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I, INTRODUCTION

Let (.4,m) be a commutative Noetherian local ring and A/ be a finitely geiK'iated 
A- modulo with dim A/ =  il. We dpnote Q m U )  the submodule of A/ (kfined by

n>0

where  X =  ( x i , Td)  is a s y s te m  o f  parameters  o f  M .

Note th a t  the submodule Qm{x)  is used for studying the monomial couj('ctui(‘ with 
respect to the system of parameters X (see [7, 8]). Recall tha t  the monomial conjectuiP 
h o ld s  t n i e  for t h e  s y s t e m  o f  p a r a m e te r s  X if  ị  fo' " >  t).

Therefore, the monomial corijectuiP holds true for T if and only if Qhìiỉl) Ỷ  ■ On 
the other hand, it was shown in [4] tha t Q m { t )  = { x \ , X d ) M  provided M  is Cohen - 
Macavilay niodtile. Conversely, if there is a system of parameters X such that Q,\t{r) = 
x M  then M  is Cohen - Macaulay module. This fact suggest us to study the length 
I.a{M/Qm{x)) .  The purpose of this note is to study the following function of n

( ]M,r{ ĩ í )  -  I Q m {'L^U-ÌÌ^

where n  =  {Uị, ...,ĩid) is a (1-tuple of positive integers and T{n) = (.r"‘ ......x y ) .  Th(>n, a
natura l  ques t io n  is w h eth e r  qM, A. v )  is a po lynom ia l  o f  ni , . . . ,7 i .d for l i  sufficiently laip,r 

(n »  0) ? or it is oquivalent to ask whether the function

=  ” 1--- ” de(x, A/) -  (7a/,£(zi)

is a polynomial for n »  0 ?
We will give in this note some basic properties of the function Qm .ặ r ) in Section 2 

and some properties of the function J m ,t Ìĩ1.) in Section 3.

II. BASIC PRO PERTIES OF <7A/.x(n)

Throughout this note, we denote by (Ẩ,m) a commutative Noetherian local riiii> 
with thp maximal ideal m and by A/ a finitely generated A-module with dim A/ =  d. L('t
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z  =  ( ’̂i , ..... i’fi) a system of pararnotors of A/. Then the submodule Q m Ụl ) of M  is
b\-

Q m [-D= i J ( ( . r y  + ' , . . . , . r "  + ' ) A / : , r ’; . . . . r " ) ,
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n>0
and for 1 1 = ( » 1, we put

Q m {ĩ1,R) = Q m [ĩ .{ĩ i))-
The functions <7A/,r(n) and JM_r{n) are defined by

Qm , A r ) = Ia ì m / Q m U , ĩl))^

J.m .A r ) =  I)\...nde{x, M )  -  Ia { M / Q m {t , r))-

ThcK'foiP, we can consider qM_Ặ]±) and J m , A iÌ) as functions of 77.

L e m m a  2 .1 .  Let X  =  ( . T i , T r f )  he a system o f  pm am ete is  o f  M. Then the following 
s ta tements  are triỉe.

■i) Let N  be an Ar iman submodule of M. Then X is a system of param.eters of  
M  = M / N  and q j f  _ẬR) = Ợa/,t(zl)-

i'i) Put M l  = M /{ o  : T]). Then X IS a s y s t em,  o f  p a r a m e t e r s  of  M l  a n d  q j j  J,(n) = 
Q m A l l ) .

Proof, i) From tho property of the system of paiameters, ,r is a systoni of paiam eteis  of
Ã7. Lot

m N  D m ^ N  D ... 2  m'A' D ...

b(' a descending chain of subinodulo of N.  Since N  is an Aitiniaii A- module then m^’N  = 
for a pos i t ive  intpger k.  Since

 ̂ -  0 , 
ri>()

WP liavp N  = 0 .

Consider the map

4>: A / / ( ? A / ( T , n ) - . A / / Q ^ ( x , n ) ,

defined by $(ì/ +  Q m (ĩ1,e )) = ũ + Q j f{ ĩ l ,n )  for any u 6 M.  Since M  is an A- modulo 
Noetheiian it should bp note tha t there exists vq »  0, such that for n -  (rỉ-i, ri-d), WP 
ha\('

,̂̂ ,1 Q A /(z,n) =  + +

Thus, it is easy to show tha t $  is well defined and it is surjective. Therefore k e rộ  =  0.
Furthermore, we can choose 7iQ > k, hence it is also injective. Therefore (7a/ .r(zi) =

ii) Can be proved similarly as (i) □



L e m m a  2.2. Sĩippose tlìHt A is the  m-adic co/ijpietioji o f  A aijci M  is the m- adic com-  
pletioii o f  M. Then

Qm , A r ) =  ' i f ,A/,£

for aii n == (7?1, Ufi).

