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S P L IT T IN G  B {Z lv ) \  FR O M  T H E  M U L T IP L IC A T IV E  G R O U P  

O F T H E  SU B F IE L D S OF F IN IT E  FIELD S*  

Nguyen Gia Dinh

DcpHitment o f  Matheumtics,  College o f  Sciences, Hue University

A b s t r a c t .  Ia'I p  be a prime number. the field of p" elements, K  a subfield of 
f  A * =  A \  {()} the multiplicative group of K . By using representation theory .
and explicit idempotent.s til the group Ting FplK*], we give a spliUmg of B { Z / p ) \  
nito stable wedge summ.ands and a condition so t.hat each, of these summands does not 
contai.n tndecomposable summands

I. I N T R O D U C T I O N

TliP c u n e n t  tciuloiK v of algebraic topology is to survey the stable splittings of topolog 
Jjiaccs. (’Sjjpcialh’ classityiiig spaces. Thar is exactly OIK' of tlu‘ causes giving an impulse stronger t. 
Ịht' ipst'arch on ( ohoniology and representation of groups. Since 1984, with Cailsson’s solution c 
Ịlic Se^al Coiijoctiire [1], the most sigiiificaut iec('nt <l(‘velopnieiit ill honiotopy theory, the aigf-brai 
ịoỊíologists have intoi('Sf('(1 IIIOIC and more ill tlic piobicni of finding a stable .splitting

B I \  ~  A'l V.Y., V . . .  V A' N

ị i i io s i m n u a i H Ì s ,  (o iupl ( ' t ( 'c i  a t  p.  w l i i ' i c  p  is a  f i x e d  pi i i iK'  I iu i i ih er ,  p  IS a n  a b f ' l i a n  p - g i o u p

Îi(i iU\,  is its t .si)ac<' witli a (lisjoiiit hascpuiiit. A (k'coiiiposition of lilt' identity i;
ịí I i i i o  uri  lu) j;oi ial  u l c i n p o t c n i s  I i i d u c i ’s  a Hlat)lc s p l i t t i n g  OÍ I i l \  [tij. H a r r i s  a n d  K u h :

^a\c sliovs’ii th a t  split till" c|U(‘sf ions about an arbitral V alx'liau /)-j;i(;up can 1)C rodiicf'd to sj)eria
jasr oi an ('IciiH'iitar\' alx’liau /í-^ioup 8 .

Let f],.. he tin' Held o f />" clcinciits, 1\ a sul)fi('l(l of F,,.. and A'* =  K  \  {()} the inultiplicativ 
ịToiip of K .  By some way. we can consider K*  as a subgroup of G Ln{Z /p )  (= A u t(Z /p )" ) .  Stabl 
iplirfing of a G-topology space X  depends mainly partially on the action of group G. In this paper 
Vr a stat)l<‘ splitting; of  B(Z/i>)"_ tioiii A* \vli(’ii D ( Z / p Y \  is considi'K'd as a space on whicl 
-lie action of K* is the restrict ion of tli(> action of / y , . Hi'ic. F*„ acts naturally oil (Z//))" b; 
(iciiliiyiuft f),.. with (Z /p )"  as ii vpc'tor space. Moioovcr, \vf also givo a coiidifion so that each 0 

he wodgr yuiiimaiid.s of  this  splitt ing (lof's not coiitaiii iiHl<'foiii])osahlc sununaiuls .

*  The paper was partially supported by the National Fundamental Research Program A'" 1 4.2
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P r o p o s i t i o n  2.1. I f  K  is H snhtield u f  the field F,,n then K '  cHii hr cunsideivd as H siii>giunp 
G L„{Z/p) .

Proof. Ill , choose an ('U'lneiit cc-' so that u.' gpuciatf's the rvclic group F*„ and (p{ ^ ) , . . . .  0" 
forms a basis for F,," over Fj, ([4]), when* ộ { n )  =  n<’ is the Fl'obcniiis. Let J ) { : r )  = «0 +  '■'i '' + ■ ■ 

+  t ” be the minimal polynomial foi Lot

II. MAIN RESULTS

0 . . 0 - f 'o  \
1 0 . . . 0

tì = 0 1 .. 0 - 0-2

u 0 .. 1 1 /

bo the II X T) niatiix over Fp rcprf'scutiiig multiplication b\' uj in the basis {1, . .. . Sim
is a generator of F*... W P  see tha t 0 has order p" -  1 in C L„ {Z /p ) .  ThPiefoiP, we can fonsidci

f ;.. = . < e >  C G L „ ( Z / p ) .

