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I. IN TRO D U CTIO N

The class of regular languages on finite words lias been studied in the theory of 
formal language's. In [3,4], tlip lower and supper limits for the complexity of finite au­
tom aton recognizing regular expressions and generated schemata is shown. The approach 
to  language  on f inite  words  is iiifinitp in [2], In this  paper.  WP shall  deal  w i th  the  regular  

hyper- language, regular language on infinite words.

We introduce the definition of hyper-words, their limits, operation oil languagp and 
h y p e r  - la n g u a g e ,  h y p o r  - i tP ia t io n s  o f  a la n g u a g e ,  r e g u la r  h y p e r - la n g u a g e ,  h y p p i -  so u rce s  

hyper-autom aton ipcognizing languages b>' limits of hyper-words of statPs. We obtain 
some basic results on rocognization, closeness with some operations.

II. ELEMENTARY CO N CEPTS

1. H y p e r -w o r d :  Let — { " 1, •''2 ■•■"ri} b e a n  alphabet. An infinite sequeiKO a  =
of charac ters ill is c-alled an infinite word or a hyper-word oil TliP set of all hypor-
words on is clonoted by (wo recall th a t  is the set of all finito words on V ) .

1 lie h y p c i - w o r c l  a  =  « , , « , 2 ... IS ca l l f 'd  c y r l i r  w i t h  T  p n i o d ,  b o g i n n i i i g  a t  t h e  T\  

p l a c e  ( r ,  r i  - an> p o s i t i v e  i n t o g p i s )  i f  f o r  a n y  i n t o g ọ r  i ,  Ì >  Tị +  I,  w o  l i a v r  a,  =  n,  + r-

We write a.Ịj. for tho compound piodtict of the finite word n  with the !iypor-worcl
/i.

2. Limit, o f  h y p e r -w o r d :  Let a  =  (1 ,^(1 ,^... b(' a hyper- word on ilio srt of all
" € E  foi' which th e rr  is an infinite soqupiicp of indexes such that = a with

— 1' 2, 3,... is callod the limit of hvppr-woi'd Q and is denoted by lini (a).

C o m m e n t :  If is finite then all hyper-words a  € have the limit, that moans lini 
(a) ^ 0 .  ,

3. H y p e r - la n g u a g e :  A subset of is called a hyper- language on the alphabet 
We consider the following operations on the family of hyper-languages:

+  compound pro<luct of a language M l  with a hyper-language M 2 on the 
alphabet X] is a hyper-language on Y,  (denoted by M ị . M 2 ) which is defined by
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M\.AỈ2 = {f>-/3 I ẽ A/i, fii €

+ T h e  vinion of two hyper-language A/i, M '2 on X] is a hyppi- languago Mị  u  .\Ỉ2 on

E

M\ u M2 = {o; 6 °° I a € MiOvq € A/'i}-

+ The intersection of two hyper-language Ml ,  M 2 on ^  is a hvper-langiiagt' Ml  n  

M 2 ) on ^

A/i  n  A/ 2  =  { a  €  ^  I a  e  Ml  a n d  a e  A / 2 }.

+  The subtraction of two hyper-language Ml ,  A h  on X! is a hypor- language on Y,  
(denoted by Ml \  A/2)

Ml \  M2 = {o € I a G Mị-ăĩiáa ị  A/2}-

+  The complement of a hyper-language M  on ^  is a hyper-language on (lenoted

b>*C(A/)

C(A/) = I a ị  M).

+ The hyper-iteration of a language M  on is A/°°, tha t is a hyper-language on 

defined by

=  {XIX2. . .  €  ^  I x , e M . i >  1}.

Note th a t  the symbol M °°  is accordant with the symbol of hyper-language 
We have 0°° =  0 and for any hyper- language A/, 0.A/ =  0.

T h e  r e g u l a r  h y p e r  l a n q r i a g r :  W o  f i o f i n o  t h o  o f  I ' p p , i i l a r  h y p f i - l a n g i i a g o s  r m  V  a s

following:

D e f in i t io n .  The set o f  ãỉl regular hypci -Iangimge on consists o f  
ã) The elements R '^  where R  is a leguim- language on J2-
h) All compound products R 1 .R 2 where Ri is a regular hngiinge and R 2 is a rcgiihii 

hypei-laiiguage on 
c) All  unions R i U.R2  where R 1 . R 2  are regular hyper-Ianguagc on

