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[. INTRODUCTION

Let Xy, X3,... be nonnegative i.i.d.rv’s (independent identically distributed random
variables) with F(x) = P(X; < z), ¢(t) = Ee'™, m = EX; < 400 and let V be
independent of X, j = 1,2, ... with geometric distribution, i.e.,

P(V=k)=pg ! k=12,..,00<p<1l,g=1-p).

The random variable Z = X + X, + ... + Xy is called geometric composed variable
of Xjs.

The notation G, () will mean P(pZ < z); the notation ¢pz(t) will mean Ee''P?. Fy(x)
and g (t) will denote distribution function and characteristic function respectively of the
exponential distribution. In [4], Renyi characterized the exponential distribution proving
the following assertions:

(1) lim,oGp(z) = e 7; (Golz)ye= Plp.Z ]l

(ii) Gp(z) = F(r) & F(x) = e *; (F(z) =1~ F(z)).

In [2], we estimated the stable degree of this characterization in the case of the

distribution function F'(r) being ¢ - exponential, i.e., 3 T(¢) > 0,T(¢) — 0 when ¢ — 0 |
such that

L olt) = polt) IS &,V 5] £]< T(e) (a)

with metrics

A 1 1
A(F1, Fy) = min maX{irgll_g); 5 | e1(t) = @a(t); 7h

p(Fy, Fy) = sup | Fi(x) = Fa() |

for Fy(x), Fy(r) are two distribution function and ©1(t), pa(t) are characteristic functions
respectively.

ol
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In this paper we shall consider the stability of Renvi's characterization in the case
of the distribution function G,(x) being e- exponential, i.e., 3 T(e) > 0.T(¢) — 0 when

¢ — 0, such that
| opz(t) —@o(t) |< e Vit |<T(e), (Ib)
with the unmiform metric p.
2. STABILITY THEOREMS

Lemma.
a) Z and p.Z have the fiuite moment of first degree

Ez="", E®»Z)=m. (1)
p’
b)
P. ’3(])r)
Yozt - 2
c)
|p(t) =1 <m.|t]| VIeR (3)
Proof:
a) We have:

EZ = E[E(Z|v)] = E|()_ E(Zlv=k)I(v=k}(w)]

k=1
oC o>C o0
Y E(X:+ ..+ Xilpq Bl X m.k.pg! = 'n‘).pz kg
sk k=1 kel
B d 1 o 1 _m
= mp. %(1 - q) = mpm = ;

Hence, we get (1).
b) By a similar way, it follows that

8

pz(t) = Ee"? = E[E(e"?|v)] = E)_ E(e"?|vorI(v=k} ()]

‘\‘::
= o it(X1 4. X, — — 2 - po(t)
=Y BNt A X gkt = 3 ok (1).p.05 T = pelt). D law(t)* = = i =
k=1 foa pe = qp(t)
Hence: o)
; pp(pt
ppz(t) = pz(pt) = T——————.
] 1 — qp(pt)

So, we get (2).
c) It is easily seen that



On the stability of a characterization of erponential distribution by... 53

|e"“ —1|<a,Va€ R. (4)

Therefore, we get the following estimation:
+00 400
o) -1 | @ = )dF@) < e - 1] dp()

+00
§|t[/ |z |dF(z) =m.|t], VteR,
J—o0

(where we used (4) with a = t.2.) This completes the proof of the Lemma. ¢

Theorem 1. If| ¢,z(t) —po(t) [<e, Vt:|t|<T (for0<e<p/qand for someT > 0),
then we have

F
| ¢(t) — po(t) |< - , Vi t|<pT. (5)
P =€

Proof:

Denote: r(t) = ppz(t) — po(t).
It follows readily from the hypothesis that

[r(t) | <e. Vi t|<T,
\ ¢ Vi 3' t IS PTZ‘ L

From (2) we have

(1) 'r‘;:[(“/ll’)
on) = ———L 7

VueR. 7
p+appz(u/p) (7)

Therefore, from (7) we get the following estimations

¢pz(u/p) _ 1
P+ qppz(u/p) 1-iu
" (p—1u)ppz(u/p) —p u/p
L= i0)(p + awpzla/o) | | (L = in)(p + appz/m))
/) | dp=ml r/p) | |r(u/p)]
T + avp) (070 | = [T ] TP+ 2enz/B)| = P+ apz(ulp

i
I

| p(u) = wo(u) |

wpz(u/p) — iuppz(u/p) = p — qppz(u/p) ‘
(1 —iu)(p + qepz(u/p))