Given a subfield K  of the field Fp- . Then h  =  Fp". wirli ni I V  and (//" -  1) I (7>" -  1) Fi 
Fp.. =  Fp{uj) and F*,: =--< 0 >, we have

K  = and i r  = <  tì'- >,

where r  =  .

N o t a t i o n  2.2 We let c,„ =< c > act on z / ( j f  -  1) by dl l )  =  (/;)” /"' (mod p" -  1). L 
be the orbit containing 11 tinder the action of c,,,. On the S( ' t  [ Z/ i j f  — 1))/C„1, the action

u.c ,  = <  rt {Z / ip"  -  l ) ) / ( Z / ( / / "  -  1)) is given by a{
Foi cacli v/o choor.o If to Uo tho oloi^iont i>f Thi*ii v,,(ííí) it; OY‘A/'t]\ thí' ^
consisting of the elements of z / (;>" — 1) in form //.// — 1) with 0 <  / < 77/. “  1 , 0 < // < r  — 1 ai
the set consisting of such representatives Ỉ/ is I(ni) .  Hero, ./„(ni.) and z„(in) are (letonnim
as follows: We let c ,n  0 >  act on z / ( j / "  -- 1) by ộ{ u)  -  up. Let Jui^n)  be the orl)it roiiTaiiti]
u, and let / (m )  be a set consisting of one ('leineiit from each orbit. The caulinality i)i -/„(///) 

wiiere z,^{ni) is the smallest positive exponent k  with =  u (mod p ”' -  1).
Harris has proved the elements ([7],3.5,4.4)

p"’-2
fu{rn) -  ^  e„(;n) , V e  I { m )  , where e„(m) = -

i’€ Ju{rn)

- k'Vi ^kr

k~ 0

form a primitive orthogonal set of idernpotent/s v/ith — 1 in Fp[K*\. In order to give
splitting of B { Z /p )1  from each /u (n ỉ)  have to be expressed as a sum of primitive orthogor 
idenip)Otents

, J e  z / i p ” -  1) ,

in Fp-[F*n] (see [4]). We have the following main lemma:



p u t t i n g  B(Z/p)“ f r o m  the  m u l t ip l i c a t iv e  g r o u p . . .  

e m m a  2.3. For m  I n  aiid V, G  / ( m ) .  we have

z,.(m)- 1
f u i m )  =  ^  e ,  =  5 ^

jeV.Arn) l=zQ 7 =  up^(mod

^roơ/. We have

.7 6 Vu(ni)

[here r =: ^nZi\  ̂  ̂ — l(niocl p), and

r - l

2u(m)~l p"-2 r-1 

Vu(m) /=0 i;=0 /i=0

+ ^  I  °  if ^
£:r> I  i f r  i;

[(nice
—'2 2 „ { t ỉ í) — 1

Ẹ  ' i  -  E  ( -  E  = E
V'„(/n) /=0 A=0 /=0

(ĩup‘(m)  =  fu(rn,

11

jev„{,n)

‘h e o r e m  2.4. Ful ni \ n.. let =  f„{tn)B{Z/p)' \_.  Then

B ( Z / p y i  ~  \ /  z,,.,„(//,),
»e/íífí)

'2';,,íỉ,('0 — \ /  ^'n(0 ~ \J
lemw.irn) ie\\,{ni)

= J,(ĩ ì )B(Z/])Yl  rind Y],(j) the Criniphell-Sclick.

Ị lir ( ’ai i iphrl l-S(‘lic'k sninniaii(ls  are  ( lescribrd in de ta i l s  in [2] and  [7 

h vo f .  From L n i i iu a  2.3. VV(' havp

M m )  =
ieinv„{ni)

('K' the / „ ( / » )  s (í/ G H^o))  ionn  an orl-hogonal spt of idempotPiits with x ^ / u ( w )  =  1 in 
' j , \ C L „ { Z /}))]. Hpik'o ,  the proof of the Theorem is conipletf'd. Ộ

