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ON LINEAR MULTIPOINT BOUNDARY - VALUE PROBLEMS
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Nguyen Van Nghi

Faculty of Mathematics
College of Natural Sciences - VNU

Abstract. This paper deals with multipoint BVPs for linear index-2 DAFEs. It has
been shown that the results obtained by [3] for transferable DAFEs can be ertended to

linear time varying inder-2 systems.

[. INTRODUCTION

Consider the following multipoint boundary - value problem (BVP) for linear differ-
ential - algebraic equations (DAEs): :

Lr:=At)z' + B(t)x = q(t), t € J := [t, T (1.1)
T

D= / dy(t) z{t) =, (1.2)
Jto

where A, B € C'(J,R"*") are continuous matrix - valued functions, 7 € BV(J.R"*") is
a matrix - valued function of bounded variations, ¢(t) € C' := C((J,R") and v € R" are
given function and vector respectively.

By the Riesz theorem, the left hand side of (1.2) represents a general form of linear
bounded operators from C' to R™.

In what follows, we assume that DAFE (1.1) with the pair { A, B} is tractable with
index 2, i.e., (see [1,2]): (u

1) There exists a continuously differentiable projector - function @ € AL RM*RY e,
Q?%(t) = Q(t), such that Im Q(t)= Ker A(t) for every t € J.

2) The matrix A,(#) = Ao(t) + Bo(t) Q(t), with Ag := A, By := B — AP’, is singular
and the matrix Ap(t) := A, (t)+ B (t) Q:(t), where Q,(#) denotes a projection onto
the nullspace Ker A,(t), By := (Bo — Ao(PP,)')P, is nonsingular for all t € [to,T].
Denote by P and P, the operators I — Q and I — @, respectively. Obviously, P

and P, are also projector functions satisfying relations: P € C'(J,R"™"). PQ = QP =
P,Q, = Q, P, = 0. Since (1.1) can be reformulated as A[(Px)" — P'x]+ Br = q, we should
look for solutions belonging to the Banach space

X :={reC,R") : PreC'(JR"},
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with the norm ||z]| := |70 + [[(P2)']| .

Let @, € C'(J,R"™") and without loss of generality, we can suppose that Q; is a
canounical projection satisfying @,Q = 0. It follows from the last relation that PP,z =
PP Pre C'(J,R"). Let Y(t) be a fundamental solution of the following ODE:

Y'=[(PP) - PP A;'B]Y; Y(s,s) = 1.
Denote by X(#,s) the matrix M(t) Y (t,5) P(s) Pi(s), where M(t) := I + RAQ(PQ,)
—~Py A, ' B]PPy, then X(t,s) is a solution of the homogeneous I'V P:
A X"+ B(t)X = 0; P(s)P(s)[X(s,5) = I] = 0.
It has been proved that Ker X(t,s) = Ker P(s) P(s) for all t,s € [ty,T]. Moreover, the
IV P:
A(t)r" + B(t)r = q(t); P(to)Pi(to)(x(to) — 7o) = 0,
has a unique solution of the form (cf. [2]):
,
r(t) = X(t, to)ro + X(t, o) / X(to,7)h(T)dr +7(1),
Jtg
where
h(t) = PPiA;'q+ (PP)PQ,A; g, (1.3)
and
q(t) : = (PQ +QPL)A§1(I+QQ1(PQ1A51(1)’ - QQ\(PQ1)' PQ A . (1.4)

For investigating multipoint BV P (1.1), (1.2). the technique described in [3] can be ap-
plied. Since proofs of most statements in this article can be carried out in similar ways as
in (1], they will be omitted.

IT. REGULAR MUITIPOINT RVP

We denote by D the shooting matrix [“’) dn(t) X(t,to) and by Ry the following
subset of R™:

Ro = { /’I dn(t)x(t) : T € (‘}.

Lo
Theorem 2.1. Problem (1.1), (1.2) is uniquely solvable on X' for any q € C' and v € R,
if and only if the shooting matrix D satisfies conditions:

Ker D = Ker A(tg) & Ker Ay (ty) = Ker P(ty) Pi(tg), (2.1)
Im D = Ry, (2.2)

In particular, we can consider the following multipoint condition:

m

[z = Z D) =+, (2.3)
1=
where to <t <t < --- < t,, <T and D, € R™™™ (i = 1,m) are given constant

matrices.
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Corollary 2.1. Problem (1.1), (2.3) is uniquely solvable on X' for any q € C and v €

m

Im(Dy, Da. ..., D,,) if and only if the shooting matrix D = > D, X(t,.ty) satisfies
=1
conditions:

Ker D = Ker A(ty) @ Ker A\ (tg) = Ker P(ty) Pi(to).
It D o= BB, Doy oeoo Dha)e

[II. IRREGULAR MULTIPOINT BVP

In this section, we suppose that condition (2.1) and/or (2.2) are not satisfied.
Consider a linear bounded operator £ acting from X to } := C'(l._,) x R" defined by:

B
g (I":r) '

where Cly = {q € C : Q1 Ay'q € C'} and |lgll = llallos + @1 A7'q) llsc. Since
Ker P(tg) Pi(tg) C Ker D, for fh() sake of simplicity we can suppose that

dim Ker P(tg) P\ (to) = v < dim Ker D = p.

