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Abstract:In this paper we give a condition for which the charateristic spectrum
of the sequence of linear differential equation systems are stable . This condition is

imposed on the coefficeints of systems. The obtained results are applied for studying
uniform roughness.

I. INTRODUCTION

Consider a sequence of systems consisting of linear differential equation
dr

71?:‘4,)(1‘).!‘. reR? n=12,", (1)

where A, (t) is a n x n - matrix continuous on [tp. 00) and satisfies the condition

sup [|[A,(D)]| < M <oco,n=1,2,--- (2)

t>tn

denote by )\(ln)- )"(g”)()\(l”) % /\527')') the charateristic spectrum of the system (1).
Let us associate with (1) a sequence of non-linear systems

dr
dt
perturbed by the function f,(f,r) satisfying the relation

= Az + folt ) (3)

I falt. 2)|| € bnllz]|,0 < bn <6 < o00. (4)

As well known, she above assumptions imply that the charateristic spectrums of
the sequence (3) are a bounded set.
Denote by A, the charateristic spectrum of (3).
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Definition. The charateristic spectrum of (1) is-said to be uniformly upper-stable if for
any given € > 0 there exists 5 = 6(¢) such that the assumption (4) implies

T /\.(;,”) L (5)
for all j1 € A,
If the assumption (4) implies
@& =2 /\(l”) — €, (6)

then the charateristic spectrum of (1) is said to be uniformlv lower-stable.

If both the inequalities (5)-(6)hold, then the charateristic spectrum of (1) is said to
be uniformly stable.

The notion of uniform stability of a charateristic spectrum for the sequence of
differential equation systems is used in the study of uniform roughness of this sequence
and, in turn, the uniform roughness of the sequence of differential equation systems is used
in estimation of number of stable periodic solutions of the differential systems [1].

I1. SPECIAL CASE f,(t. 1) = B,,(t)r

First of all, we consider the special case where f, (t,r) is linear in x,that is:

fn (t ) = B,,(f).r‘.

Then the system (3) is of the form

d.r
= Au(D)r + B, n =12 [|Ba(D)] <80 <6 V210 (7)
(

denote by j\W(IH).j‘:.(‘_,”)(:‘—\(l”) < ,\L”)) the chatateristic spectium of (7).

Applving Perron’s transformation

4= U‘n(f)yv (8)
where U, (t) is an orthogonal matrix, the system (1) is reduced to the triangular one

dy

o == PTI f y

. (t)y (9)

where P,,(f) e U;l(f‘)An(f)Un(f) — Un—l(f)b'fn(f). It is easy to verify that
1Pl < Muun = 1,2,

by the transformation (8), the system (7) becomes
dy
dt
where Q,(t) = U7 ' (t) B, (t)U,(t). Denote by p\7' (), p\2 (#), p{1)
Bl

Pr(t)y + Qn(t)y, (10)

(t) elements of the matrix
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We rewrite the system (10) as

(h/ u =
= [)n(”f/_*_(t.)n(/“/- (1E)
At
where n
. P 0
Ili(f) = ( ;)
0 P9 (1) /

= e () 1)&?(#))
Qn(#) '_Qn(i) e (“ () *

Obviously, if ||Bn(t)|| < 6: n = 1,2,... we have |Q,(#)|| < é; n=1.2

From the relation ||P,(#)|| < M;, n=12.... and by applving the transformation
M
u = Sz where S = ‘ - | we can verify that
0 / —{‘-L
1Q. (| < 2/ AL 6. (12)

Since 15,,(1) is a diagonal matrix. the solution v(t) of the svstem (11) with the initial
condition y(tg) = yo is of the form

vt of
y(t) = exp ( / ]3,,(7')(17) [y() + / exp( — / - cls)Q ( (lT
t ' '

] el 20 < L0
Or equivalently,

ot o
exp ( — / P,,(T)(/T)y(f) = Yy + / exp ( — / P,,(s)r/s)@,,(T)y(T)(IT.
i ' /

0 : 8}

Hence, we obtain

- of T T
l exp ( / P, (s)ds)y( ! < |lyoll + / i exp( — P, (5)ds)Q, () exp ( / P, (s)ds) H
f t¢ H t