Proof. Shicp the natural homomorphism A A is absolutly fiat, then T is a system of 
parameters of M  and
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Q m ÌĨL.ĨI) =  Q  A (T ,r i ) .
A/

Therefore we liavo

(ÌM.ri ĩ l )  =  ỉ a { Ỉ ^ Í / Q m {Z^ĨÌ))  =  Ia { M / Q m {3L^E)) -

L e m m a  2.3. I f  n >  m  {i.e. n, > mr, i = 1, ...,d) then  Q a / ( t ,  n) c  Q.\i{£,m)-  

Proof. Let a  bo a positive integer. We put

Qm {o ) = : .rr.r.^...r2).
r i > 0

Since Qm(i )  is indeppiident o f  th e  Older o f  the  spqupru’p X .  WP  have- o n ly  to  s h o w

that

Ọ A / ( a ) c Ọ A / ( a - l ) C . . .  C Q a / ( 1 ) ,  

with  a  >  2. In fact ,  M is Nof'therian then  there  ex ist  7/0 »  0 such  tha t

ỵ~\ /  ̂ I Or(nn■̂ )̂ TÍO+1 nr,4-l\jir aT?o.i>o 7ỈO
Q m (^ )̂ -  (-̂  1 ...........•<! 1 ■■■ ' d '

and

VA/(i> -  1) =  1 -̂ 2̂ -Ì2 - d̂ ■

For any rloment a E Qhiick)

^^(a -i)2nov̂ ,2no ^ .r;;“ )(.r" ' '“ ... .7 7 )0

=  + +  .r"'> +  'y2  +  ... +

for s o m e  y i , y d  €  A/.  It follows that

+ +  ; r f  “ + ‘ 22 +  +

for soniP Z \ . ..., Zd €  A/ .  Therefore ,  a e Q m Ì ũ  -  1) □



C o r o l l a r y  2.4. The  fiinctiuii (]M^r{ii) is Hsccndiiig. i.e., > ({M r{m)  ỈUI II >
m, {n, > 1 ÌÌ, fui all i = \ ,... (I).

Proof .  For n  >  rji, WP cons ider  the  m ap

V? : M / Q m (x .h ) ỉ ỉ̂ / Q m (z ^U1),
(IcfilK'cl t)V

+  Q m (L' »)) =  (I +  m),

for aiiv n e  M.  By Leninia 2.3. the map ự) is well (lefiiipd and it is surjpctivo. Hence

Ia Ì M/ Qm ÌL̂ Ỉr )) < Ia {M/Qm {-t ,EÌ) □
T h e o r e m  2.5. (i m . A il) < »d c { r . M) .

Proof. We onlv nef'cl to show that (Im J I )  < c ị x . M) .  \vv provo this inoquality bv indue- 
tion on (I.

If (Ỉ = 1. bv Loinnia 2.1 (i). vve may assume tha t depth M  > 0 . Since depth  M  -
(ỉiin*1/ then M  is an A-nioduk' Cohen-Macaulay. Hf'nce. wo get I ^ ( M/ . r ị M)  =  e{ . r \ ,M)
and QmÌ.ì ' 1 . 1) =  v i M.  So wo have done for the case r/ =  1.

For (I > 1 and the assn tion  is tnio for all A-nio<lulos of (limoiisioii < (Ỉ. By Lemma
^ 1 ,  (ii). \V(̂  may assuiiK' that doptli M  > 0 and Ti is a non-zero divisor of M.  Let
^  — M /.1 \ M .  \ \ í '  d i m  M  — (Ỉ — I a iul  y  =  (./’2 . ...... /V/) is a  s y s t ( 'm  of  p a r a i n o t o r s  of
M.  Considor the map

(lofiiied bv

<P(ã +  Q ỵ j ( . r \ ì ) ) ^ a  - f  Q a / ( t , 1 ) .  

tor  a n \ ‘ (' li ' iiu'ni n G M .  I ho niHỊ) <l> is \V('11 (lofiiH'd aiu l  it is a n  (’piiiu)rplii .sni.  \ w  o b t a i n

ỈAÌ^^Ỉ / QMÌrA) )  < Ỉ ^ ( J Ĩ / Q j j { . r \ ì ) ) .

