
VNU. JO U R N AL OF SCIENCE. Nat. Sci., t XV. n^5 - 1999

C O N T R A C T I B L E  S U B L A T T I C E S  I N  D A T A  A N A L Y S I S

N g u y e n  D u e  D a t
Fnciiity o f  Mathematics,  Mecbãiiics Hiid ỉììỉonììHtỉcs 

College o f  NHtìirãỉ Sciences - VNU

1. INTRODUCTION

Nowadays, the applying of lattice theory to concept analysis and da ta  analysis is of 
great interests.

In [6] R. Wiile has proposed the notion of concept lattice. Concerning the constnu - 
tion of this lattice-, some prohlenis as siihdiiect (leconiposition, tensorial decomposition 

have been studied ill [7, 8 .
Fiirther, the notion of concept lattice is widely used ill d a ta  analysis, for example, 

in [3. 4, 5, 9]. P. Luksch and R. Wille [4] have proposed a decomposition of a context (O, 
o .  R) into subcontexts, which are iiidocomposablo.

In this paper, wo study contiactihle sublatticrs [1] of a concept lattice B (0 . 
A, R) and with its help, we propose a ciccoinposition of context (O, A. R) into pairwisely 
disjoint subcontexts and its quotient contf'xt (letpnninod by tliesp svihcontexts.

2. CO N CEPTS AND RESULTS

First, rocall sonio noiions from R. VVillo [6 .

D e f in i t io n  2.1. B y  tiic SVỈIÌÌ)0 Ì (O. A. R) we dcỉiote H context.' where o .  A aie Hibitrni y 
'.('is Ỉìiìỉl ỊÌ is H Ììiĩỉỉìrv rcỉĩìtioii hrtwiH'ii o  Hiid A llio oìoìììeỉìts o f  o  Hiưì A a/e  called 
()i)jects riiid iìttriỉìììtcs. rcspcctivelv- If  <y Riĩ for a  E 0 Hlid a ^  A we say: ihe olijeci a
ijH,s the attríi>ììte a . I f  O'  c  o .  A' c  A ỉìỊid /?' =  /? n  O'  X A' then ( 0 \  A \ R ') is cnllcd ri
si//>coỉJíeA'í OÍ (O. A. R).

The relation R establishes a Gaiois connection between the power sets of o  and A 
as follows;

X* =  {a e  A\{.r,a) e R.  v.r € A'} f o r  X  c  o ,

y*  ^  {v e 0 \ { v .y )  e  R.  Vy G Y }  f o r  Y  c  >1.

D e f in i t io n  2.2. A concept o f  the context (O, A, R) is defined as a pair (M, N), where 
M  c  O. N  c  A, Sĩich that  A/* — N  ãìid N* = M. The fninily o f  ỉỉll concepts o f  (O, 
A, R)  ate deỉioted hy B ( 0 ,  A, i?j. On B (0 ,  A. R)  are defined relation < Hiid the Ịãttice 
opera tions  A, V as follows:
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(H) < (A/2 , ^ 2 ) i f  A/i c  M 2

(b) A,g/(A/,:, A^,).= (n,gyA/,, (n ,e/A /,)*)

(c) V i . g / ( M j ,  A /,)  =  ( ( n , g / A ^ i ) * ,  n ,g y  A^,)

It is caiiy to domonstrate that B (0 .  A, R) is a roiuplete lattice [6

D e f in i t io n  2.3. Lattice B ( 0 ,  A, R)  is called a concept  la t t ice o f  the context (O, A, R).

Ill this paper wo consider the set of objocts and set of attributes, which are 
the objects are denoted by a, b, c etc..., the attributes  by 1, 2, 3 etc...
E x a m p le .  Consider the contexts C] =  [ 0 , A , R \ )  and C 2 =  [ O . A , R 2 ) (F ig .l). whcic
o  =  {nJ)A',d},  A  = {1 ,2 ,3 ,4}. These contexts deterniine the concept lattices Bi  =  
B{O .A . .R i )  and Bo = B { O . A , R 2 ) respectively. For denoting a concept, for exam 
ple. { M . N )  e  By with M  =  {a ,b ,r ì} ,N  =  {1,3}, we shall write (abd, 13) instead of 

{ { a . b . d } , { h 3 \ ) .

