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Abstract. In this paper a finite algorithm s presented for solving a class of nonlin-
ear optimization problems with special structure. [t 1s based on numbering techniques

to improve feasible solutions commonly used in solving problems of transportation

type.

I. PROBLEM STATEMENT

Given an mx n matrix A = (ai;)mxn, where a;; € {0, 1}, and given positive nuimboers
p: (0 < p; <n), i=1,2,...,m. Consider the following optimization problem:
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0 < 7;; < a;;, integers, 1 =1,2,..., wy jes 1,2, .0 . (3)

Since the objective function (1) is convex and the constraints (2). (3) are limea
and integer, problem (P) is a nonlinear integer programming problem. However, as shawin
below, (P) may be reduced to a linear integer problem with special structure.

The constraint (2) may also be replaced with inequality constraint (27) withiout
changing the solution of (P):
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Problem (P) may be explained as follows: there are m students and n subjects; for
them. The number of subjects required for the i*"- student is p,. Coefficients a,, repressent
the agreeableness of student 7 to subject j (a;; =1 if student i is agreeable to subjecct

and a,; = 0 if not). The question is how to arrange the students to learn the sawbjects
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so that rach of students learn completely the number of subjects required for him and so
that “he number of students for each subject is as similar as possible.

[t is easily seen that (P) is equivalent to the following 0 - 1 integer programming
probeim

m
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Tre model of problem (P) was studied in [1] and [2]. In [2] the authors suggested a
polyronizl time algorithm for problem (P) by solving a finite number of maximum flow
probem.

E:ploiting the special structure of the problem, in the sequel we shall develop an
impreved algorithm for solving (P) which has the following features: (i) it is finite; (ii) it
is baied on numbering techniques to improve feasible solutions commonly used in solving

probmnf of transportation tvpe.

II. FOUNDATION OF THE SOLUTION METBOD

A: usually for the convenience we agree that a matrix r = {r,,} whose entries
satisi: (1) and (3) is called a feasible solution of (P). a feasible solution achieving the
mininun of (1) is called an optimal solution of (P).

L¢t us denote

m m

by e Z”’»’ cm =212 n, p-= Zl)l >0,

1=1 =il
(b, rpreseuts the number of students agrecable to subject 7, and pos the total number of
subjerts required for all students).
Letring

n

a; = Z (I,,‘ ) = 1.2 ..... 1.,

=1

it is wored in [2] that in order to (P) has an optimal solution. A necessary and sufficient

condtion ‘or the existence of an optimal solution of (P) is
gy > prleral i=1,2,...; m. (4)

Condition (4) is very simple and easily to be checked. So, we assume that (P) satisfies
this ondtion. Furthermore, without loss of generality ve may assume that the students
and sibjects are numbered so that

ap—py 202 —pP22...20n —pmandm>b 2by > ... 2>2b, > 0.
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It is natural to suppose that b, > 0 for all = 1,2,...,n, because if b, = 0 for somae
j then the subject j must be deleted (there is no student who wants to learn the subject)).

For the sake of convenience, for each feasible solution r we create a table consistingg
of m rows and n columns, in which each of rows corresponds to a student and cach oof
columns corresponds to a subject. The cell lving at the intersection of row 7 and columnn
j is denoted by (7,j). A feasible solution + = {r,;} of (P) will correspond to a rablle
consisting of zeros and ones in its cells. A cell (7, ) is called black if a,; = 0 (black cellls
will be forbidden to use, because student i is not agreeable to subject ), so that r,; = 0)).

The remaining cells will be divided into two classes: white cells if r,, = 0 (studenr 7 iis

agreeable to subject j, but he is not allocated for this subject) and blue cells if r,;, = 1
(student 7 is allocated for subject j).
Denote
m
xr __ - i S s 4T -
= Z; Zijy Vi =L12,...,m = 11%1.152\"1‘_,. (5))
1=

(t7 is the number of students allocated for subject j and #" is the objective function wvaluae
of r).
For any feasible solution = = {x;,} of (P), according to (5) we have
n n m m n m
D=0 =) ) T =) pi=p. (63)
j=1 j=1i=1 i=1 j=1 i=1
Column j is called full if 7 = t", and deficient if 7 < " — 2. It should be notecd
that the notions of blue cell, white cell, full column and deficient column are concerneed
with a given feasible solution.