In 8], Harris and Kuhn follow the ronstiiK'tions of tlie inedviciblp representations S \  (resp. 
5̂ ) ior A € A (resp. À G A') of Fi,[M„{Z/p)] (resp. Fi,{GLri{Z/p)]) as given by James and Kerber 
t 9] chapter 8 - in paitic'ulai, exercise 8.4 of their book, whpiv

A =  { (A i. . . .  , A„) I 0 < A,. < /> -  1, 1 < Ẳ- < 7/},

A' =  {(À1,... ,A„) I 0 < A*, < -  1,1 < A- < 7) -  1,0 < A„ < p - 2 } .



th(' stal)l(' sumiiiaìKỈ o ĩ  l ì { Z / p Ỵ Ị  coiK'spoiulin^ tí) 5(A) (l■í ŝp. 
' r iu '  A'a s HK' tlu'  iu(l( 'coiuỊ)osahle suiu ina iu ls  oí B { Z / p ) ' ị  aiul th('  s HK' s p l i t t ed  ov('i tli(' X \

(2.5) .V( \ , ..... 2. A'(a...............A,.)- <  A„ < / ; -  1 aiul

A,, 1.0) — ' ^ ( > ' 1 ......... \ „  -  1,0)  ^  ( A i ........A „ _ 1 , ; ; - ! ) •

Foi each A e A', i € I.  let a'ŷ  1)(' the nuuilx'i of times tli(' n'picsciitatioii Fj,\F*y,]Ị,{iì) occ 14 

ill a couipositioii sf'i ics for s \ .  1 lien ftii' J G Harris has proved that ([7], 4 G):

(2.6) y„(j)  ^  V ■
Af=A'

One of the fundamental piohlpiiiK tliat has been Ix'ing iuteist(*d in at picsoiit in the piohlciu 
fiiidiag a stable splitting of B {Z /p ) ' ị  is tơ ciptennịiií'

L o m in a  2 .7  ([5j). The eigenvalĩìcs fur the fiction of f )  oil ^iic Wcyl inodilic v r “ riie ) win
T  is a seniistandỉìid n-tỉihỉeaii u f  content .. . , í ị,) »nd li(T)  =  ^0k) ( iijod p -  1

H(ne. the notions ơt' Wevl mo(hil(‘ and sPuiisraiKlaicl a - tahleau  ot content [ị3\ ..........A , )  ('

b(' found in [8 .

L e m m a  2 . 8  ( [5]) .  The eigenvalnes fur the  ac t ion  ui f) uii Sịx) with  J =  m x{  m u d  Ị) —

where m.x =  Ai +  2 A2 +  ■ ■ ■ +  r>Ki ^vitìì A =  ( À i A„ ).

From Theorom 2.4. (2 5). (2.6). Leiiinm 2.7 and Lemma 2.8, have tlie following th fo if

T h e o r e m  2 .9 . If ni\  ^  II (mud p — Ì) then X \  is nut a suuiiLiíiììd uf Zii ni{ii), su It IS Itut

siiuniinnd u f Y „ { j )  fur Hiich J €  V'„(///)■

For A =  (Ai.........A„) where A, =  0 or /) -  1. nix = 0 (mod /) -  1) and Wf> have rlic tolowi

corollary:

C o ro l la ry  2 .10. A'(Ai.....A„) foi X, =  0 01  p -  1, fuv example  ..... 1) 1,

m e  the  sminnHitds  0 / v , 3 0 (,„od r - 1 ) ^'n(j)-
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PHẢN RÃ B { Z / P ) ^  T Ừ  NHÓM NHẢN TÍNH 

CỦA CÁC TRƯ Ờ N G  CON TRONG CÁC TR Ư Ờ N G  HỬƯ HẠN

Nguyễn Gia Định
Khon Toán - Đại học K H  - Đni học Htiế

Giả sử p  là luọt số  aguvên tố, f),.. là triròrng của p ” các phần tử, K  là trường con của pỊ,n 

i  K '  =  A'-\ {()} Iihỏiu Iihảu tính cùa K.  Bầiig cách sừ dụng lý tliuyết biểu dipii và các lũy đẩng 
«■11 troiift vành nhóm ('liúiig ta  đư a  ra sự phản hoạch của B { Z /p Y ị  thành các hạug tủ
ỊỌUÍ̂  số ôn địiih và đipii kiện đe rnỗi trong các liạiif> từ  Iiáy khóiig chửa các hạng từ  không khai 
ạru ilưưc.


