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I. INTRODUCTION

Let (4, m) be a commutative Noetherian local ring and M be a finitely generated
A- module with dim M = d. We denote Qas(z) the submodule of M defined by

Qu(@) = | J (Tt 7™M : 2T..23),

n>0
where z = (71, ..., 74) is a system of parameters of Al.

Note that the submodule Qs (z) is used for studying the monomial conjecture with
respect to the system of parameters r (see (7, 8]). Recall that the monomial conjecture
holds true for the system of parameters z if z7..vg ¢ (7t 2y THM for all n > 0.
Therefore. the monomial conjecture holds true for z if and only if @ (z) # M. On
the other hand, it was shown in [4] that Qa(z) = (71,...., Ta) M provided M is Cohen -
Macaulay module. Conversely, if there is a system of parameters such that Qar(z) =
xM then M is Cohen - Macaulay module. This fact suggest us to study the length

14(M/Qar(z)). The purpose of this note is to study the following function of n

gMmz(R) = la(M/Qa(x,yn)),

where n = (n,...,nq) is a d-tuple of positive integers and z(n) = (=21, .., 23*). Then, a

natural question is whether gas(n) is a polynomial of ny,...,ng for n sufficiently large
(n > 0) ? or it is equivalent to ask whether the function

Intrz () = ny... nge(z, M) — qm2(R)

is a polynomial for n >> 0 ?
We will give in this note some basic properties of the function gas ;(n2) in Section 2
and some properties of the function Jas,, () in Section 3.

II. BASIC PROPERTIES OF gy, (n)

Throughout this note, we denote by (A,m) a commutative Noetherian local ring
with the maximal ideal m and by M a finitely generated A-module with dim M =d. Let
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2 = (ry,....,rq) be a svstem of parameters of M. Then the submodule Quar(z) of M is
defined by

Qulz) = U (2], S IM - 2. 2,
n>0
and for n = (ny,...,ny4), we put

Qur(z,n) = Qur(x(n)).

The functions gar (1) and Jas ,(n) are defined by
qmr(n) = La(M/Qur(z, 1)),

Jara(n) = nynae(z, M) = 1La(M/Qx(x,n)).

Therefore, we can consider qas ,(n) and Jys -(n) as functions of n.

and

Lemma 2.1. Let x = (7},...,74) be a system of parameters of M. Then the following
statements are true.

1) Let N be an Arinian submodule of M. Then x is a system of parameters of
M = M/N and qz7 (n) = qum 2(n).

i) Put M, =—1\[/(0 :1y). Then x is a system of parameters of M, and qA—“i(_U_) =2
qam o (n).

Proof. i) From the property of the system of parameters, x is a system of parameters of
M. Let

mNDOm*ND2..Dm'ND ..
be a descending chain of submodule of N. Since N is an Artinian A- module then m* N =
m* N for a positive integer k. Since
(| w"N -0,
n>0
we have m* N = 0.

Consider the map

®: M/Qu(z,n) = M/Qu(z, n),
defined by ®(u + Qrr(x,n)) = U + Q37(x,n) for any v € M. Since M is an A- module
Noetherian it should be note that there exists ng > 0, such that for n = (n,,....,ng), we

have

_ (.ni(no+l) ng(no+1) . .ming nano
and iz, n) = [z5 IR . T 2™ 0 P,

QT[_(;’:*ﬂ) = (I?x(noﬁ-l)‘ ...,T;d(n'u+l))H: _T7111110“' msdno.

Thus, it is easy to show that ® is well defined and it is surjective. Therefore ker¢ = 0.
Furthermore, we can choose ng > k, hence it is also injective. Therefore stz =

ax7 . (1)

11) Can be proved similarly as (i) O
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Lemma 2.2. Suppose that A is the m-adic completion of A and M is the m- adic com-
pletion of M. Then

"11\!.1(!1) = ’1,(\1 r(ZL)

for all n = (ny,...,ng).

Proof. Since the natural homomorphism A — A is absolutly flat, then r is a system of
parameters of M and

——

Qumlz,n) = QAA!(L n).

Therefore we have

av2(n) = La(M/Qui(z,m)) = La(M/Qui(zm) = La(M/Qy ) =4qy (n) O

Lemma 2.3. Ifn>m (i.e.n; > m;,i =1,....d) then Qa(z,n) C Qr(x,m).