4. H y p e r - s o u rc e :  A hyper- source on ^  is a finite directed graph G on with the set 
of vertices 5 , the beginning V and the set of the ends ịvi ,v2. ---  I’n} such that foi (’acli 
bow,  it is ass igned  t o  a character  a e  (cal led m a in  b ow )  or an e m p t y  word ((lenot('(l 

by f, called empty bow).
A hyper-line in a hyper-source G  is an infinite sequence 7T : Wu Pi, 1V2 , P2 , ■■■ \vh('i(' 

ỈƯ,, i = 1, 2,... is a vertex of G,  and is a bow of G  from w,  to
The hyper-line 7T generates a hyper-word [tt] =  where, e  assigned to

bow Pi , J =  1, 2,... The vertex Wi is called the beginning of 7T if there is an infinite spt of 
indexes i such th a t  w = Wr- The set of all limit points of 7T is denoted by lim (tt).
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Each hyper-source G  generates a hypor-language (denoted by ||G||) which contains 
all hvper-words  a  6  such  t h a t  each hyper- l ine  hav ing  the  beg inn ing  Ư (which is the  

beginning of G)  satisfies [n] = a  and there is at least one end of G  belonging to lim (tt).

C o m m e n t :  ||G|| 0 if and only if there is in G a right, close line which contains at least
one end and one main bow.

A hyper-sovirce G  is deterministic if it has no empty bow, and on two bows having 
the different b e g in n in g  from one vertex must be assigned to two different characters .

5. H y p e r - a u t o m a t o n :  A quintuple F)  is called a hyper-automaton,
whrro:

^  is a finite set of symbols, called input alphabet- 

Ọ 7̂  0, a finite set of states, Q = {qi, . . . ,  ợ„}.

(Ị\ e  Q, an initial state;

F  c  Ọ, the set of terminal states:

V 7 : Q x ^ ‘ —. Ọ i s a  transitional function of V  :

=  <7.7,

The extension of ^  is : Ọ X winch assigns each hyper-woid Q =  « 10,2... to
the hypor-woicl of sta tes  :

v?(<7i,a) =  Tp { q i , a x a 2 . . . )  =  <^(7 i, «1 )</?(<?!, aif7,2)... =

A hyper-word Q G X]"" is rocognizpcj by the livper- autom aton V  if lim tt) n
F ^ í ỗ .

The set of hyppi-words recognized by the hyper-autoinatoii K, denoted by R, con­
sists <jf dll lant>iiaf4eh Ifcogiiizrd by the liyppi-automaton V : R  = {a £ I lini

n F  0 }.

III. MAIN RESULTS

T h e o r e m  1. A n y  hypcr-languHge R  recognized by the hyper- autoiimton V  is a reguJar 
hypei-lHiigiiHge.

To prove this theorem, we consider the following lemmas:

L e m m a  1. Let R , f , ĩ  = 0, =  1,2, . . . ,n  he iegula.1 languages; X ị , X 2 , -.-^Xn he
the set of words satisfying

Some. Results  o f  Regular H ypev  - LữĩigtLữge. 3 7

X n  -  X i R i n  u ... u X n R n n  u  Ron 
Then, X 1 . X 2 , X n  ỉiic legiilar Ìãiìguages. (see[2j, p .92).



L e m m a  2. Let V  =  {q\,  F)  be a  finite ãìỉtoinãton. Let  he the
set o f  tìiiite words ieadiiig V  from the state to the state Qj such that it does not 
pass any state Qi with I > k (note that i , j  m ay  be greater than k.) In other words, 
^ 1 1  =  Ị w  e  \ i p ( g i , w )  — Qj  and for a l l  prefixes V o f  w , v  ^  w , v  ^  tO -  Qi
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/ < k}.
Then is a  regĩiỉar language (see /Jj, p .29).

Proof of  the Theorem 1:

Let V  =  F)  with Q  =  {qi,..., Qn] be an au tom aton  recognized by
the hvper-language R = {a E I lim í^(ợ i,a )  n F  7̂  0}. We shall construct a regular 
hyper-language M such th a t  Ằ/ = R.

Let M ,  = { w  e ' ^ *  \ w  e , ( p { q i , w )  = Q i } , i  =  1,2,
From the lemma 2, =  {iD € Ŷ * I <p{Qi,ĩv) = is regular andll.ịj

satisfies the following conditions:

Mn = .. .u Mn K^ U

The lemma 1 says th a t  M l , M n  is regular.
The set M  = \!  is a hyper- language.

We must prove M  = R.
1) M  c  R  : Let a  € M ^ a  = aiơ.2a 3..., we show th a t  a  E R.

