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1. INTRODUCTION

Nowadayvs, the applving of lattice theorv to concept analysis and data analysis is of
great interests.

In (6] R. Wille has proposed the notion of concept lattice. Concerning the construc-
tion of this lattice. some problems as subdirect decomposition, tensorial decomposition
etc... have been studied in [7, 8.

Further, the notion of concept lattice is widely used in data analysis, for example,
in [3. 4. 5. 9]. P. Luksch and R. Wille [4] have proposed a decomposition of a context (O,
0O, R) into subcontexts, which are indecomposable.

In this paper, we study the contractible sublattices [1] of a concept lattice B (O,
A, R) and with its help, we propose a decomposition of context (O, A, R) into pairwisely

disjoint subcontexts and its quotient context determined by these subcontexts.

2. CONCEPTS AND RESULTS

First, we recall some notions from R. Wille [6].

Definition 2.1. By the sviubol (O, A, R) we denote a context,”where O, A are arbitrary
sots and R s a binary relation between OO and A. The elements of O and A are called
objects and attributes, respectively. If & Ra for o € 0 and a € A we say: the object «
has the attribute a. If O’ C O, A’ C A and R = RN’ x A’ then (O, A", R’) is called a
subcontext of (0. A, R).

The relation R establishes a Galois connection between the power sets of O and A
as follows: '

X*={a€ Al(r,a)e R, Vre X} for X CO,

Y*'={veO|lv,y) €R, YyeY} for Y CA.

Definition 2.2. A concept of the context (O, A, R) is defined as a pair (M, N), where
M C O,N C A, such that M* = N and N* = M. The family of all concepts of (O,
A, R) are denoted by B(O, A, R). On B(O, A, R) are defined relation < and the lattice
operations A,V as follows:
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(a) (M), Ny) < (Mg, No) if My C M,
(b) Nier(M;, N;).= (NierMi, (Nies M:)™)
(C) VT'EI(A[i-Ni) == ((nj_ej'N,,)*,ni€]N,)

It is easv to demonstrate that B(O, A, R) is a complete lattice [6].
Definition 2.3. Lattice B(O, A, R) is called a concept lattice of the context (O, A, R).

In this paper we consider the set of objects and set of attributes, which are finite,
the objects are denoted by a, b, ¢ etc..., the attributes by 1, 2, 3 etc...
Example. Consider the contexts ('} = (O, A, R;) and Cy = (0. A, Ry) (Fig.1). where
O = {a,b.c.d}, A = {1,2,3,4}. These contexts determine the concept lattices B, =
B(O, A, R,) and B> = B(O, A, Ry) respectively. For denoting a concept, for exam-
ple. (M.N) € B, with M = {a,b,d}, N = {1.3}., we shall write (abd, 13) instead of
({a,b.d}, {1,3}).
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(d,1234)

B,
Fig. 1
Now, we shall deal with the concepts of contractible sublattice [1].

Definition 2.4. Let L be a lattice.

1) A sublattice C' of L is called convex ifa < x < b with a,b€ C then x € C.

2) If a,b € L, a is uncomparable with b and {c,d} = {a Ab,aV b},c # d, then
sublattice {a,b,c,d} is called a square of L and it is denoted by < a,b;c,d > .

3) A proper sublattice C' of L with |C| > 1 is called a contractible sublattice if C

satisfies the following conditions:
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a) (' is convex.

b) If < a,b;c,d > is a square in L then c € C < d e C.
In [2] there has already been proved:

Proposition 2.5. Let C' be a contractible sublattice of a lattice L and k € L\ C,c € C,
then: (Py) Ifk < cthenk <z, VYreC.
(P lfk >ecthen k>, Nr el

(P3) If k is uncomparable with ¢ then k 1s uncomparable with r,.Vr € C.

Definition 2.6. We say that lattice L has a linear decowmposition (or is linearly decom-
posable) if there exist a chain I with |I| > 1 and sublattices L;,i € I such that L = U,¢;L,
and fori,j € I,i < j thena <b, Ya € L;, Ybe L;.

Lemma 2.7. Let ('), (' be contractible sublattices of L such that one does not contain
the other and 'y N C'y # ¢, then C'y Uy Is a linearly decomposable sublattice. Further,
if Cy U’y # L then it is a contractible sublattice.

Proof.  Using the properties (Py),(Ps),(P3) we come to the conclution of the
lemma.{

Lemma 2.8. Let {C
@, Yi.j € l,1# ). Then on L there exists a congruence such that every C,,i € I, is an

1 € I} be a family of contractible sublattices of L such that C;NC'; =

equivalent class and the others are one - elenent classes.

Proof. a) We define an equivalence p on L, which has the classes as C,,i € I and
{r}, r € L\ UsesC;.

b) Let a pa’ and bp b, we have to prove that (a A bip(a’ Ab') and (aV b)p(al V b’).
Wiheri @ <@ b= & or :r‘hnl‘hl c (', for come ¢ ¢ I, it io evident. Suppooe that a #
0. b#b anda.a €C,, bb € C, for somei,j €1, i# j Denotec=aAb, ¢ =a Ab.
It e ¢ ) then we get b € () as () is contractible, but it contradicts to the relation
(,NC,; = @. Thus, ¢ ¢ C, and hence ¢ < a’ according to (Py).