AỊ:>Ị)lvìn^ f lu '  i n d u c t i o n  hvpoí lì (\s is .  \vo not

Ỉ A { J Ỉ / Q j ỵ { r \ ì ) )  < ( i . r \ J ĩ ) .

Siiur ./-i is a non-z('ro divisor of M  íh rn  c{.r ' ,JĨ) = c(r.  M) .  Thoiofon*, Ia{M/Qm(,l^,  1) < 
e { . r . M )  aiỉíl  t h í ‘ t h o o ro n i  is provf 'd  □

III. THE FUNXTION .ìxỊ^Aíl)

Rorall  that  tho function  is a po lynom ia l  wlien II is large e n o u g h  (// 0) if
and only if

J m J h ) -  M ) - l A Ì M / Q M Ì . r . i i ) ) .

is a polynomial for ĨÌ 0 .
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P r o p o s i t i o n  3 .1 . Suppose that X  = ( r i .......t'd) IS H system o f  pnmmctc is  of M  and

n=.  ( n i , lid)- Then J m .ẶU.) < »1

Proof.  Let a  bo a pos i t ive  intrger and r ( a )  — .Í-2 , .'■,/)■ B y  Lomrna 2.3, wo ohta in

Q m (« )C Q a / (« - 1 )C...  c g ,„ ( l ) .  (1 )

for a  >  2. Consider the map

V? : M/ Q. MÌa)  M / Q M Ì a  -  1),

defined by

+  Q a /(0;)) =  ^ -h Q m {cí ” 1)'

for any  e lement  o e  M .  B y  (1) ,  it is ea sy  to  show that  the  m a p  ^  is wel l def ined and it is 

an epimorphism and

K e r { i p )  =  Q m {oc -  \ ) / Q m {oc).

Consider the map

: M / Q m {1) Ker{ip)

defined by

+  Q a / ( 1 ) )  =  +  Q M Ì a ) ,

for any element a e  M.  Since T p ^ Q A /(a )  c  Q a/ ( 1 ) ,  we can verify tha t the map 'I' is \v-ell
defined and it is a m on on iorp h ism .  Since  ự> is surject ive and ^  is inject ive.  WP o b t a in

Ia { M / Q m {Oí)) -  -  ^)) ■f' Í.4 (A'c< {^)

> U { M / Q M { a  -  1)) +  /.4(A//Qa/(1))-

Applying the induction hypothesis, we get

U i M / Q M Ì a  -  1)) >  ( «  -  1 ) ) / ^ ( M / Q a / ( 1 ) ) -

Hence

/ , 4 ( M / Q A / ( a ) )  > Q  I.a { M / Q m {1)).

Because the proof is independentẬthe order of the sequence X ,  finally, we have

Hence

JM.xin) = n i.. .nd  e(x, M ) -  Ia { M I Q m {x , ti) )  < ni...rzrf 

The proposition is proved. □
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T h e o r e m  3.2. Tỉie fiinctioii J m  ,r{n) is Hscciidiiig, i.e,

J m A ui ) < J m , A r )̂

wlien Hi < n.

Proof:  For every Ơ €  5f/. wo have

Q m {ji^r ) =  Q m Ìĩ I ^ ĩ i ì .

when' .]f_ = {-Tail), ■■■, -I'aid))- Hence, Wf' only need to prove the theorem in the case
=  >h.................... — ĩhi-i  and nifi < ĩiịị. \\v* do it by induction on d. In the case d = 1,

wo  get

J M . r i m )  =  J m . A r ) =  0.

For í/ > 1, by Lemma 2.1, (ii), we can assume tha t depth M  > 0 and Ti is a non- 
zerodivisor. Lot M  =  A//:r” *A/.