Proof. Let a be a positive integer. We put
Qurla) = | J (Y, 257, . a3t )M : 2" a3 ..aF).
n>0

Since Qar(x) is independent of the order of the sequence r, we have only to show
that
Qur(a) CQumla—-1)C ... CQu(l),
with a > 2. In fact, M is Noetherian then there exist ng > 0 such that
Qag (“\) y— (J?(‘Nr\*‘l)..rgn‘#] s T :}n+l YM - a rlmn'[ gn I :;n .

and

¢ —-1)(2 +1 % . -1 2 92 2
Qula—1) = (.7'2” }(2no )..Tgn()“,...,.'1‘3!7'(’+l)1\[ ; .r(ln 2 ””).1'.2”“.4. it

For any element a € Qar(a)

(.7“(1“_1)2"0'.1'3"0... .7‘3,"0)(1 - (.7?‘1’"0”2"0... ol (. o

~not+l, no+1
gy + 25" Yot et x2y” Ya)

::trTno—Qnou no)(m?(no+l)

2 'Td

for some y, ..., ya € M. It follows that

(a—1)2ng _2n 2n _ _(a—=1)(2no+1) 2no+1 2no+1
{x) Lo e By )= 1y &1+ %y Zp e b 2 24

for some zi....,2q € M. Therefore, a € Qp(a—1) O
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Corollary 2.4. The function darx(n) is ascending, ie., qu . (n) > qar g (m) for n >
m, (n; >m; foralli =1,... d).

Proof: For n > m, we consider the map

¢ : M/Qum(z.n) — M/Qn(z,m),

defined by

ela+Qum(z,n)) =a+ Qulz,m),

for anv @ € M. By Lemma 2.3. the map ¢ is well defined and it is surjective. Hence

W(M/Qu(z,m)) <1a(M/Qp(z,n)) O
Theorem 2.5. g, (n) <nj..ny c(g. M).
Proof. We only need to show that garr(1) < e(x, M). We prove this inequality by induc-
tion on d.

If d = 1. by Lemma 2.1 (i), we may assume that depth A > 0. Since depth M =
dimd/! then M is an A-module Cohen-Macaulay. Hence, we get la(M/r M) = e(r1, M)
and Qar(ry, 1) = 7M. So we have done for the case d = 1.

For d > 1 and the assertion is true for all A-modules of dimension < d. By Lemma

2.1, (ii), we may assume that depth M > 0 and 7, is a non-zero divisor of M. Let
M = M/r M. We get dim M =d -1 and 2’ = (12.....,r4) 1s a svstem of parameters of
M. Consider the map

®: M/Qxp(2' 1) — M/Qnas(x, 1),

defined by

B(a + Qi 1) = a + Qula, 1),

tor any element a € M. The map ® is well defined and it is an epimorphism. We obtain

La(M/Qar(x,1)) < 14(M/Q+7(2". 1))

Applving the induction hvpothesis, we get

LA(M/Qx7

1)) <
Since ry 1s a non-zero divisor of M then e(x’, _[) = e(x, M). Therefore, | ;(M/Qps(x, 1) <
e(x. M) and the theorem is proved [

‘M),

II. THE FUNCTION Jys . (n)

Recall that the function gy ;(n) is a polynomial when n is large enough (n > 0) if
and only 1f

Jare(n) = nynge(x, M) = 14(M/Qp(x,n)

is a polvnomial for n > 0.
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Proposition 3.1. Suppose that r = (r1.....,rq) is a system of parameters of M and
n=(ny,...nq). Then Jas (n) < 14 . hddpt 2 (1)

Proof Let a be a positive integer and r(a) = (¢, 19, ..., Tq). By Lemma 2.3, we obtain
Qnr(@) C Qar(a—1) C ... € Qu(l), (1)
for a > 2. Consider the map
¢ M/Qu(a) = M/Qr(a 1),
defined by
pla+Qum(a)) =a+Qumla—1)

for any element a € M. By (1), it is easy to show that the map ¢ is well defined and it is

an epimorphism and
Ker(¢) = Qumla—1)/Qum(a).
Consider the map
¥ M/Qu(1) — Ker()
defined by
U(a+Qun(1) =27 a+ Qula),

for any element a € M. Since T?—IQM'((J) C Qar(1), we can verify that the map ¥ is well
defined and it is a monomorphism. Since ¢ is surjective and ¥ is injective, we obtain

LA(M/Qu(a)) =1a(M/Qum(c — 1)) + La(Ker(y)
> 14(M/Qu(a = 1)) +1a(M/Qu(1)).

Applyving the induction hypothesis, we get

La(M/Qp(a—1)) > (a — D) a(M/Qum(1)).

Hence

La(M/Qn(a)) > a 1a(M/Qum(1)).

Because the proof is independentﬁthe order of the sequence r, finally, we have

Ia(M/Qu(z,n)) =2 ny..ng La(M/Qum(z,1)).