Analogously, we have ¢ < b and so a <a Ab =c. By the same argument we also
have ¢ < ¢ and thus ¢ = c’, e ¢cp c.

By duality we have (aV b)p(a Vb ). The proof is completed. ¢

Consequence 2.9. If a lattice L is finite and has no linear decomposition, then L has a
c.'.uugmeuce p such that the quotient lattice L/p has no contractible sublattices.

Proof. Since L is finite, every its contractible sublattice is embeded into a maximal
one. Suppose that C;,i € [ are all maximal contractible sublattices of L then by (2.6) we
get C;NC; = ¢, Vi,j€1,1# j, The remain of the proof is implied from (2.8). ¢

Now, we return to the concept lattices. Consider the following example.

Example 2.10. Let ' be a context (Fig.2a) and B(O, A, R) be its concept lattice (fig.2b).
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flx | x [ x |x |x |[x|x B(O, A, R) B(O, A, R)/p
' 2b 2¢
C =LA R Fig. 2
Here
zg=(de f,01234) yo = (ef, 0123456)
pi=fedef, 013d4) ‘o= lef, - 0123485)
ro={ade f, 0123) w = le f = 05)
ra={mecdef 0113 y3 = (abcde fr, 0)
wy= (abdef, 013)

s ={abecde f, U1}

In B(O, A, R) there exists a contractible sublattice C' = [rg, 5] (interval). By (2.8).
there exists a congruence p on B(O, A, R) :

=0 ol
apb if {
a,beC

Thus, we have a quotient lattice B(O, A, R)/p (Fig. 2c¢). We want to construct.
with a help of the context (', a context defining sublattice C' and another context defining
B(O,A,R)/p.

a) Putting O = {a,b,c,d}, A = {1,2,3,4}
and R = RNO x A", we have a new context (O’, A Rl).
which is a subcontext of C' (given by a small square in X x X

Fig.2a). o’ g .

0 A 5 6

It is easy to see that C = B(O', A R’) (see also

the context ("} and concept lattice By in Fig.1).
b) Putting O#% = {1, 0’ e, f}, A# = {0,A",5,6} | x | x | x| x
and basing C' we construct a context (O%, A% R#):
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This context has a concept lattice isomorphic to lattice B(O, A, R)/p (see also the
context (', and concept lattice By in Fig .1). Context (O#, A# R#) is called a quotient
context of (O, A, R) by subcontext (.

Now. we will generalize Example 2.10 for an arbitrary contractible sublattice (' in
a concept lattice B(O, A R).

In (4], P. Luksch and R. Wille have proposed notion superalternative for a context
(0,0, R) (here O = A). In this paper, we define "superalternative” for (O, A, R).

Definition 2.11. Let Q.0 .0, and A,, A’, A, are the pairwisely disjoint sub sets in O
and A, respectively, such that O = O, U0 U0, A= A, UA U Ay. We say that a pair
(0", A") is a pair of superalternatives in (O, A, R) if

r € Q) then (r,a)€e R, Va € A
1 €0, then (1,0) ¢ R, Yae A
a€ Ay then (r,a)€ R, Y1 €O
a € Ay then (r,a) ¢ R, Vr € o)
€0y, € A then (r,a) € R

Note 2.12. If (O’ A") is a pair of superalternatives, putting R* = RN O’ x A’, we have
a context (0", A", R") which 1s a subcontext of (O, A, R).

Proposition 2.13. If ' is a contractible sublattice of B(O. A, R) then there exists a pair
of superalternatives (O', A') such that C = B(O', A", R").

Proof. Suppose that (M;, N;),i € I, are all elements of C. Put My = N,/ M,;, N, =
Moe N, No = M5, My = Ny then (M, No) and (M,, N;) are the smallest and greatest
clement of C') respectively.

Take (K,R) € C' and (L,S) € C such that (K, R) —=< (Mg, Ny), (M, N;) —<
(L.S)aud O = M, \ K, A =N, \ S (in the case, where there does not exist (K. R) then
we put O = A, in the case, where there does not exist (L, S) then A = Nop.

Consider (M,N) € B(O,A,R),(M,N) ¢ C. As C is contractible, applying (P )(P2)(P3),
we have 3 possibilities:

(a) M C'N,

(b) M > M,

(c) (M, N) is uncomparable with (M, N;).

Consider each possibility in detail, by (a) we have: Yr € M, (z,a) € R, Va € A,
by (b) we have: Yo € M\ M,,(z,a) ¢ R, Ya € A" and finally from (c), it implies that
r € M, either v € MN M, C My, or v € (NyNN)* D M, ie. either (r,a) € R, Ya €
A'or (r,a) ¢ R, Ya € A, respectively.