The following proposition gives a simple criterion for an optimal solution of (P).

Proposition 1. If a feasible solution r has no deficient column, 1o |

(7=t 4> = 1Y £ o, (

J0*

=y
=

then x is an optimal solution of (P).
Proof: From (6) and (7) it follows

p= Z’f - 1, (¢8)

1=1
Suppose the contrary that there exists a feasible solution y that is better than .,
1.e.
B St =1, ¥i=1,2,u..,m (€9)
Combining (6) and (9) vields
n
p=Y t<n(t"-1),

7=1
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whici s contrary to (8). Thus, r is an optimal solution [J
‘onsider now a feasible solution = = {r,,} of (P). Let C be a sequence of alternating

white ind blue cells with respect to 2 joining column Jo and column ji :

C = {{i0, Jo). (GosJ1)s- .- (b1, Jk=1)s (=1, k), (K > 1)}, (10)

wher: iy, j;), t = 0,1, ..., k-1, are white cells (%i,5, = 0), while (3, f441), t=0,1,... k-
1, blrecells (;,5,,, = 1). We introduce the following transformation of r.
Trarsormation A. On the sequence C, replace all the former white cells by blue ones
and ellthe former blue cells by white ones. This means that we set

B =1, x =0 t=0,L....b~=1, 7, =5, ¥Wi,j) gC.

T e T4

“he following lemma shows that this transformation does not change the objective

funct o1 value of r.

Lemm 1. Assume that 2/ is obtained from r by Transformation A on some sequence of

alterraing white and blue cells joining two columuns which are not full, then #* = 7.

Proof suppose that there exists a sequence of form (10) joining two columns jo and jy
whict ae not full (t}, < t",1] < 7). Since in each of rows i; (t = 0,1,...,k — 1) there
are Jwttwo white and blue cells of C, 2/ = {27, } satisfies (2), (3), i.e. 2’ is also a feasible
solutin of (P). Similarlv. since in each of columns et =212,..., k — 1) there are just

two whte and blue cells of C. we have

o= 15, Y J # Jo. jk- (11)

(n the other hand, as column jy has only one cell of C (white cell (70, Jo)), we have

I

e = 1+ 1 (12)
and a: olumn ji has only one cell of C (blue cell (iy 1 k), we get

e =4, ~ L (13)

‘IA
Fnally, as columns jy and j;. are not full, from (11) - (13) it follows that 7 = 7. O

Smilarly. suppose that C is a cvele of alternating white and blue cells:

(70.70). (o J1)s - - - (ks Jk)s (iky Jo ), (Fo,do) (K > 1),

where (., j;), t =0,1,..., k, are white cells (r;,;, = 0), while (i, j;41), t=0,1,..., k-1,
and (u;.jo) are blue cells (r,,,,,, = ,,,, = 1). Consider the following transformation:
Trandamation B. On the cvcle C replace all the former white cells by blue ones and

all the firmer blue cells by white ones. This means that we set

.= 1, 2 =0,t=0,1....k 2, . =0.

1t 1t IS "tk Jo

iy = Tig, Wi, 1) € C.
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Lemma 2. Suppose that 2" is obtained from r by Transformation B on a cycle of altter-

nating white and blue cells, then t" =",

The rows and columns numbering. The procedure of rows and columns numbering
is defined as follows. First of all, we assign 0 to each column which is full (#7 = t")). If
column j is numbered, we assign number j to each row 7 which has not been numberred
and has r,; = 1 ({1, ) is a blue cell). Then, if row 7 is numbered, we assign number 17 to
each column j which has not been numbered and has a;; —1; = 1 (this is equivalemt to
aij = 1,245 =0, i.e. (i,7) is a white cell) and so on. The above procedure must stop after
at most m + n times of rows and columns numbering.