For a  e  M,  there are r  6 {1, 2 , r?,} such th a t  Qr E F; a, na tu ra l number 5 tha t  ao =  
ai...a.s € Mr  and the hyper- word Q.s-ị îas- 2̂ --- € Therefore, there  exists an infinite
sequence OÍ increasing indexes =  s - f  1, ?2i such that Qj aj ^1-1 G /ỉPr
w ith  j  =  1 , 2 , . . . ,  i.e. , ( f {qi ^, Oj )  =  Qr and Qr €  F. T h a t  m ean s  Qr e  lini(;ỡ(í7i ,  a ) ,  i .e . ,  lim 

ĩp{qi ,a)  n  F  /  0, which implies a  e  R.
2) R  c  M.  Let o  G */?,a =  a i a 2ữ3..., we must prove a  € M.

Because lim^(<7i , a )  n  F  0, there exists r  6 ( 1 , 2 , 7 7 . } ,  Ợr € F  such that 
ip{qi,ai. ..aj)  =  Qr, for a set of increasing indexes j .  Therefore, there  exist s such tha t 
i p { q i , a i , . . a s )  =  Qr ,  i . e . , -  a i - . - Q g  E  M r  a n d  a  s e q u e n c e  o f  i n c r e a s i n g  i n d e x e s  ?1  —  .s - f  

••• tha t (p{qr,aj)  =  Qr with Oj = + i.e., a ,  e  =  1 ,2 ,. . .  T ha t
means a 54-ifl.s+2"- € (■Rrr)°^- Hence, a  G ^

T h e o r e m  2. For each regulas hyper-language M  on there aJways exists  a deterniijiistic
auủomaÉioíi V recognized by M.

To prove this theorem, we need two following lemmas;

Lem m a 3. For each reguJaj' hyper-la.ng\mge M  on there always exists a hyper-source
G  such that M  =  ||G1| (see [2], pA02).
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L e im n a  4. l o r  L'rich ivgiiinr ỉìvpcr-souico c  oil ỵ^.  there fiiwHvs exists ;i cictcnniiiistic 
- i i i i toiunton i c c ug i t i z e d  i)v ||G| .

Pi'OI'f o f  ìi ìIÌÌDd 4

L e t  6 ' 1)<. a  l i v p ( ' i - s o u t c c  oi l  >”3 =  ( a , . r /2 ...........a , „ ]  w i t h  t h e  S('1 of' v c i t i c o s  5  =

■■■- I',,} vvhosp ini t ia l  v e r t e x  is /yj Miul vvlioso set o f  ('lids Fc = {i',i ư 2 ... .

riK'.i ||6'|| =  { a  e  5 : ^  I 3 h v p c i - l in . -  ^ so  t h a t  [tt] =  o  a n d  limÍTT n

Let a  1)(> a <l('t(‘i nnn is t ic  l iyper-sourcc. Wo c o n s r iu c t  a (Ictermiii istic h y per -auton ia tou

Í -r"- -'Vhrro Q is t h e  set o f  all v c i d c c s  o f  G Q = S).  T h e  fu n c t i o n  ^
IS (li'fiiKHl as  .piq.d) =  p if th cr r  is a h o w  asKÌgiiing to  (I in G fVoni q t o  p. Tlu- se t  o f  o n d s

f \ .  = Fa. Denote by R  = {a e  lini ự ( v , , o )  n  F„ 7̂  0 }, the set of words m-oguized
by flic hviM'r-aiitoiiiaron \ w  have to piovp ||6 '|| =  R.

1) j|6 || c  R  : L(>t a  € ||G’||. Then oxisfs a hyper-lino 7T =  ư\P\ưi2 p 2 i'j-M):ị... with
=  '*■''* =  w hen '  (Ijk is the  character  ass igning to  the  bow  /')/,. and lirn

(tt) n  /•(-,■ 7̂  0. Prom iim (7r) n  F(; ^  0, then> is an iiifinitf' spqiK'iire of increasing iiuloxos i
sucl i  that  rh(> v n t i r o s  a n d  G l i n i ỹ ( n . o )  n  F„ ^  0. T l u n e f o r r  | |6'| | c  R.

2) n  c  | |6 ’|| : Lo t  c\ e  n  =  e  S'lfli t l i a t  l iiu ; ^ ( ỉ i , , a )  n  F,,<0.

