VNU. JOURNA_ OF SCIENCE, Nat. Sci.. t.XV, n1 - 1999

MULTIPLIERS FOR GENERALIZED
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[ INTRODUCTION

Given a sequence (A) with A\, € C. 0 < |[Ac| T 400 and p > 0, consider the generaliz€

entire Dirichlt seres
oo

ZCkEp()\kZ)~ z€eC, (1 -

k=1

where coefficents ¢, are complex numbers and E,(z) is the Mittag-Lefler function:

E ()= Z m (I' being the Gamma function).
n=0 p

In [5] we proved that if the series (1.1) converges absolutelv for all z € C then

= —x0, (L.~

lim sup
ke l/\l-'lp

and conversey, if t . coeflicients of the series (1.1) satisfv condition (1.2) and if

I log A

Im sup
koo | Ak|P

< 400 (L
then the series (1.1 converges absolutely for all z € C.

Next, inthe cese (1) satisfies the condition (13) in the case of [2]
the followingsequeyce space

. owe considerd

A={c. . o satisties (1.2)} = {(¢p); lim suplq.l]/’*‘[” = 0}.

A —snc

Denoted by A® thc Kothe dual of A. i.c..

A% = {(ug) : Z lex ug] < o0 for all (cr) € A}

h=1
we proved thit A® - ¢ goo — A. Hence C® = A, where
C = {(u,,.) : lim sup |uy |VIM < +oo} :
k—no0

Furthernore, iy each ¢ = (¢4) € A. we defined

lell.a = sup |eg |/ 1A*1°
k>1
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In [5], by using the same method as in (2], we proved that A is a complete separable,
non-normable. metrizable space, where the metric is given by

dala, b) = |la —=blla; a=(a)€ A, b=(bs) € A.

In this note. we continue to study multipliers between these spaces and othor sequence
spaces on spaces A and C.
We recall that for two sequence spaces X and Y. the svmbol (X, Y) denotes the
sequence space of multipliers from X to Y (see, eg., 1) 18,
(X, Y= {{m); {cpun) e ¥ for all (g} € X}.
[t is obvious that if
X, C Xy and Y, C Yy, then (X,. Y)) C tdws Yol (1.4)

Also. it is clear that. the Kothe dual of a sequence space is, in fact, the secpaence
space of multipliers from this space to Iy ie.. (A, [1) = A% A question arises: what about
multipliers from A and C to [, (0 < p < 400) and vice-versa? This is the subject of the

present note.

I would like to express my deep gratitude to Prof. Nguven Van Mau and Dr. L. Hai

Khoi for helpful suggestions in the preparation of this paper.

II. MULTIPLIERS FOR GENERALIZED ENTIRE DIRICHLET SEQUENCE SPACES

First. we note the following result

Lemma 2.1. We have
ACl, €l CC,0 < p<+o0.

We prove the following lemmas

Lemma 2.2. We have

a) (A, C)cCC,
b)C C (A, A),
g1 L T {GC)-

Proof: |
a) Let (ux) € (A, C). Suppose that (uy) ¢ C. Then for arbitrary Al > 0 and for a
sequence (¢,), 0 < ¢, | 0, there exists an increasing sequence (k,, ) of positive mumbers

such that
p
{u,k” ll/l)‘k”i >M—e,, Yn2>1.

We define the sequence (ci) as follows
{ ]'uk]"l/z, if b=k, nel i
Crp =

0, otherwise.
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Ten we have

, wijg
4 P. . P
lim sup]q.]' |Aed® l”nsup(luku’]/I)ﬂ\-;.} ) &

h— o0 n-—oc

limsup(M -¢,) Y2 =M~"Y2 50, as M — +00.

n—oo

S (ex) € A. However, we 1ave

1/2
. P . P
lim supegee ]/ = Tim sup fu, [1/207) 7 >

k—00 n 00

. 2 /9
limsup(M - ,)"%2 = M2 L, 50, as M — +00.
n-—oo

This iaplies that (c; ug) € C waich leads to a contradiction.
Tie implications b) and c) are obvious [J

Nw we can prove the follewing result

Theoem 2.1. We have

(A.C)=(p, C) = (I=. C) = (C, C) = (A, A) = (A4, bod = (s b} = €.