If a deficient column, e.g. column jo with #7 <" —2.is numbered there musit be
a sequence of alternating white and blue cells joining a some full column and jo. Such a
sequence of cells can be determined as follows. Suppose that column jo with #] <17 =2
is assigned with number ig ((i0,Jjo) is a white cell) and row iy is assigned with nummber
j1 # jo ((f0,71) is a blue cell). If column j is assigned with number not equal to 0., for
instance, i; # io ((i1,1) is a white cell), and row i; is assigned with number j2 # Jji0, )1
((i1.j2) is a blue cell). If column js is assigned with number not equal to 0, we cont:inue
searching. As the number of columns in the table is finite (equal to n), finally we mmust
find out a column jx # jr,t = 0,1,..., k — 1, assigned with number 0, i.e. jy is a full

column and the required sequence 1s

C = {(io. Jo), (ios g1 ) - -+ (k=15 Jk—1), (ik—1, Jk), (K 2 1)},

where (i¢,J:), t = 0, 1,....k — 1, are white cells, while (425 9e41)s £ =0,1,.4. 5k = 1., are
blue cells. We have

Proposition 2. Let x be a feasible solution of (P). If there exists a sequence of altern:ating
white and blue cells joining a full column and a deficient column, then r can be chamnged

to a new feasible solution x' which is better or has smaller number of full columns th:an r.

Proof: Let C be a sequence joining a full column ji and a deficient column jo. We aipply
Transformation A on C. Arguing as in the proof of Lemma 1, we obtain the relations: (11)
- (13).

As jo is a deficient column, from (11) - (13) it follows that if jx is a uniquee full
column with respect to = then t7" =7 _ 1, i.e. new feasible solution r’ is better thamn the

/

. - »’ - . .
current solution x. In the opposite case, we have " =", l.e. x’ 1s not worse than 7, but

has at least one full column fewer than 1’ (as j; will not be a full column with respeect to

)y O

Proposition 3. Let x be a feasible solution of (P). If there is no sequence of altermating

white and blue cells joining a full column and a deficient column, then r is an opotimal

solution of (P).

Proof: We argue by contradiction, by supposing that there is a feasible solution y = {y,,}
which is better than r = {xj;}, i.e.
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< # (14)

-~

where #7 #" are defined by (5). We shall show that this leads to a contradiction. Indeed.
from (14) it follows that there exists an index j such that t" < t7. According to (6) we
have

n m

Zf; = Xf"’/ = Zp, = p,

J== _/',1 =1

and onsequently there must be at least a column jy so that

i Ef. &% £ (15)

Jo

Jo
is a ceficient column with respect to z. From the first inequality in (15) and the definition

Since the numbers in the above inequalities are integers it follows that b, B tF =218 3

(5) <f #) and t7 it follows that there is a row /g such that 0 = r,,,, # Yieds = 1 (i.e
(70, 77) 1s a white cell with respect to r), Moreover, as both r and y satisfv (2). we must

have

n n

e—
: 'r’l)i - j !/’(),/ = ])’()'

g=1 g

This meaus that there is column j, such that 10. 71) 1s a blue cell:
J1 0.1

Tioin, = 1y Yigs, = 0.

Ift; < f;’l. there exists row 7, such that (7y, j;) is a white cell;

Fiy = 0, g5, = 1,

and ¢1so by (2) there must be column j, such that (7, . J2) 18 a blue cell:

Fivie = 1 3,3, = 0,

Continuing this process will lead to one of the following cases:
a) A column j, with o> f",' is reached. In this case we have a sequence of alternating

white and blue cells of the form

(’.(l-,]‘(i)-(i()-.lhl) ----- (’/ l-.j:' I)-(’.r- |-_j:)- (’2 1) (1())

joinirg colmmn j, and column jo. Let us distinguish two possibilities:

al) t.o= 1" 1e. j.is a full column . In this event sequence of cells (16) joins
full ol ), and deficient column ji. This is a contradiction to the hvpothesis of the
propesition. So. this possibility can not oceur.

a2) t; < t" ie. j,is not a full column. Applying Transformation A on sequence
(16). 1 new feasible solution ' with #* = #* will be obtained (byv virtue of Lemma 1) and

the number of different components of 7" and y will decrease by at least two.
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b) A cvele is found
Cgs ks e Dy o w0 (355 7s)s (Basdo ) {i0. Jo)s (8 2 1} 17)

Applving Transformation B on cvele (17). a new feasible solution ' with 17 = ¢t/
is obtained (by virtue of Lemma 2) and the number of different components of " arud y
will decrease by at least four.