Wv c lcnoto ý7(í'i-<'0 =  '^/1 £  Q^-  S i n c e  l i n i ỹ ( ỉ ' i , r t )  n  F,, ỹí 0.  t l iPie  is a 
s(>c|ut‘iK(' o f  iiifiiiit(' incn'asiii'j ,  in d e x e s  s u c h  t h a t  Ư, = ly =  =  // G F,
a n d  / ' i . ( / 1 1 ) =  ; Ả- =  1 , 2 , . . .  F ro m  rlif' w a y  o f  coiLStnu'ting t h e  ai i to i i i a to i i ,

accoidiuo to th<> hvp.'i word o =  e R  \V(' have a hvper-line in th(> hypcr-
s o u n c  6' ; 7T =  i'iPii'r>p2>^,:U>:ị-- so that [tt] =: fk and = ,/,  ̂+ 1 . wlim-, from
rho ahouf losiilt, then- is an iníiiiití' scquoncc of iiicivasino indexes / ị . /2, ... SIRÌI that
I',, =  G Fc;, i.e.. liniTT n  Fa Ỷ  0- Therc'fore, /? c  ||G'||.

Lot G !)(> a I i o i i - d e t o n n i n i s r i c  hvp<T-souiT('.  \ v v  const i iK't  t l io ( l<'t( 'nuinistic h v p o i -  
M M iuf c . '  l io in  (V a n d  JHOVC Mi(' ( 'q n iv a ln ic o  ot thru ' i(>roftiii/aiiC(' o f  livpcr-languaooH .  

Sunini ii i*;  up  t h e  al )ơv('  n 'su l t  \V(' h a v r  th e  p r o o f  o f  lo inn ia  □

Let Ơ  h e  t lie h v Ị X T - s o u m '  to  l)(> rcco ivcd  wl icn  G  is(l('tcMuiii('<l . Th(> sot o f  vcr tpxes

oi 6 "  ill the  set o f  a ll  s u b s e t s  o f  s ,  coi i taini i iK 0 a n d  ,5', too .  T h e  in i t ia l  o f  Ơ  is { ( - , }  th e

S('t OÍ e n d s  F(;. o f  G' con t  ainiiift su l ) so ts  o f  s  wh ic l i  ronta in i i iR  at loast o n e  o f  ('lids o f  G.
'I'hc v r i t f 'x c s  ;uk1 ti io l)OWH o f  G' an- (lefiiK'd as  fol lows: F rom  t l ie  ini t ia l  {t>i} o f  6"  

(or (>ach II G X], t lic s iKTOoding o f  {(>1 } is till '  set  o f  v o r te xe s  c  =  {,s|.s G c  : th f ' io  is a  bow  

l i o m  r, to  wh icl i  a s s i g n s  tli(> cl iaractf'r « } .  In t h a t  ra sr ,  o n  G' w e  a s s ig n  t h e  c l i a i a c to r  a 
to th(  ̂ 1)()W from {tị } ÍO c .

S up p o s í '  th a t  w o  hav(> (Iptpni ii iu'd a v(-rt('x c  o f  G'. For e a c h  a e Y ,  t h e  succpocl ing  

D  of c  is tlu' sot of vortexos of G  such tha t D =  V where 0(!^,a) is the sot of
1̂ £C'

veitvxcs  of G  connecting to u by a bow assigning to the character a.
In the case of finite languages, it is known th a t  G and G'  are recognized the same 

regular language.  We shall prove that so are the hyper-source G  and G ' .
If the hvppi-line 7T — iu\ .pi ,  W2 ^P'2 -“ in G  having [tt] £ IIGII then there is an infinite

set of iiulexos 7 such th a t  IU\ — w 6 Fa.  tha t  means from 7T we can take ail infinite set
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o f  co n ip k 'to  f in ite  l inos  7Tj “  W \ . p \ , W2  ̂ p2^ Ix'giiininji, I'iart of 7T (Mulin^ at

an end w^) such that  the  word iiig is contaiiHHl in the  finit(‘ languaii,r r(H-()>;niz<Hl

by G. Berauso G  and G'  an ' locognizod by the saiiH' Íìiiiíí' laii^iiaii,('s. foi rach 7T, of a .  
tlier(' (‘x i s t s  a resppct ivr 7T̂ G SlU’li that  t lu’v tho saiiK' word.  Let / to

thv  iiifiuit(\ wr obtain the hvpor-liiio 7T and 7̂ ^ lesportively ill G  aiul G' such that tln'v 
gciiorate tli(' saiiu' word Ix^loiigiiig to ||G'1| aiitl IK' ÎI- I hoi‘(‘for(‘, ||G|| c  \ \c ||. l lu'  saiiií' 
argument can be appliod to the reciprocal one. T ha t inraiis IIGII =  ||G^| .

Th(' theoioni 2 is followod from the lommas 3 and 4.

T h e o r e m  3. A hypei-lringnagc is closed with the operritioii of iiiteiscction ỉìiid comple- 

inent.

