clia né cé dung x = w+v, trong dé w € ker
{1+ G®N < R >] blt ky va v 12 mt phin t c§ dinh bit ky_clia nghich nh clia phin 1k yN bdi
dnh xal+ G <R >

Dinh 1y 3 [9]: Gid st tht ch cdc didu kign cia dinh nghia 3 dwoc thda man va todn wt Q <
LR > khi nghich. Néu todn tir



B =Gy IQ<LR> ) pN

kha nghich trén ker DN thi todn ti 1 + GON < R > khi nghich trén X.

Dinh 1y 4 [9]: Gil sit tht ch cdc didu kién cba dinh 1y 3 dwoc thda man va tofn t Q< LR >
khi nghich. Khi d6 todn tf B khi nghich trén ker DN khi va chi khi h¢ sau diy c6 nghiém duy
nhit (zg..... z2N.1):

;S —1 pk -1
ZB,.[Q<I,R>] R*zk = x; = Bi[Q<LR>]"')N (s
pars
(i=0,1,.. N-1)
& diy z,.+., zN.] € ker D, Bj x4c dinh bdi (8).

HE qud 2: Gih st tit ch cde didu kign cla dinh Iy 4 dwoc thda man. Khi d6 hé (18) c6
nghiém duy nhdt khi va chi khi cdc todn ui:

wi=B1Q<ILR>"

= 0wy N-1) doc lap (uyén tinh trén ker DN
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GENERALIZED C(R) - PROPERTY AND GENERAL BOUNDARY VALUE
PROBLEMS FOR POLYNOMIALS IN RIGHT INVERTIBLE OPERATORS

Pham Quang Hung
Collcge of Natural Sciences, VNU.
The ¢(R) - property for initial operators induced by a given right inverse was introduced and
applied to boumdary value problems and general linear boundary value problems for
polynomials is right invertible operator by D.Przeworska - Rolewicz, Nguyen Van Mau and

W.Z Karwowski. In this paper we introduce the generalized ¢ - property and apply to solve the
general boundary value problems

N
ZD' Qk»x=y.ye){
k=0

k
FiD"x=xj,xj ekerD

(kel;, j=0..n-1)