. ) ) L f() E 3]

|
|

ot ‘
exp ( — / P,,(,w)rl.w)!/(T)H«lT. &}

€ |

Denote by ¢;;(t) (i,j=1,2) elements of the matrix Q. (t). Then by straightforward
calculations. we have

A 1 ~(n & n n X
(& )(1‘) qu)(f)vxp( [ [p(,,)(r) - ])(H)(T)}(]T) )

From the proof of Perron’s theorem we deduce pff')(f) = ﬁf,”)(f'). i=1.2 1 n=12,.. "where
1')5?)( t), i=1,2 are diagonal elements of the matrix U, '(#)A, (1)U,(t). As an orthogonal

transfomation in the plane, Perron’s matrix U, (t) in this case is of the form
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U, () = cos (™ (t)  sinp(™(t)
T Asing(™(t)  —cospl™(t) )

U (t) = ((-Wm(f) —sm@(”y)) |

or

sin (™ (t)  cos (™ (t)

where ¢! (1) is the angle between a solution of (1) and the axis r;. A direct computation
shows that

P () =pl (1) = By (1) =By (1) = cos 20U (1) [a$7) (1) —agy) ()] +sin 200 (1) [as? +al3) (1)),
1) n ol T —(r n n n 5 ) ;‘1 T \
p.(z'2 () -pi(t) = pf_,g)(f)—p(l l')(f) = cos 2! )(f)[n.(n)(r)—-n,(lR(t)l—sm2@"’)(#.)[(1&1)+a.(l§)(f)].

Therefore,

n) (1) /4 / n n ‘ ) : - "
p.(z2 (t) — p“)(f) =y {[n‘”’(f) - n.t,.z)(f)]z + [u.(“ + (1‘(12)(#)}3}.('05 20\ (1) + W, (t)].

in which

l)(‘ll()“'

ol

(1) = V[P () = 033 (]2 + [0 + 033 (1)) (14)

The above reasoning give us

loxp (= [ Butrian)@nten ([ Batridn)| < MaBx

t 4
1exp ( / Q,.(7) cos [2®'™) (1) — ¥, (7)]dT) + exp ( / (1) cos [-m + 2™ (1) — W, (7)]d7) ¥
Jto Jtg

Assume
ot
/ Salrjdr<c<oo,m=1,2,.. (15)
Jtg
then
t " t "
“ exp ( — / Pn(‘r)riT)Qn(f)exp/ Pn(T)dTH < M3V6. (16)
Jto Jto
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The inqualities (13)-(16) imply that

t

exp ( - / pgq‘)('r)d'r)yl(t)l < exp (M;;\/S)(f —t9), Ay
Jtg

‘exp( - / p(l'l")("r)dr)yg(f)} < exp (A[;;\/S)(f — tg). (18)

From (17)-(18) and properties of triangular systems we deduce

Xl ()] < Mavé + A,

xly ()] < Msv/ + 25",

Remark that the transfomations used in the above reasoning do not change the
charateristic spectrum of differetial equation systems. Therefore, if

fuk By
< T )
then
xlyi (1) < ALY +e. (19)
Hence,
~(n) (n)
Ag. LAy "+ (20)

We finish the specal case f,(t,2) = B, (t)r by giving a lower bound for :\'ﬁn). For
this purpose we assume that (1) is regular. Let

ST L L

denote the spectra of the adjoint systems corresponding to (1) and (7). Then by Perron’s
theorem and Lyapunov’s inequality we have

n n ~{n) Lt
A+ =00+ R 2 0.

Applying (20) to the bigger charateristic exponent it yields

7Y <™ +e,
or
B =gl
Thus,
A A e, (21)

Suming up, we heve the following:
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Lemma.
For ¢ small enough and

ot
/ niTidr<e<oo,n =12 ...
J b

]

where

/ n 1 ! n n) ‘
Q.(t) = \/[a1) (1) = aly (]2 + [ + a3 ()2,
We have

—(n)

Ay < Ag;) +en=12 ..