If ' still differs from y. the above process will be repeated with . replaced 5l
As the number of different components of  and y strictly reduces when Transformation
A or B is applied. after a finite number of repetitions we must have 7 = y, at the same
time ¥ = ", i.e. t¥ = " = +". This is contradicts to (14). O

I11. FINITE ALGORITHM FOR PROBLEM (P)

From the above results we are now in a position to develop an algorithm for solving
(P).
Step 0: Create a table consisting of m rows and n columns. Each row corresponds to
a student and each column corresponds to a subject. Make a cell (i, ) black if a,; =10
(black cells will be not changed through the course of solving the problem).
Step 1: Construct an initial feasible solution. For each row i, from 1 to m, we write |
in white cells of the row from left to right until having p, ones (the remaining cells are
assigned 0). then go to the next row. As a result, we obtain an initial feasible solution
x!' = {x;,} of (P). It may also be started with any feasible solution of (P). Set A =1 and
2o to step 2.
Step 2: Test for optimality. For the obtained feasible solution % we adopt the convention
that cells with 1 are called blue cells, and cells (not black) with 0 are called white cells.
Determine

mn

e |
- -“ w“ .
th =+ = max 7 = maxt'.
I 1<3<n -

Column j is said to be a full colummif f“;' = t*_ called a deficient column if f‘,' € 5=
If no deficient column exists then by virtue of Proposition 1, % is an optimal solution of
(P). Otherwise, perform rows and columns numbering as described in section 2. If there is

¥ is also optimal (by virtue of Proposition 3)

no deficient column that is numbered then r

In the opposite case, we must have a sequence C of form (10) that consists of alternating

white and blue cells and joins a full column j, and a deficient column jo. Go to step 3.
In the course of numbering when a deficient column is numbered, we go immed iatels

to step 3 to improve the solution.

Step 3: Solution improvement. Apply Transformation A on the sequence C obtaimed in

/

step 2. As a result we get a new feasible solution a’ which either is better (#* < %) o
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has fever number of full columns than #* (Proposition 2). Set #¥*! = +' and k — k + L
then return to step 2.

Propcsition 4. The above algorithm terminates after a finite munber of steps.

Proof: If tke algorithm is not terminated at step 2 then after each improvement in step
3, either a better feasible solution or a solution with fewer number of full columns than
previots cne is obtained. As the objective function of the problem can take only a finite
numbe: o7 positive integer values and as the number of columns in the problem is also
finite (>qua. to n). the above steps can not be infinitely extended O

Illustrative example. Solve problem (P) whose data are as follows: m = 4.n = B Py =
2iPs =3, 93 =3,p4 =2 and

1101 0
1110 1
A=
01 1 1 1
101 1 1

sun up elements of A in each row and column:

ap =3, ay=az3=ag=4; by = by =b3 = by = bs =3 and p = 10.

Car-ving out Step 1 of the algorithm, we obtain an initial feasible solution of (P

I 1 x 0 x 1
I 1 1 x 0 l

#=fx 1 1 1 0 2
1 I 0 0 1
0O 0 0 1

(Black ells are marked by x).

ftep 20 Summing up all elements in each column of !, we obtain:
h=th=i=3 =18 =08nd¢ =3

Columns 1, 2, 3 are full, columns 4, 5 are deficient. Columns 1. 2. 3 are first
number=d vith 0. We search column 1 in #' for a 1 (blue cell) and find it in rows 1, 2, 4,
so these roxvs are numbered with 1 (subscript of column 1). Then, in column 2 there is a
I in rov 3 ‘not vet numbered), so that this row is numbered with 2 (subscript of column
2). All the rows have been numbered. columns 4 and 5 are not vet numbered. We now
search tunbered row 1 for a 0 (white cell) and find it in column 4 (not vet numbered),
so colunin 4 is numbered with 1 (subscript of row 1). At this point. deficient column 4 is
numbersd vith 1 (row 1), row 1 is numbered with 1 (column 1). Column 1 is full. Thus.

we obtan the sequence of cells: (1,1) — (1.4) joining full column 1 and deficient column
4.