1 2 3 4 1 2 3 4

a X 'x X a X X

b X X b X X

c X X X c X X X

d X X X X c X X X X

Fig. 1

Now. we shall deal with tilt' concepts of contractiblp sublatticp [1

D e f in i t io n  2.4. Let L be a lattice.
1 ) A  siihlattice c  o f  L is called convex i f  a < :r < h with n.b e  c  then T e c .
2) I f  n,h e  L , 0  is iincoinparable with b mid {c,d}  = {a A Ò, rt V b},c Ỷ  then 

suhÌHttice b,c,(i} is cnlled a square o f  L and it is denoted by < a ,h;c ,d  > .
3) A p io p e i  Sìiììỉattice c  o f  L with  |C| >  1 is called  a  contiHCtihle si ihlntt ice i f  c  

satisfies the following cuiiditioĩis:



a) c  is convex.
b) I f  < a, h] (\ d > i.s a squárc Ji] L then r  G c  f/ G c .

In [2] thoiP has aheaclv been proved:

P r o p o s i t i o n  2 .5 . Let c  he a contiHctìì)ìe siihlãttỉce of  a lãttice L and k e  L \ C , c  e  c  
then: {Pi )  If k <  c then k <  :r, v.r E c .

{Pyj If k >  c then k > ;r,v.r G c .
(P;í) I f  k is ìincuinpHrHỈ)le with c then k IS ìincoiiipíìrãbìe with  :r,V.T e  c \

D e f in i t io n  2.6. We say that latticc L has a linear decomposition (or is lineãilv decoju- 
posỉìỉAe) i f  there ex is t  a chain I with  | / |  >  1 and sì ih ìat t ices  L,;, Ĩ e  I  Silch th a t  L  =  
nnd for i , j  e. L ĩ  < J theji a < b, Vi'; 6 L,, V6 6 Lj.

L e m m a  2 .7 .  Let C x . C )  }>e C0iitỉ'HCtiì)le s ìihlãt t ĩces o f  L such  that one does  not  contain  

the otỉìei and  Cl n  Co /  0, then C\  u  C -2 is a linearly decomposa.ì)ỉe subìãttice. Fiirther,
i f C \  u  C -2 /  L  tíìCỉì i t  is H c o ĩ i t i a c t i h ỉ e  S ì ỉh la t t i ce .

Proof. Using th r  properties ỈP ị) ,{P 2 )A P ị)  we come to the conclution of the 
le inuia .ộ

L e m m a  2.8. Let {(T';|/ e  /} Ỉ)CH family o f  contractibie sìỉỉìlattices o f  L such thiit C ,n C j  —
(Ỉ). V/. / e  1,1 ^  J. Tiivii on L there exists  a coij^rfjeijce Silch that  every  C\^ 1  e  / ,  is HU
OiỊìiiVỉiìvnt cbiss niicl tỉiC otiiers Hie one - elemeiiĩ cÌHsses.

Proof, a) iletino an equivalence f) oil I .  which has the classes as c , . V G I  and 
{.r}. . r e  Ả \ u . e / C .

1)) L(‘t (I ỊÌ (Ỉ and Ỉ)Ị) b , we have to prove that (a A h)p{a A b ) and (a V h)p{a V h ).
I)*’" (' or ti.ii.d Ji r  c \  foi noiiìc' i c  / ,  it iu . Síippoưc that n /

<1 . h Ỷ ^ C -  ^ Cf  foi SOUK' /, J e  i j .  Donoto c ~  (I A b, c — (Ỉ A b ,
1! c E ( \V(' b £ i \  as c \  is contractible, blit it contradicts to the relatioii
( \  n  C'l ~  0 . Thus, c ị  c \  and hoĩu‘(' r  <  (I according to (Fi).

Analogously, we have c < b and so ÍÍ < Ơ A Ò =  c . By the same argument we also
have c < c and thus c =  c \  i.e. c p c .

Bv duality wo have {a V b)p{a V Ò ). The proof is completed. Ộ

C o n s e q u e n c e  2 .9 . I f  a lattice L is finite and has no linear decomposition, then- L has a 
cungmence f) s\ich that  the quotient lattice L / p has no contiiictihie sulAattices.

