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ON SOLVABILITY IN A CLOSED FORM OF A CLASS OF
SINGULAR INTEGRAL EQUATIONS WITH ROTATION

Nguyen Tan Hoa

Gia Lai Teacher's training college

Abstract. In this paper we shall give some algebraic characterizations of the oper-
ator S,k of the form (2) and study solvability in a closed form of singular integral
equation of the form (1).

By algebraic method we reduce the equation (1) to the system of singular inte-

gral equations and then obtain all Solutions in a closed form.

Suppose that I' = {t : |t| = 1},D* = {z : |2z] < 1},D7 = {2 : |z| > 1}, are
respectively the boundary, interior and exterior of the unit disk on the complex plan

Consider the singular integral equation of the form

,rn.—l—k ’k
ot + 2 [ T ptr)ar = £01) N
where o(t), f(t),b(t) € H¥(I') (0 < p <1).

Define

1 ,Tn—l—k fl‘
(Snupllt) = — ——o(r)dr, OSk<n-1, 1<nelN (2}
m Jp ™"+
m A
(We)(t) = pleit), a1 = 67‘1’(;‘) € =€)
It is easv to check that
SW =WS, 5§, ,W=WS,s, SotS=58s (3)
Denote
1 1
P=-(I+95),Q==(1-25),
3 2
1 2n
et 1 2n—l—vyrrl+v e g
P = i Z:ILJ W o f 2= 1,20, (4)
Then
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PP=PQR*=Q,PQ=QP =0,

PPy =8P, 1,4=1,2n, (5)
]:P1+[zg+...+f)’2,,, (6)
W* =efPi +esPy + .. + &5 Pon, (7)
2n
X=X"px =px,.
j=1
where X*=PX, X~ =QX, X;=P;X (j=1,2n), 6;, 1s the Kronecker symbol.
Lemma 1. Let §,,_k be defined as in (2). Then
Suk =SPi -SSPy (k=0,n-1), (8)

where we put Py = P,,,.

Proof: From the identity

Tn—l-kfk T2n~ l—k‘flx Tn-—l~—k,ul+l.‘
TN 4 7 - TQH 2o f?n - T‘Zn. . t‘Zn

We obtain

i fp T+t
1 x T‘lr: —'l~--kr/~' 1 C o lﬂk'frm‘-k
- o N W i P O .
o T /l Tn _ #2n \p(/ )(IT T r 72n __ 42n +(T)(i7'

= (SPL{))(]‘) e (S'Pn+k‘19)(f)‘
(see [2])

Lemma 2. Everv operator S, . is an algebraic operator with the characteristic polyno-

- 5 { A — X for n> 1,
S, AN = A2-1 for n=1.

mial

Proof. Let n = 1, from (3). (5), (6) and (8), we get

S10=(SP -SSP =P+ P =1,
It is easv to check that PS‘I,O(A) =\ —-1.
Let n > 1 from (3). (5) and (8), we get

gnA—SZASn/.

= (Px + Poyi)(SPe — SPryk)
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= SP, — SPosk = Sn

To finish the proof it suffices to show that for every polynomial Q(A) = ar?+3) 4~
such that Q(S, x) = 0 we can follow a=3=7=0 (a,83,7 € C) . Indeed, from (5 we
have

{ 0= PcQ(Sn ) = (a+~)Pc + BSPk,

0= Pn+kQ(S'n,k) = (’7 - a)Pn-Hc o ﬁSPn+k‘-
From the last equalities, we get a = 3 =~ = 0.

Lemma 3. [2] If the function K(7,t) can be extended to D™ in such a manner tlat
K(7,t) is analytic in both variables in D* and is continuous in D+. Then

ik
/K'rf T)dt € X for every ¢ € X;

b
/K(Tf 7)dr =0 for every 7 € XV,

In the following, for every function a(t) € X, we shall write

(Kap) ) = a(t)e(t).

Lemma 4. [2] Let a(t) € X be fixed. Then for every k,j € {1,2...,2n} the following
identity fields

PoKoP; = Ko, Py = FyKy,,,

where

2n
_ 1 J"I\ f
ak;(t) = 2— Epg-1" 1(ey+1t)

Now we deal with the equation of the form (1). Rewrite this equation as follows

@(t) + b(t)(SPip)(t) = b(1)(SPusrp)(t) = f(1). (9)

Lemma 5. The equation (9) is equivaleut to the following systemn

(Pep)(t) + ()(spksa)(r) b1 (1)(SPatip)(t) = (Pif)(t),
(Pasr@) () + bi(t)(SPep)(t) = b(t)(SPaya)(t) = (Pasaf)(1), (10)
o(t) = f(t) = b(t)(SPkp)(t) + b(t)(SPnykp)(t),
where
_ 1 2n o 1 2n
b(t) = —ﬂzlbw), bi() = g 2 (-1)Blet).