Moreover, if the all systems of (1) are regular, we have also

~(n) _
e e m=19...

Now, the general case can be reduced to the special one by means of the linear
inclusion principle (see[3]).

Theorem. Under the assumptions of the lema, the charateristic spectrumn of the se-
quence of systems (1) is uniformly upper-stable .Moreover, if all systems (1) are regular,
the charateristic spectruin of the sequence is also uniformly lower-stable and hence it is

nniformly stable

Proof. Let r(t) be a nontrivial solution of (3). According to the linear inclusion princriple
in {3], #(t) is a nontrivial solution of linear system

ir
== A (t)r + Ba(t). (22)
dt
If (4) hold, then
Pt <dmn=12.. (23)

Since the system (22) is linear we can apply the above lemima and then (23) gives us
(n)
X[z()] < A7 +e

If (1) is regular, then we have
xiz(.)] 2 )\(ln) — €

Remark. For A\ = AY") this implies the result in [2].
Now we shall study the uniform roughness of the following sequence of differetial
equation svstem:
dr
dt

where, Ap(t) is an m x m -matrix which is continuous and bounded on [to, 00).

Anlt)z,n = 1,2, ..., (24)
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Definition. System (24) is said to be uniformly rough if there is a positive number 6,
such that for every matrix B, (t) satisfying the relation:

B0l € é,n=1,2,..

the systemns
dr

(17 " [An (f) + Bn(’)}‘TJ’ == 1327 g (25)

have only nonzero charateristic exponents.

Let A, = {,\(l") 5 /\.(2"’ < .. % /\5,',')}, n = 1,2,..., be the characteristic spectrum
of (24). The following condition is necessary for the uniform roughness of system (24):

Proposition 1. Suppose that system (24) is uniformly rough. Then there is an interval
(a, 3), containing zero, such that:

(a,3)NA, =10

for every n= 1,2, ...

Proof: We prove this by contradiction. Suppose there is a sequence of characteristic
exponents {/\ff) € Ax} (1 < iy < m) such that

limn )\fk) = (.
k—oo '

Consider the sequence of systems:

dr

9 _ (4t - A0 1], (26)

k k i
< 5, but /\Ek) - )\f@) = () is 1 the

characteristic spectrum of (26). This contracts with uniform rough of (24). &

where [ is the unit matrix. For suitably large & H/\fk) I|

Definition of uniform stability of spectrum for sequence (24) is similar to the onc in
section 1: inequality (3) is changed by u < A e
Proposition 2. . Assumune that there is an interval (o, 3) containing zero, such that
either (—00,8)NA, =0 w10 L
or (a,+00)NA, =0 ne=l,2 ...

Moreover, suppose that the characteristic spectrum of (24) is uniformly stable.
Then the above systern is uniformly rough.

Proof:
The proof follows directly from its hypotheses and definition. §

Consider now the case m = 2. The proposition 2 and the proved theorem give us:
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Corollary. Suppose that there is an interval («, 3) containing zero and satistving condi-
tion of proposition 2 for the case m=2. Moreover, suppose that:

A

o /
/ V [n(l';)(r) - u‘.(u,f_',)('r)]'-’ - [u.(;;)(r} - (I(lgl(T)]“’.(fT ¢< ooln=1,2,..)
7 tg

Then the sequence of systems (1) is uniformly rough.
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SU ON BINH PEU CUA PHO DAC TRUNG CUA DAY
HE PHUONG TRINH VI PHAN TUYEN TINH

Neguyvén Thé Hoan
Khoa Toan - Co- Tin hoc - Dai hoc KH Tu nhien - DHQG Ha Noi

Dao Thi Lién
Khoa Toan, Dai hoc Su pham Thai Nguyen

Trong bai béo ndy, chiing t6i dura ra mét digu kién én dinh cda phd dic trung cua
mot day hé phuong trinh vi phan tuvén tinh. Dieu kien nay duogc dit lén céc hé s6 cua
he phurong trinh twong ng. Két qua nhan dwoce dwoc dp dung cho viec nghién ceu sur
tho deu.