Consider the map

• "̂̂ỉ / Q ã ĩ Ìl  . m )  m / Q a í Ìĩ i . u i )̂

dehned by

+  Q j ĩ (i . \ ĩ r )) o QM (x , rn ) .

for any ('leiiifnit <I £ A/. where =  (?/i‘2......— (-/’2' and

A/

defiiK'd by

for a!iy eloniout ii E A/. where n' — (;;2. W ( '  can see that thes(‘ maps are well 
dciine<] and they are surjective. So we g(*t

and

lA{Al /Qj f{ :r \7 i ' ) )  ^  ÌA{Ker{^2) )  ^  Ia { M / Q aỉ {j1. ĩ i )).

It follows that

J A i J m )  -  +  lAÌKer{yỊ f , ) )^

and

Jm.Au.) =  J j ĩ , ^ ' ( ĩ í )  +  I . A { K e r { ^ 2 ))-

Applying the induction hypothesis, we obtain



Lrt vifi s = Ud. wo havo

■r:,QjT{T',m') (2)

Consider tlie map

$ : M / Q j j W , m )  -  ĩ ĩ / Q j ĩ ư , R ) .

clefinpci b\’

+  Qĩvĩ(—’— )) ~  +  Q ã ĩ(—

for any element 77 e  Ã7. By (2), the m ap $  is well defined and it is an injection. Let $1 
h e  the  m ap  of  $  restric ted  in to  the  set Ker (4 ' i ) .  W e  can eas i ly  check that  $ 1  m a p p in g  

of the set Ker ('I 'l) into Ker ( 'i '2) is also injective. Therefore. /,4 (/,-er('Ị'i)) < /,i(Ẳ-er('I<2)). 

It follows that

J m ,Auì} <

as required □
For dim M  < 2 ,  we have following result.

T h e o r e m  3 .3 . I f  dim M  < 2  then the function J m . A r ) « constant for  » >  0.

Proof. In the case d = Ỉ, by Lemma 2.1, we can assume that (Ippth M  > 0. Siiicp dep th
M  = dim M  then M  is an A-module ColiPii-Macaulay. Hence, QA/(.ri, » i)  =  M  and

l . A Ì M / Q M Ì - T u r n ) )  =  =  e ( , r” ‘ , A ; )  =

Theif-fore JA/,.n("i) =  0.
In the case d = 2, by Lemma 2.1 and Leiunia 2.2, without any loss of the gonorality. 

Wf (.all ci.'.biiiiu- U ia( A  -  Ầ .  Let M r ,  M / . i ' l M .  V.'C \iav(' d i m  A/„ -  1- Fov a n y  p o r i t i v ( '  

iiitpgor n wo set .r{n) =  (.r;’, and .r!_(n) =  (.r^) to bo a system of paraiiu'tors of A/„. 
Thoip is an exact sequpnco of A-niO(lulrs and A-honiomorpliisin

0 -  K c r M  -  K L / Q m A t I )  ^  M I Q M { x { n ) )  -  0 (3)

where is defined by

V?(T7 +  Qa/„ (■'?'2 )) “  ^  Q m ÌLÌ '̂ )̂)'.

for any  77 €  Mrr Fol lowin g  [1], we can choose  Xị  so  that

and the length OÍ H ^ { M ) / X ị H ^ { A Ĩ )  is finite and indppendent of 7/ when V is large (>noui>h.

By (3), it follows tha t

Ia Ì M u/ Q m A ^ Ĩ ) )  = l■A{^>'er{ip)) + l A{M/ QMÌ z{n) ) ) .

We get
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■ h iA n )  =  v ^ e { x , M)  -  Ia { M I Q m {x {ĩ>)))

=  e( . r^ ,  A/„)  -  / .4 , (A/„ /(?A,„( . r") )  +  / , 4 ( / 4 ( A / ) / . r 7 / / ^ ( M ) )

is a constant for 71 3> 0. Applying Thporom 3.2, the theorem is provod □
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VE XHỬNG HÀM ĐỌ DÀI XÁC ĐỊNH BƠI HẸ THAM so  
TRONG VÀNH ĐỊA PPỈƯƠNG

N g u y ễ n  T h á i  H ò a
KhoH Toáiì. Đại Ỉ I Ọ C  Sư phạm Qiiv Nhơii

Trong hài này chúng tòi (lịnh nghĩa liai hàm độ dài qM,r{n)  và JM,r{ĩl) •‘hf’O -
biến l i  =  { V ỵ ,  lièn kếr với hệ tham  số X  = ( t ] ........ T rf )  cùa A - niòđun M. Một số
tính chất cùa những hàm này được nôu ra.