Hence

Imz(m) =n1.ng e(z, M) —1a(M/Qum(z,n)) < ny..ngJar e (1).

The proposition is proved. O



On Length Functions Defined by a System... 27

Theorem 3.2. The function Jy; ,(n) is ascending, i.e,

Ja o (m) < Iap e (n),
when m < n

Proof. For every o € S,;. we have

@umlzin) = Qui{a’

where 17 = (r5(1),....25(q)). Hence, we only need to prove the theorem in the case
mp =ny,....mg_; = ng— and my < ng. We do it by induction on d. In the case d = 1,
we get

J‘\I,i(m) = JM.,_((E) =0.

For d > 1, by Lemma 2.1, (ii), we can assume that depth A > 0 and r, is a non-
zerodivisor. Let M = M/x7' M.
Consider the map

Uy M/Qyr(z',m') — M/Qu(z.m

3

defined by

V(@ + Qzr(z’, m')) = a + Qu(z, m),
for any element @ € M, where m’' = (mo,...,my). 2’ = { B vony Mg}y B
Uy : M/Qgp(z — M/Qun(z, 1),
defined by
Vo (u + Qzf(x'.n')) = u+ Quar(z,n),

for any element u € M, where n’ = (ny,...,ny). We can see that these maps are well
defined and they are surjective. So we get

La(M/Qyp(z'.m") = La(Ker(Wy)) + La(M/Qar(z, m)),
and
1a(M/Qxp(z.0')) = La(Ker(¥3)) + La(M/Qun(z,n)).
It follows that
Ina(m) = Jzz o (m') + La(Ker(¥))),
and
Inz(n) = Jz7 o (0) + La(Ker(¥y)).

Applying the induction hypothesis, we obtain
I3t o (m') < Jgp 5 (0).
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Let mg + s = ng, we have
Qi m') € Quple’in') (2)

Consider the map

defined by

BT + Qupl(el m")) = 37 + Qaplal n'),

for any element @ € M. By (2), the map ® is well defined and it is an injection. Let &,
be the map of ® restricted into the set Ker (¥;). We can easily check that ®, mapping
of the set Ker (¥) into Ker (¥3) is also injective. Therefore, 15 (ker(¥,)) < 1a(ker(Wsy)).
It follows that

JA»I,._:;(M) 5 JM,[(E)*

as required 0O
For dim M < 2, we have following result.

Theorem 3.3. If dim M < 2 then the function Jys . (n) is a constant for n > 0.

Proof. In the case d = 1, by Lemma 2.1, we can assume that depth M > 0. Since depth
M = dim M then M is an A-module Cohen-Macaulay. Hence, Qs (71, n1) = 7' M and

La(M)Qa(x1,m1)) = La(M/2]* M) = e(a]', M) = nye(zy, M).

Therefore Jy; ., (n1) = 0.

In the case d = 2, by Lemma 2.1 and Lemma 2.2, without any loss of the generality.
we can assuine that A — A. Let My, — M/x7M, we have dim M,, = 1. For any positive
integer n we set x(n) = (r},25) and 2’(n) = (23) to be a system of parameters of M/,
There is an exact sequence of A-modules and A-homomorphism

0 — Ker(¢) = My /Qu, (15) = M/Qui(z(n)) — 0 (3)
where ¢ is defined by
e(i+ Qum, (73)) = u+ Qum(z(n)),
for anv @ € M, Following [1], we can choose r; so that
Ker(p) = Hiy(M)/2) Ha (M),

and the length of HL (M) /27 Hi (M) is finite and independent of n when n is large enough.
By (3), it follows that

Ia(My/Qnr, (73)) = La(ker(p)) + 1a(M/Qn(x(n))).
We get
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Jarz(n) = ne(z, M) — La(M/Qa(z(n)))
= e(r3, Mp) — lLa(Mn/Qp, (75)) + La(HL (M) /2T HL (M)
= La(Hp (M) /27 HL (M)).

is a constant for n > 0. Applying Theorem 3.2, the theorem is proved [J

[1]

2]
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VE NHUNG HAM DO DAI XAC PINH BOT HE THAM SO
TRONG VANH DIA PHUONG

Nguyén Thai Hoa
Khoa Toan, Dai hoc St phain Quy Nhon

Trong bai nay ching toi dinh nghia hai ham 4o dai qar,(n) va Jrar2(n) theo d -

bien n = (ny,...,nq) lien két véi hé tham s6 = = (r, ..., 74) cia A - moédun M. Mot s6

tinh chat cua nhirng ham nay dwoc néu ra.