ProofFrom Lemma 2.1, Lemma 2.2 and (1.4), it follows that

CCA ACALL)C(AlL)C(AC) CC,

and

CEO TGl Tl B (A € e,
Te theorem is proved [
Nxt, we prove the followins
Lemna 2.3. We have
a)l,, A) C A,
b)C, 1) C A,
c)d C (C, A).
Proof:
a)“irst. we note that (cx) = A if and only if (¢!) € A (with any appropriate choice

of the ower). Furthermore, we can check that the sequence (Ax) satisfies Condition (1.3)
if and aly if there exists a > 0 such that

Y e < oo, (2.1)

k=1

Nov, let (ug) € (1,. A). Suppose that (ux) ¢ A, which means that (u}) ¢ A. Then
there eists M > 0 such that for a sequence (e,,) | 0, there exists an Increasing sequence
(kn) of>ositive numbers such that
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log |ug, |P

M — b
IAk" ll’ 2 M En s Y = 1.

This implies that
lug, | 7P < exp {(5,, — M)|)\k."|"l , Yn2>1.

Define a sequence (¢ ) as follows:

ex ’-l  —E&n a 4
{ : {’ ST b i ]  Bhk=k, . n=l 2 ...
Cr =

*'Uk“ i

0, otherwise,

where v < M — a and a > 0 is defined by (2.1). Then, we have

I N T .. (A Ll

k=1 n=1 n=1 ‘—“k”“)

e o0

S exp [(v = M)Ak 7] < 3 exp( = aldk, ) < +o.
=1 n=1

due to (2.1), which shows that (¢;) € [,,. However,

log |cxug [P log |ex, ug, |P
lim sup———— = limsup————=—"— = limsup(y —&,) =7 > —00,
A‘—'oop I/\klp n-—00 I/\k”1p n-— o0 7 "
which means that ((cy ux)?) ¢ A or (¢x ux) ¢ A. This is a contradiction. Hence (i, 44) C
A.

b) Let (ux) € (C, ls). Assume that (u;) ¢ A, then there exists an increasing sequeence
(k,) of positive numbers such that

: "
lim Iu,knll/!)‘k,,l i
n—00

—
—
(S
S
s

Consider a sequence (¢ ) as follows:
{ ol | if K=k, m=1,2,, .00
(Tk =
0, othewise.

Then we have

; ; X, 1P
lim supleg |/ = lim sup(l’r,,/[-u‘,\‘”])‘/1 l = 0 < +o0,
k— 00 k—oo
due to (2.2) and (1.3). Hence (ci) € C. However
sup |extk| = sup |ek, uk, | = supk, = +00.
k>1 n>1 n>1

Hence (cguy) ¢ loc: a contradiction.

¢) The implication A C (C, A) is obvious. [0

We can prove the following
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o

Tleorem 2.2. We have
(Clos) = (C. lp) = (C, A) = (lno, A) = (I,,, A) = A.
Prof: From Lemma 2.1, Lemma 2.3 and (1.4), it follows that
AC(C, A) C(lee, A) C (I, A) C A.

The theorem is proved  [J

Remark. Theorem 2.1 and 2.2 for the ordinary Dirichlet series of one and several complex

varables were proved in [3] and [4].
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NHAN TU CUA KHONG GIAN DAY
DIRICHLET NGUYEN SUY RONG

Trinh Dao Chién

So Giido duc va Dao tao Gia Lai

Vai Lai khong gian day X va Y, khong gian dav ctia céac nhan tir tir X vao Y. kv

hievla (X)), dwoce xde dinh nhe san (X, Y) = {(ug); (erup) €Y, VYie) € X} Xét
A';,.]

kkowg gian day A. cdc he s6 ena chudi Dirichlet suv rong dang 3" cx E,(Ap2). trong d6
o2

E,(1) 1a ham Mittag - Leffler. Qua mo ta khong gian A® d6i neau Kothe cia A, ta thay
F o 5 b =) 5 .
k=1
rang (A1) = A%, trong 46 Iy = {(ux); 3 |ug| < oo}, Mot cau hoi dat ra: két qua sé
o0
nhuthé nao d6i véi cac khong gian day cua cde nhan tir tir A, A* vao cic khong gian
quer thuoe khdc, chang han 1,(0 < p < 00), I, ... va nguoc lai? Bai bao nay se de cap
déncdc noi dung do.