Sep3. Changing = on just found sequence of cells, we obtain new feasible solution
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0 1 x 1 x 2
1 1 1 x 0 2

P=x 1 1 1 0 9
1 x 1 0 0 3
1 0 0 2

Return to step 2. Summing up elements in each column of +?, we obtain
N R SO . g =
t7 = 2,1; =13 = 3,1} e J 42 = 0 and 17 = §.

Columns 2. 3 are full, column 5 is deficient. Columns 2, 3 are first numbered with
0. We search column 2 in 2 for a 1 (blue cell) and find it in rows 1, 2, 3. so these rows
are numbered with 2 (subscript of column 2). In full column 3 there is a 1 in row 4 (not
vet numbered), so that this row is numbered with 3 (subscript of column 3). We search
numbered row 1 for a 0 (white cell) and find it in column 1 (not yet numbered), so column
1 is numbered with 1 (subscript of row 1). Then, we search numbered row 2 for a (
(white cell) and find it in column 5 (not yet numbered), so column 5 is numbered with 2
(subscript of row 2). At this point, deficient column 5 is numbered with 2 (row 2), row 2
is numbered with 2 (column 2). Column 2 is full. Thus, we obtain the sequence of cells:
(2,2) = (2,5) joining full column 2 and deficient column 5.

Step 3. Changing = on just found sequence of cells, we obtain new feasible solution

0 1 x 1 x

1 0 1 x 1 3
P=|lx 1 1 1 0 3
1 x 1 0 0 3

2 0 3

Return to step 2. Summing up elements in each column of 3, we obtain
H=83=28=3#=2=1andt*=3

Column 3 is full, column 5 is deficient. Column 3 is first numbered with 0. We
search column 3 in x3 for a 1 (blue cell) and find it in rows 2, 3, 4, so these rows are
numbered with 3 (subscript of column 3). We search numbered row 2 for a 0 (white: cell)
and find it in column 2 (not vet numbered), so column 2 is numbered with 2 (subscript
of row 2). Then, we search numbered row 3 for a 0 (white cell) and find it in column 5
(not yet numbered), so column 5 is numbered with 3 (subscript of row 3). At this point.
deficient column 5 is numbered with 3 (row 3), row 3 is numbered with 3 (column 3).
Column 3 is full. Thus, we obtain the sequence of cells: (3,3) — (3,5) joining full column
3 and deficient column 5.

Step 3. Changing 73 on just found sequence of cells, we obtain new feasible sollution

01010
a_|10101
01011
1 0100
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ot

Return to step 2. Summing up elements in each column of 1. we obtain

fl=t=tetlestl=2and =2

e 2,
Now all the columns are full, there is no deficient column. so that =+ is an optimal
solution with the objective function value is t* = 4 = 2.
Reoptimization techniques can be used when the number of students or subjects is

changed. These matters will be investigated in the forthcoming paper.
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PHUONG PHAP HUU HAN GIAI MOT LOP BAI TOAN TOI UU PHI TUYEN

Vo Van Tuan Dung
Dai hoc Bdch khoa HANOI
Tran Va Thiéu

Vien Todn hoce. Trung tam Khoa hoe Tir nhien va C'ong nghe Quoc gia

B nay d¢ audt ot phivong phdap lica Lan giai lap bal toan qui hoach phin tuven
¢o cau tric dac biet, nho siv dung kv thuat dieu chinh phuong an don gian, twong tu

nhir doi vai bai toan van tai dang bang,



