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SPLITTING B(Z/p), FROM THE MULTIPLICATIVE GROUP
OF THE SUBFIELDS OF FINITE FIELDS*

Nguyen Gia Dinh

Department of Mathematics, College of Sciences, Hue University

Abstract. Let p be a prime number, F,. the field of p" elements, K a subfield of
Fpoand K™ = K\ {0} the multiplicative group of K. By using representation theory .
and explicit idempotents i the group ring F,[K™|, we qive a splitting of B(Z/p)%
into stable wedge summands and a condition so that each of these summands does not

contamn indecomposable summands

[. INTRODUCTION

The current tendency of algebraic topology is to survey the stable splittings of topolog
;pm es. especially classifying spaces. That is exactly one of the causes giving an impulse stronger t
the research on cohomology and representation of groups. Since 1984, with Carlsson’s solution ¢
:;lu' Segal Conjecture [1], the most significant recent development in homotopy theory, the algebrai

jopologists have been interested more and more in the probiem of finding a stable splitting

: ]31)1 o .’Yl Y4 .Yg Vs M /\"\;

|

%llfn wedge summands, completed at p. where p is a fixed prime number, P is an abelian p-groug

’ml B, is its classifving space with a disjoint basepoint. A (E(‘("()]l]p()blf]()ll of the identity i
plAUL(F)] nto orthogonal wdempotents induces a stable sphtting ot 8F, [6]. Harris and Kuh

pave shown that splitting questions about an arbitrary abelian p-group can be reduced to specia

i ~ & ~1
tase of an elementary abelian p-group [8].

Let Fj,. be the field of p” elements, A a subfield of F,,» and K* = K\ {0} the multiplicativ
goup of K. By some way, we can consider K* as a subgroup of GL,(Z/p) (=Aut(Z/p)"). Stabl
iplitting of a G-topology space X depends mainly partially on the action of group G. In this paper
ve give a stable splitting of B(Z/p)"l from K when B(Z/p)" is considered as a space on whicl
he action of A is the restriction of the action of EF.. Here, F3., acts naturallv on (Z/p)" b
dentifyving F,. with (Z/p)" as a vector space. Moreover, we also give a condition so that each o

he wedge summands of this splitting does not contain indecomposable summands.

* The paper was partially supported by the National Fundamental Research Program N“ 1.42
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II. MAIN RESULTS
Proposition 2.1. If K is a subfield of the field F,. then K* can be cousidered as a subgroup
GL,.(Z/p). ‘
Proof. In F,., choose an element w so that w generates the cvelie group F. and {w,o(w),... , ¢" "
forms a basis for F,. over F,, ([4]), where ¢(a) = a” is the Frobenius. Let p(r) = ag + a1 + -
an_17" "1 4+ 2" be the minimal polvnomial for w. Let

0 0 ... 0 —ag
1 .86 ... © —ay
H = 0 j o e U —"(12
0 0 ... 1 —-a,_
be the n x n matrix over £, representing multiplication by w in the basis {I,w,... | w1}, Sing

w is a generator of F., we see that 6 has order p” — 1 in G L, (Z/p). Therefore. we can consider

P o=, <8 CGL;ld/p).

p

Given a subfield K of the field F,.. Then K = F,. with m | » and (p" = 1) | (p" = 1). F
Fpn = Fp(w) and F. =< 6 >, we have

K = Fy(w™™)and K™ =< 6" >,

where r = Z=L

Notation 2.2 We let (', =< ¢ > act on Z/(p" — 1) by c(u) = up™™ (mod p" — 1). L
[u] be the orbit containing u under the action of €', On the set (Z/(p" = 1))/C},, the action
C, =< a>=(Z/(p"-1))/(Z/(p™ —1)) is given by a([u]) = [u+p™ —1]. Let V,,(m) = UnZea™ (1
For cach V,(m), we chooee u to be the smallect element of V, (m) Then V,(m) is exactly the g
consisting of the elements of Z/(p” —1) in form up' +h(p™ —1) with0 <1 <m—-1,0<h <r-1la
the set consisting of such representatives u is I(m). Here, 1(m), J,(m) and z,(m) are determin
as follows: We let C,, =< ¢ > act on Z/(p™ — 1) by ¢(u) = up. Let J,,(in) be the orbit containi
u, and let I(m) be a set consisting of one element from each orbit. The cardinality of .J, ()
z,(m). where z,(m) is the smallest positive exponent k with up® = u (mod p™ - 1).