Proof: Let A /i.iU '2 be regular hyprr-laníỉ,iiagos. Th(‘oieiu 2 shows that thei'i' exist 
two hypoi-autornaton =  (5Z-Ọ '  ̂ ' ~  n'( ogiiizi'd by
A/i,A/-2. i.e., a / i  -  {a G 1 limĩ^(ryi,a)nF  /  0} and A/2 -  {a-e  I 

F V 0 }.
1) Ml n  a /2 is hyper-laiiguage. Wo consider a hypor-autoniatoii

V'' -  Q \ ự \ F x  F ' A q u ( ỉ \ ) )  wi th

Let R  = {a e E " "  I ), >̂) n  ( F  X F')  0}. prove A/i n  M -2 = /?.
L(‘t a  G A/i n  A/-2, we have a  e  M i  and a  € M 2 - Thor(‘ibi'o, Yunĩpiqi.a)  n  F  7̂

0 and lini , ("k) n 7̂  0. It follows lini , ri). lini , a ) )  n (F  X f  0 or 
ỉ h n ự ' ( { q \ . q [ ) , a )  n ( F  X F ')  ^  0, i.e., a  €  R.

Inversely, let a  G /?, liin ( (f / i , í/ị ), n )  n ( F  X F')  ^  0, thon

{\\u'i~p(q^ i'v) l i rn7 ’̂ '' /̂i ' ' v ) ) n ^ F x  F ' ) -/■ (h

i.(\,

and
liinv:5'( r / i ,a )  n F' 7̂  0 or a e M\

and
a G A/2. *'> € M\ n M-2 -

TluMpfoio. M\  n AL) ~  H/ì.v.ụMị n M -2 is hyp(n-re»ulai.
2. C( Mi )  = Ỵ " ^ \ M ị  is h y p e i  regular. Consider ílií' hyper- autoiiiaton V' =  

shows tha t  C{ Mị )  is recognized by the hypoi-automaton V'. We 
note tha t if is finite then e^ach hyper-word a  € has the limit i.e., lini(a) ^  0 . 
Th erofo io  if a  G a  €  ^  ị  l i m ^ ( r / i , a )  n Ọ  #  0 and

lim ĩ^ (^ i ,a )  n F  =  0, tha t implies l im ^ (i? i ,a )  n Q \ F  /  0, i.e., a  is recognized hy \'. 
Similarly, the inverse part is provecỉ.



C o r o l la ry .  M\ \  M -2 is livpcr ỉvguỉíìi.

T h i s  H'sult is recoivod fr om  t w o  al jo vr p a r t s  a n d  M]\AỈ2 — M\  n
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MỌT SỔ KỂT QUẢ v 'e  l ớ p  SIẺU NXí OX XGỬ c h í n h  q u y

Đ ặ n g  H u y  R u â i i

Kììuiì Tonii - Đại Ịìọc KH Tìĩiihỉẻỉì ~ DHQG HàNọi
_ ^
P h ỉ n i g  V ă i i  O i l

Tiườỉìg Dỉìỉ ỉiọc Hàng ỉìÁi Việt Nam

Lúp  n^oi i Iiofr chí ii l ì  qii i  vứi  tìr hừ i i  l iạn (1ă đ ư ự c  n g h i ê n  cứu khá  kỹ l ư ữ n g  t r o n g  lý

i l i u v i  1 I i ; ^ u  l i i i i l i  í l i u i . .  p l i í i i u  \ ì  Í . I U I  b à i  I i à \ ,  l u i  I i ị ^ ỉ i i t i i  t  H I I  l ứ p  i i ^ o i i

\ig\Y ch ín h  CỊUÌ \'(Vi t ừ  v o  h ạ n .  gọi  là siôii n g o n  ìiịi^ừ ch ín l i  qui.

I hmi cơ sờ (‘ác (lịnh Ii^hĩa vT' từ  vỏ hạn.  (lịnh u^hĩa vĩ* oiứi hạn ciia clninji, và các  

Ị)hf'Ị) ỉuán tìVìi s im  ìv^on Iiofr. clnini:!, toi (tà thu (hrực một 80 kốt quả haii đầu  vồ vấìi đ(‘ 
(loáii nhau í ua các SÌ('11 II^ỎU n^ữ chính quy thoiift qua các siôii oíoiiiaĩ vứi các từ  vào vo 
lian và (‘ác siíMi từ  thái tưan» ứng. các si(Mi nguồn vứi các sum đưànp, cùa nó và
lỉiot so tíiili chíĩí cùa siíMi ỉìịi^òn Ii^ữ (iiínli quy Iiliư tínli dóiií; vứi các phi'p lấy phần bíi. 
Ị)li('p Iihan siíMi 11J;()11 Ii^ừ,