Proof: According to Lemma 3, we have
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Py Ky Py = Ky,, Pi. = K; Py,
Poik Ko Py = Hhin ik = B g4k
Pﬂ'l\’hpvw-k = [\’bk "tk Poik = I\,"] Fosiios
Py Ky Py = ]\—h,,H g B 1\'{"” Py

Hence, (9) is equivalent to the svstem
P(t) + b(t)(SPip)(t) — b(1)(SP.r)(t) = f(1),
(Pep) (1) + b)) (SPep)(t) — bi(1)(SPoyip)(t) = (Puf)(1).
(Puskp)(t) +b1()(SPep)(t) = B(1)(SPuixp)(t) = (Posk f)

Moreover. it has been prove that the last svstem is equivalent to (10). Hence, in order to
solve the equation (9) it suffices to solve the following svstem

{ er(1) + b(t) (S (1) = b1 (1)(S@nii)(t) = (Puf)(1)
y:’r:-kk(f,) + i)l(f)(s,:,,)(f) - [)(t)('s*rjn+l\)(t) = (Pn+/\j)(f)

i the space X, x X, .4

(11)

Lemma 6. If (o)., ,4) is a solution of System (11) in X x X then (Prow, Pott@nir)
is a solution of System (11) in Xy x Xtk

Proof Suppose that (pp. 2, x) is a solution of System (11) m X < X. Acting to both side
of system (11) by operators Py, P, 4. respectively, bv virtue of Lemma 4. we get

{ (Pipr ) (1) + b(1) (S P ) (1) = b1 (1) (S Payiontr)(t) = (Pep)(t)
([)HVI[AUII‘)(’\ { }-'I(f){‘qlu)l. ,AI.)(f) i’l(f)(‘('vpulf- ,r—‘utl\)("‘) ([V)uel-_/')(/)’
Hence, (Pror, Poirk@n k) is a solution of system (11) in X x Xovr U

Due to results of Lemma 5 and Lemma 6 we obtain the following result.

Lemma 7. The equation (9) is solvable in X if and ouly if the system (11) is solvable in

X x X. Morcover, every solution of (9) can be determined by the formmla
P(1) = F(t) = BN(SPe@)(?) + b(t)(S Py i) (1),
where p(t) = (Proe ) (1) + (Posk@nai ) (1), (0k, @nir) is a solution of system (11)in X x X.

Theorem 1. Suppose that d(t)a(7) is a continnous function in (7,+) € I' < I' which admnits

an analytic prolongation in both variables outo Dt , where
a(t) = b(t) + bi(1), d(t) =b(t) = b (t). (12)
Then the equation (9) admits all solution in a closed form.

Proof: Due to the results of Lemma 7, it suffices to show that the system (11) admits all
solution in a closed form. The system (11) is equivalent to the following system
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{ k() + Pnsa(t) + a(B)[S(@k = @nsa)|(t) = (Pef (1) + (Pasif)(1), -
@i(t) = @nr(t) +d)[S(ek + @nsi) (D] = (Pef)(t) = (Pasis (1)) ’
where a(t),d(t) are defined by (12).
Put
P1(t) = ok(t) + onek(t), V2(t) = @k(t) = Pnsr(t),
g1(t) = (Pef) (1) + (Payk (), 92(t) = (Pef)(t) = (Paysr f)(1)-
We can write the system (13) in the form
{ Y1 (t) + (KaSy2)(t) = g1(t),
Yo(t) + (KaSyn)(t) = ga(t).
b { U (1) + (KaSv2)(t) = g1(1), (14)
U (t) — (KaSKa2)(t) = g2(t) — d(t)(Sg1)(t).
In order to solve the System (14), we have only to solve the equation
Pa(t) — [KdSKaS'L/’Q] (t) = ga(t), (15)
where g3(t) = g2(t) — d(t)(Sgs)(?).
Rewrite (15) as the following
U3 (1) — w5 (1) = [KaSKa(if + 4] (1) = gal), (16)
where
U3 (t) = (Pva)(t), ¥3 (1) = —(Qua)(t).(¥5 € X ¥ ¥y € X7).
By our assumption for (7 — t)~'d(t)a(r) , by the Lemma 3, we have
(KaSKayy )(t) = 0. (17)
From (16) and (17), we get
V3 (1) = (KaSKaty ) (1) — vy () = ga(t). (18)
[t is easy to see that
&t (1) := Y3 (t) — (KaSKayy )(t) € X7,
¢ (1) =y (H) € X~ (19)
Hence, the equation (18) is just a Riemann boundary problem
¢ (t) — @ () = ga(t). (20)
The equation (20) has the solution
{ ot (t) = 3gs(t) + 3(Sg3) (1), 1)
¢ (t) = Frg3(t) + 5(Sga)(t) ’
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From (19) and (21), we obtain

Yo(t) = 3 (t) — vg (t)
=" (t) = ¢~ (1) + (KaSKa¢™)(t)

-1 N S .
= g3(t) — ‘Q—(KdSKa.QS)(f) + i(ﬁfzsf\asfl:x)(f)-

The theorem is proved by a similar argument as above, we prove a dual statement, namely
we have

Theorem 2. Suppose that (7 — 1)~ 1.d(t)a(7) is a continuous function in irt) =T
which admits an analytic prolongation in both variables on to D~. where a(t),d(t) are
defined by (12). Then the equation (9) admits all solution in a closed form.
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TAP CHI KHOA HOC DHQGHN, KHTN, t XV, n”1 - 1999

VE TINH GIAI PUOC O DANG DONG CUA MOT LOP PHUONG TRINH

TICH PHAN KY DI VOT PHEP QUAY

Nguyén Tan Hoa
Cao dang Su pham Gia Lai

Bai bdo nay sé de cap dén vai dic trung dai sé cia todn tir S, . dang (2) va neghién
: ] . g dé . 118

ciru tinh gidi dwoge & dang déng cia phirong trinh tich phan ki di dang (1).

Bang phuong phdp dai s6 sé dira phirong trinh (1) vé hé phurong trinh tich phan

kv di va sau d6 thu duoc tat ca cdac nghiem & dang déng.