Proof. Since L is finite, every its contractible sublattice is embeded into a maximal
one. Suppose tha t 6 /  are all maximal contractible sublattices of L  then by (2.6) we
get Cl n  Cj — 0, V/, J e  I ,  i ^  j ,  The remain of the proof is implied froai (2.8). Ộ 

Now. we re tu rn  to the concept lattices. Consider the following example.

E x a m p le  2.10. Let c  be a context (Fig.2a) and B { 0 ,  A, R)  be its concept lattice (fig.2b).

Contract ib le  auhlattices in data analysis  ‘3
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0 1 2 3 4 5 6

X X

a X X X X

b X X X

c X X X X

d X X X X X

e X X X X X X

f X X X X X X X

c  - t O , A ^ P ~ )
2a>

Here

Fig. 2

2b 2c

T o  =  (f/ e / ,  0 1 2 3 4) 

Ti = { c d e  f ,  0 1 2 4 )  

T2 =  (« d e / ,  0 1 2  3)

.r,3 =  (a c (I e / ,  0 1 2) 

Xị = {n b d e f ,  0 13) 

.Ttj =  (a h c cl e f .  0 1)

i/o =  (e / ,  0 1 2 3 4 5 6) 

y, = {e / ,  0 1 2 3 4 5)

U2 ( e / . r ,  0 5)

^3 — {a b c d e f  r, 0)

In B (ơ ,  yl. /Ỉ) then^ exists a contracti])le sublattice c  =  [:ro, X‘5] (interval). By (2.8). 
there exists a congiueiico f) on D {0 ,  A, R)  :

(ipb I:
(t = 0  U1

Thus, we have a quotient lattice B { 0 ,  A, H ) /p  (Fig. 2c). We waìiĩ to consti n e t . 
with a help of  tho context c \  a context defining sublattice c  and another coiit('xt (h'tiiuu^ 

B { O . A R ) / p .
a) P u tting  o  = {a j ) , c ,d } ,  A  — {1,2,3,4} 

and R  — R n O  x A  , we have a now context {O  , A , R  ), 
which is a subcontpxt of c  (given by a small square in 
Fig.2a).

It is easy to S(*e tha t c  ^  B { 0  , A . R )  (see also 
the context C] and coiici'pt lattice B\  in Fig.l).

b) Pu tting  -  {0 ,/l ',5 ,6}
and basing c  we construct a context :

0 A’ 5 6

X X X

0* X X

e X X X

f X X X X



This context has a concept lattifc isomorphic to B { 0 , A ,  R)/() (see ako  the
context C ‘2 and concept lattice ill Fig 0- Cont.oxt ( ơ ^ , is calli'd a quotient 
context of by Silhcontoxt c\

Now, vv<‘ will i^riKTalizi' Exaniph' 2.10 for an aibitrarv contractible sublattice c  in 
H coiicepf lattice B { 0 ,  A.  R).

Ill [4], P. Luksch aiid /?. Wille p>roposed notion siippralteniative for a conU'xt 
(O. o ,  R)  (here o  — .4). In this paper, we define ''superalteinative’" for (O. A, /?).

D e f i n i t i o n  2 . 1 1 .  Let  0 \ . 0  . O 2 Hijii A \ , A  , A -2 are the pairwisely disjoint  siilj se t s  in o  
rijid A, respectively, such thỉìt o  — Oi u o  u  Ơ-2, A = A\ u  Ấ  u  A 2 . We say that H pair 
ỈO' . A  ) is a pi-iir o f  siipcniltcrnativcs ÌỈÌ (0 , .4 ,  R) if:
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■/' 6 (-){ tỉi6 ỉi ( .r,o) G i?. Vo G Ả

;r € O 2 tỉien ( .r ,a)  Ệ R, Va e A

a € A\ tiien (:i\a) G /?, V:í’ e  o

a  G Ao tlivn ( .r ,a)  ị  R,  Vx G o
■Ĩ' 6 G *4] tije/j (r, it) G ỈỈ

N o t e  2 . 1 2 .  If  (O' ,  A') is H p a i l  o f  s i ipe iahen ia t ives ,  pì ỉ t t ỉ i ig R' — R n O '  X A \  we have  

>i co i i tcxt  { O ' , A \  IV) which is H Siihcontext o f  (O, .4. /?).