In conclusion, if x is an object, then

1) r e O or

2) (r,a) € R, Ya e A or
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3) (r,a) ¢ R, Va e A

Thus, O = O, UO Uy, where 0,0, O, are pairwisely disjoint and the condition
of Definition 2.11 is satisfied.

Analogously, we have also A = A, U AU A, such that A, A Ay are pairwisely
disjoint and condition (2) holds.

Finally, consider a pair (r.a) withz € O,,a € Aj;as 2 € O then (r,3) € R, V3 €
A'-, thus r € M, VM D M,. On the other hand, as o« € A; then (y,a) € R, Vy €
O, thusa € N, YN C N;. In ('011(‘1[15011, (r,a) € R and (3) holds.

Now, we take (O, A R)with R =R N O x A and BO . A, R'). If (E.F) ¢
B(O', A", R') then, by (1), (2), (3) we have (O, UE, A; U F) € C. This correspondence is
an isomorphism between B(Ol, & Rl) and C.

The proof is completed. {

Proposition 2.14. If C' is a contractible sublattice of B(O, A, R), then there exists a
context (0%, A# R#) such that B(O, A, R)/p = B(O#, A# R#), (here p is a congruence
on B(O, A, R) determined by C).

Proof. Denote by (O', A", R') the context corresponding C' (proposition 2.13.) and
puts=0"t=A 0% = (0\O')U{s}, A# = (A\ A" )U{t}. Define R* between O* and A%
as follows:

1) (s,t) € R¥,

2) T # 5,0 # t, then(r,a) € R* & (r,a0) € R,

3) (z,t) € R* & 2 € Oy,
4) (s,a) € R* & a € A;.

Take P = O, U{s}, Q@ = A, U{t}, it is easy to deduce that (P,Q) € B(O¥#, A¥ R%)
and B(O, A, R)/p > B(O#, A# R#) such that the cquivalence class C of B(O, A, R) &
corresponding to (P, Q) of B(O#, A%  R#).

The proposition is proved.

Now, we apply propositions (2.13), (2.14) to study an arbitrary finite contoxt

(O, A, R). Consider its concept lattice B(O, A, R).

Case (I). Let B(O. A, R) be linearly indecomposable and have contractible sublat-
tices. Each of these sublattices is embeded into a maximal one. Suppose that {C,|i € [}
is a family of all maximal contractible sublattices. By lemma 2.8 {C,i € I} determine
a congruence p and a quotient lattice B(O, A, R)/p, the latest has no contractible sublat-
tices.

According to (2.13) and (2.14), there exist subcontexts C; = (0,, A,, R,) determin-
ing C;,7 € I, and context (O%, A# R#¥) determining B(O, A, R)/p. |

In this case, we say that (O, A, R) has decomposition by a system of the contexts
C,,i € I and C* where (,,i € I are paiwisely disjoint and C'# is indecomposable.

Erample. Consider the lattice in Fig.3a.
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Case (II). B(O, A, R) is not linearly decomposable and has contractible sublattices
C'...,Cyp such that B D (') D ... D (,,, where the next sublattice is maximal in the previous
one. ’

In this case, we have a decomposition C' 2 C'y O ... D (,,.

Erample. Consider B(O, A. R) in Fig.3b.

Case (III). B(O, A, R) has a linear decomposition. Suppose that Cy,Cy...,C,,
are the linear members of B(O, A, R), which are linearly indecomposable. If, for some
1 <1< n,|C;] > 1 then C, is a contractible sublattice, which is a multi - dimensional part
of B(O, A, R).

In this case, (O, A, R) has a convenient decomposition such that B(O, A, R)/p is a
linear lattice.

Erample. Consider B(O, A, R) in Fig. 3c.

Cy
&
C, C
C,
C,
B(O,AR),C, nC, = BlO,AR>SC, 50Cs B(O,AR)=C,uC,u C,
3a 3b 3c
Fig.3
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TAP CHi KHOA HOC DHQGHN, KHTN, t XV, n5 - 1999

DAN CON CO bUQC TRONG BAI TOAN PHAN TICH DU LIEU

Nguyén Dire Dat
Khoa Toan - Co- Tin hoc

Dai hoc KH T nhien - PHQG Ha Noi

Hien nay. viec dp dung lv thuveét dan vao bai toan phan tich khai niem va phan
tich dir lien dang thu hnit air quan tam eoia rat nhien tae pia

Nam 1982, R. Wille da dwa ra khai nicm dan khar niém B(O, A, R) xdac dinh bdi
ngu canh (O, A. R).

Trong hon mot thap kv nay. uhicu cong trinh nghien ciru da de cap tdi cau e
cung nhu ap dung cua dan khai nien.

Trong bai nay chung toi ap dung khai niem ddn con co dvoc vao nghien ciru dan
B(O, A, R) va nho né da de xuat mot cach phan gidi ngir canh (O, A, R) theo cac ngu
canh con roi nhau tirng cap va ngur canh thuwong xac dinh bdi he thong cac ngir canh con
nay. 7