Harris has proved the elements ({7],3.5,4.4)

u

p' -2

fulm) = Z ex(m), u € I(m), where e,(m)= ~ Z wkerghr

ved, (m) k=0

form a primitive orthogonal set of idempotents with Y f,(m) = 1 in F,[K*]. In order to give
sphtting of B(Z/p)" from K*, each f,(m) have to be expressed as a sum of primitive orthogor

idempotents
p'=2

ej=— whe jez/(p"-1),
=0

in Fyn[Fp.] (see [4]). We have the following main lemma:
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emma 2.3. For m |n and v € I(m), we have

Zuk

. m)—1
fulm) = L e; = Z Z B3
1=0

JEV, (m) 1=up'(mod p™ —1)
roof. We have
z,(m)—1p" -
T s _ v(up' +h(p™ -1))gv
2w = = ) Z 3w g,
JEVL(m) =0 v=0 h=0
?hene r = L, r = 1(mod p), and
r—1 v
Z u}—'v(up’-#h(p'" =13 - { 0 if 7 XIU‘
- 5
h—0 A S |
lence
z,(m)—1 pt—-2 . z,(m)—1
~-k k
E By = Z Z kgt ¥y == eupt{m) = fu(m).
JEV, (m) =0 k=0 1=0

'heorem 2.4. For m | n, let Z,, mitl) = fulm) B(Z/p)'.. Then

B2 /p). = \/ Z,_,,,(u‘).

vel(m)

Bgpln) . = W B = Y %,
e IOV, (m) JEV, (m)
'lu re Y (i) = = fitn)B(Z/p)} and Y,,(j) is the Campbell-Selick.
[lnv Campbell-Selick sminmands are described in details in [2] and (7].)
Yoof. From Lemma 2.3, we have

fum) = Y fi.

1€ MV, (m)

ere the f,(m)’s (v € I(m)) form an orthogonal set of idempotents with Y fulm) = 1 in
plGL, (Z/p)]. Hence, the proof of the Theorem is completed. &

In [8], Harris and Kuhn follow the constructions of the irreducible representations S, (resp.
) for A€ A (resp. A € A') of F,[M,(Z/p)] (resp. FLIGL,(Z/p)]) as given by James and Kerber
. [9] chapter 8 - in particular, exercise 8.4 of their book, where

A= {{Ay M) |0 sp=11<k<n},
A = {0 00) [ 0€ 0 Lp~11<b<a=1.0< A, <p-2}
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Denote the stable summand of B(Z/p)l corresponding to S(y) (resp. ,‘v'(’/\,) bv X () (resp. X{/\
The X\'s are the indecomposable summands of B(Z/p)"| and the X{'s are splitted over the Xy

(2.5) Xexio gy = Ky, Sl if0< Ay, <p-1and

s ! Yol g
X a0 XX 200 YV X e 1)

¥4 (n\ ocey

1

J

in a composition series for R(s (Z/p) S%. Then for j € J,. Harris has proved that (7], 4
P'

For each A € ’\' i €1, l(*t n’/\ be the number of times the representation F,[F},

*
,)

(2.6) Yo() = \/ ahX).
AeA’

One of the fundamental problems that has been being intersted in at present in the problem
finding a stable splitting of B(Z/p)’} is to determine By

Lemma 2.7 ([5]). The eigenvalues for the action of 6 ou the Weyl module We are w77 whe
T is a semistandard a-tableau of coutent (B1, ... ,Bn) and B(T) = (T pey P 1B8k) ( mod p™ — 1

Here. the notions of Wevl module and semistandard a-tableau of content (31,...,/3,) ¢
be found in (8].

Lemma 2.8 ([5]). The eigenvalues for the action of 6 ou S, are &’ with j = my( mod p —
where my = A + 22X + - +nA, with A = (A...." Ay).

From Theorem 2.4. (2.5), (2.6). Lemma 2.7 and Lemma 2.8, we have the following theore

Theorem 2.9. If my # u (mod p — 1) then X, is not a sununand of Z, m(u), so it is not
sumnand of Y,,(j) for each j € V,(m).

For A= (A1,... . A,) where A, =0 or p— 1, my =0 (mod p — 1) and we have the tolowi

corollary:

Corollary 2.10. X, ., forA, =0o0rp-1, for example X5, p-1p-1) and X1, p-1
are the sununands of \/ | _ 04 p—1) Yn(J)-
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AP CHI KHOA HOC DHQGHN, KHTN, t.XV, n®5 - 1999

PHAN RA B(Z/P)Y TU NHOM NHAN TINH
CUA CAC TRUONG CON TRONG CAC TRUONG HUU HAN

Nguyén Gia Dinh
Khoa Todn - Dai hoc KH - Pai hoc Hué

Gia str p la mot s6 nguven to, F,. la truomg cia p™ cdc phan tir, K la truong con cua F,.
Y A7 = K\ {0} nhom nhan rfnh cua K. Bang cach sir dung 1v thuyét bidu dién va cdc liy dan
g g g
;« n trong vanh nhém F,[RA™], ching ta dwa ra su phan hoach cua B(Z )\” thanh cac hang ti
Fa 7 24 D) g

\onn s6 on dinh va dieu }\mn dP mol trong cac hang tir nav khong chira cic hang tu khong khai
icn duoc,