P r o p o s i t i o n  2.13. I f  C' is H cu n t iH C t ib le  s i i l j ln t t i c c  o f  B { 0 .  /1. ỈỈ) th e n  t h c i v  e x i s t s  H pair 
of siipcj nltcj lui t iws {O' .A')  .siicij t i ia t  c  ^  B ( 0 \  A \  R )̂.

Proof. Suppos(' that (A/,, N,).  i 6 / .  are all eltMiierits of c .  Pu t M q — N{
n,,  /.V/, Ao — A/q, M\ = A'f then (A/(1. 'Vo) and (M\.  N \)  are the smallest and greatest

....... ' e r  :,,a e r  n,„ ,K.«,
‘ L. S) and u  — M\ \  h \  A  =  N{) \  s  (in \hv case, whcro thoro (loos not ('xist (A'. R) then 
\V(“ Ị)ut u  = M \.  ill the cas(\ wheic tlien^ tloi's not exist (L ,S )  then A ~  N().

Cousulei (A/,AO 6 B { 0 , A , R ) , { M , N )  ệ  c .  As  c  IS contractible, applying (Pi )(P2)(/^3), 
we have 3 possibilities:

(a) M C  No
(b) M  D A/i
(c) (A/. iV) is uncomparable with ( M \ .N i ) .
Consider each possibility' in deta.il. by (a) we have: Vt e  A/, (x ,a )  6 /Ỉ, Va € A \

ỈÍV (b) we have: V:r 6 A/ \  A / i , ( r , a )  Ệ /{, Va G and finally from (c), it implies that
r  e  A/, either :r G A/ n  Mị  c  A/q, or X e {Ni n  N)* D either (x ,a )  e  /?, Va €
A'  or ( .r ,a )  Ệ /?, Va G Á  , respectively.

In conclusion, if .7’ is an object, then
1) .r e  o  or
2) (x, a) e  /?, Va € Ấ  or



3) ( .r ,a )  ệ  R, y a  E Ả .
Thus,  o  =  ƠI U Ơ  U Ơ 2 , whore 0 i , 0  ,0'2 pairwisely disjoint and the condition  

of Definition 2.11 is satisfied.

Analogously, we have also A  — A \ D  A \J A -2 such that A \ , A  , A 2 are pairwisely 
disjoint ami condition (2) holds.

Finally, consider a pair [ x ,a )  with X G ơ i , a  € A i;a s  X G 0 \  then G /?, V/Ỉ G
/1., thus ;r G A/, VA/ D M ị .  On the other hand, as a  E Ai  then i y ,a )  G /?, Viy G
o  , thus a  6 N, y N  c  N ị .  In conclusion, ( .r ,a)  G R  and (3) holds.

Now. we take (Ơ , A , /? ) with R  ~  R  n  o  X A  and D { 0  , A . R  ). u  (E , F) E
B { 0 \  A \  R' ) then, by (1), (2), (3) we have (Oi u  E . A ị U  F)  e  c .  This ronespoiuleiice is
an isomorphism between B ( 0  , A  , /? ) and c .

The proof is complettHl. Ộ

P r o p o s i t i o n  2 .14. I f  c  is a contractible Sìibỉíìttice o f  B { 0 ,  A, R),  then there exists a 
context siich th a t  B { 0 ,  A, R ) / p  ~  ). (here p is H congrueiice
on B { 0 , A , R )  de tenuined by C).

Proof. Denote by (Ơ ,i?  ) the  context corresponding c  (proposition 2.13.) and 
put 5 =  0 \ f  = A \ 0 ^  =  (0 \0 ') U { .s } , .4 ^  -  i A \ Á ) U { t } .  Define between and 
as follows:

1) ( s ,0  € R ^ .

2) .r ^  ,s,a ^  thoii(.r, a )  G € /?,

3) ( T , t ) e J ĩ ^ ^ . r e O i ,

4) ( s ,a )  e  <=> a  6  A i .

Take p  O i U ị s ị . Q  = .4i u { /} .  it is easy to deduce that (P,Q) E B ( 0 ^ , A ^ , / ỉ ^ )  
ami D { O . A , R ) / p  ~  D ( 0 ^  , . n ^ )  :uuh tin- claaa c  of D [ 0  A. li) V.
corresponding to {P,Q)  of / ỉ^ ) .