Let {w%}Y be an orthonormal basis of Ker P(tg) Pi (o), uu_,(”'w? = &,;, where the
superscript T’ denotes the transposition. Let {w?}] be an extension of {.J,O}‘1 to an or-
thonormal basis of Ker D. Define a column matrix ®(t) := (@u41(f),... . 9p(f)) with
ei(t) = X(t,tg)w? (i = v+1,p) and put M := ]'T (I>T( )CD( )dt. It is easy to prove

that M is nonsmgulax and X can be decomposed mfo a direct sum of closed subspaces:

X = Ker L @ Kerld, where (Ux)(t) := ®(t)M~! [ DT (s)x(s)ds, and Ker £ = {r =

d(t)a : a € RP~¥} = Span ({w?}?,,). Further, (1911?0 by {w;}} be an orthonormal basis
Gy

of Ker DT and let Wq := (w2+1, e ,w;), W = : be n < (p—rv)and p <5 matrices
wh

respectively.

Theorem 3.1. The following statements hold:
i) L: X — Y is a bounded linear Noéther operator,

indL :=dimKer L —codimIm/.l = —v =
= —dim {Ker A(to) & Ker A;(tg)} = —dim Ker P(to) P1(t0).

i1) Problem (1.1), (1.2) is solvable on X if and only if the given data {q.~} satisfy
condition:

:
vw7~/ dn(t)£ (1, to)) = O,

Jto

where f(t, to) := X(t,1o) ]:0 X(to,7) (1) dr +7q(t) and h(t), g(t) are difined by (1.5). (1.4
respectively.
i11) A general solution of (1.1), (1.2) is of the form:

z(t) = X (t,t0)(To + Woa) + f(t,to) + ®(t)a,
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where To = D~ (7*/:: dn(t) f(t,to)), a = =M™} /’z OT (1) { X (t,t0)To+[(t, o)} dt,

a € RP™7 as an arbitrary vector and D denote the restriction of D onto Im DT

4. Examples

Consider system (1.1) with the following data:

1 00 0 -1 -1
A=10 1 0] B=[t=t* 0 —t|; qeCRY; J:=]0,1]. (4.1)

0 0 0, ki=% | 0

A simple computation shows that:

0 0 0 1 0 0 1 0 -1
Q=[(0 0 0); P(U 1 0):A1:({) 1 e
0 0 1 0 0 0 0 0 0
1—¢t 1 0 1 0 -1-—¢
h=|+-#2 £ ¢ QiQ=0; A,=|0 1 -2
1—¢ 1 0 00 1
t -1 0 0 —e 0
Po=|t-t 1-t 0]; X(t)={0 (1-t)et 0
t—1 -1 1 0 tet 0
i/ Suppose that:
0 0 0
dn(t) = (0 1 o) dt; = (0, v, O)7. (4.2)
0 0 0

In this case the shooting matrix is of the form:

1 0 0 0
= dn(t) X(t)=10 e-2 0}.
o 0 0 0

Since

Ker D = Ker P(0) P,(0) = Span {(1, 0, 0)*; (1, 0, 0)7};
Im D = Ry = Span {(0, 1, 0)7},

it follows from Theorem 2.1 that Problem (1.1), (1.2) with data (4.1), (4.2) is uniquely
solvable for every ¢ € C(J,R?) and v, € R.

ii/ Now let

dty 7= {1 0. (4.3)

QL
=
~~~

~

[l
S O -
s Y s
s R oo W
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The shooting matrix D is defined as:

D=/ dn(t) X(t) = (0 e—2 0).
J0

0 0 0

Thus, Ker D = Ker P(0) P;(0) = Span{(1,0,0)7;(0,0,1)"}, but Im D = Span{(l -e.e—
2,0)T} # Ro = Span{(1, 0, 0)T; (0, 1, 0)T}. Therefore, condition (2.2) of Theorem 2.1 is
not valid. Using Theorem 3.1, part (ii), we come to the following necessary and sufficient
condition for the existence of solutions of (1.1), (1.2) with data (4.1), (4.3):

1 t
(8 = 2) /0 e’{ /0 (1 - T)ef[(‘r — 1)(11(7—) 4 (T'Z _ 1)Q3(T)]d7’}df+
t

1
+(1—e)[0 (l—f)e"{ /0 (I—T)e"[(r——l)ql('r)%—(rg—1)Q3(T)]dr}df+
1
#2-e) [ (1= 000 + o)+ n®)d

#=0) [ {0 =R)n(0) + taalt) + tas()
= (2 = e}y + (1~ e}y
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TAP CHi KHOA HOC DHQGHN, KHTN, t XV, n’1 - 1999

VE BAI TOAN BIEN NHIEU DIEM ’
POI VOI PHUONG TRINH VI PHAN DAI SO CHI SO 2

Nguyén Vian Nghi
Khoa todn Dai hoc Khoa hoc Tuw nhién - DHQG Ha No

Bai bao dé cap dén bai todn bién nhieu diém ddi voi phuong trinh vi phan dai s6
chi s6 2. Két qua chinh cia bai béo 1a chi ra ring két qua nhan dwoc bai (3] d6i vai chi
s6 1 ¢6 thé méd réng lén cho phuong trinh chi s6 2.