The proposition is proved. <0>

Now, we apply proposit ions  (2.13),  (2.14) to s tudy an arbitrary iinite  ̂ foi'M xt 
{ 0 , A , R ) .  Consider its concept  lat t ice D { 0 , A , R ) .

C a s e  (I). Lot B { 0 .  A. R) he  linearly indecomposable and have contractible sublat
tices. Each of these sublattic’os is ornbiHlod into a maximal one. Suppose that {C,|/ E /} 
is a family of all maximal roiitiac'tible sublatticos. By lemma 2.8 {C,ị/ € /} deteiiniiK' 
a congruence p  and a auotif^nt latt ico B { 0 , A , R ) / p ,  the latest has no coiit iactible sublat-  
tices.

According to (2.13) ami (2.14), there exist subcontexts — ( ơ , , .4 | , / Ỉ , )  (letennin- 
ing c , ,  i € L  and context (O ^ .  .4^. R * )  deterinining B ( 0 ,  A, R) /p .

In this case, we* say that (OM,-/?) has (leconiposition by a system of the coiit(‘xrs 
c , ,?  E I  and where c , .  / G I  aio paiwisely disjoint and is iiulecomposable.

Example. Consider the lattice in Fig.3a.
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C a s e  ( I I ) .  B { 0 ,  -4,/i) is not liiK’culy (l(K‘omposabl(' and lias contiaftihlc sublattia^s 
Cị. . . ,Cn  such tha t D D C\ ^  ... D c „ ,  wlioie the next sublattice  is Iiiaxiiaal iiỉ tho previous 
one.

In this case, we have a decomposition ^  C\ D ... D Ct>.
Ermnple.  Coiisider D [ O .A .R )  in Hg.3h.

C a s e  ( I I I ) .  D { 0 , A , R )  has a linear ( leconiposit ion.  Suppose that C j , C V - - C n  

ai(* tlie linear Iiieiiibeis of B { 0 ,  A, R),  which are iiuearly indecomposable. If, foi some 
1 ^   ̂ | 0 |  > 1 then  is a contractible sublattice,  which is a Iiiulti - dimensional part
of B { 0 .  A. R).

In rlii^ case. (O, .4, R)  has a convenient decomposition such th a t  B ( 0 ,  A, R ) ! p is a 
linear lattice.

E.nifiipk. Consiilcr B { 0 , A . R )  in Fift. 3c.

c ,

B(0, A, R), Ci n  C2 = 0  
3a 3b

Fig.3
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DÀN CON CO Đ i r ợ c  TÍỈONG BÀI rOẢN FllAN TÍCH DỬ LIEU

N g u y ễ n  Đ ứ c  Đ a t

KI ìuh Toííii - Cư- Tin hoc 

ĐrU hoc K ỉ l  Tư nhicn ~ ĐHQG Hà Nọi

Hiệu nay. việc áp dụiìịị lý (làu vàu hài toán phau tích khái niệm và phán
tíí‘h <lữ lióii rliinpj thìi InU ‘Iir quiìii tíUìì CW'A ìíit nlỉiiMi y'\‘À

Năm 1982, R. VVilh' đà dira la khái Iiirni (làn khái ntcìii B { 0 , A ,  ĩ ỉ )  xác định Ixri 

ĩigử cảĩiỉi ( ơ ,  .4. lỉ).
Troiií; hưu mọt tliạ]) ky nay. ỉihi(Mi C’OII  ̂ í null Cìrn (lã íT(' cạp tứi ( HIỈ ín'](

cũng như áp dụng rù a  (làỉi khái aiộiii.
Trong bài này chúng tòi áp dụng khái niệm dàn C071 co đ ư ợ c  vào nghièn cứu dàn 

B { 0 , A , R )  và nhờ nó đá (le xiiất  mộf cách phản giải ngữ  cảnh ( ơ , . 4 ,  R)  theo các ỈÌÍỊỪ 

cành conxòì  uhau từiìí; cặp và 7///Í? cảvìi thuờĩig  xác định t)ời liệ thốug các iiỊ^ừ cảnh coiì 

nàv.