_ | r(u/p) + wo(u/p))(p — iu) — p

Consequently,

| r(u/p) |
[P+ ape(u/p) |

| w(u) — po(u) |< VueR. (8)

Notice that | v |> max{| Sm v |,| Re v |} for any complex number v € €. Hence.
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: ‘ 1
| p+ qep:(u/p) |=] p + alr(u/p) + pola/p)] =] p+dqlr{u/p) + I’Z’}”}f/?'] |
X ' qp? n

=l £ + qri{ u/pl:r !])+441l——~+1[/(f/ /p) + ,,,ﬂ_l_l___

P — i l ol ok P i"?
> |Re {p + {is +qr(u/p) +1 1‘ — +q.R /)

Re {; _ — 4 qgr(u/p)+iu- ( r(u/p
- g p? + u? . b p? + u?| 1 p? + u? Ve T |
ap’ . — o

= = e g. | Rer(u/p)|>p—q|Rer(u/p)|>2p—qe>0 Vu:jul<pT.

pe + u
Consequently,

|p+qepz(u/p)|>p—qe >0, YVu:fu|<pT (9)
By (8) and (9) we get
() | :
35
| p+aepz(u/p) | P~ g

| o(u) — po(u) |< , VuiulspT.

This completes the proof of Theorem 1. §

Theorem 2. Assume that G,(r) is € - exponential distribution function with the nuinber
T(€) in (1b) satisfying the condition T(e) = O(e ™) for some a > 0 (when ¢ — 0). Then
we have

p(F, Fy) < K;.€* — Kae.lne, (10)

where 0 < € < min{1, 5} and K, > 0, Ky > 0 are constant numbers independent of ¢.

Proof:
At first, since Fy(r) is exponential distribution function then sup | Fj(r) |= 1. Using
Essen’s inequality (see [3]) with T = p.T'(¢) we get the following estimation:

1 (P71 p(t) = polt) 24
plF, Fy) < —/ ——-~————ldz‘+ supy | Fy(z) |
T J_pT(e) 7p.T(¢) I Fol) |
p.T(¢€) _ .
L1 e ety B
T J_pT(e) ; TT}).T(F)
< 1 / Pth— '500(’)“# 5 / p(t) = polt) idf 4 24
™ Jit)<6 t 5<|t|<p.T(¢) mp.T (€)
1 24 o
< ;[J1+J2]+7T;').T(f)’ V6:0< 8 < pT(e). (11)
Where
to(t) — t — '
7 =/ lsO( ) — ol )!dt; T / o(t) WO(Qi(ﬂ'
l6]<6 | t J6<|t|<p.T(e) t
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In order to estimate J;, we put

t) —
= / pt) — 1
J|t<é

t
Using Lemma above, it vields

wo(t) — 1
t

dt;, Jy = / 'dt.
J <6
Ji<m / dt = 26.m,
Jt|<é
v +oc
J5 < my. / dt = 20.mg =28 (my = / zdFpl{z) = 1).
S <8 J ~oc
Therefore,

Ji € P+ 73 € 26(1 +m). (12)

On the other hand, according to Theorem 1, we have

‘ 1 2 7Tl gy 2 WA
Ja < . —dt = - / i - Inf 7,(F).
P—q€ Js<pri<priey | 11 P—ac Js t p—ge 0
Choosing 6 = ¢7 with 3 > max{1,a}, we get
2 ed
g gl (13)
p—qe €
By (11), (12) and (13). it follows that
e e 2 , 24 2 W §
p(F. F) < S(1+m)eP + —= 4 SR 2 Y (14)
s mp.T(e)  (p— qe)m e

According to the hypothesis T(e) — O(e ©) we have T(e) = K (e).e ~, where A (¢) =
(I~(~'(;! — K >0 when ¢ — 0. Then. for sufficiently small ¢ we have
p-T(¢€)

€+

éln

=elnK(e) — (a+ F)elne < —elne — (a+ B)elne
< —(a+ 8+ 1)elne, (15)

2/m(p — qe) < 3(mp) (for sufficiently small ).
Since K(¢) — K > (0(¢ — 0) then K(¢) > }—; (for sufficiently smail ¢). Consequently,
24 24 48

- ) & i (.'x' ?
mp.T(e) 7p- K(e) R mp. K . 4%

By (14), (15, (16) and (17) we get the following estimation

i 2 48 ; 841
/)(}‘1 E') == —(1 +]”)(” -+ ’.(n o M .(:1“(:
m mp. K ™

= K. — Ky.eln, e,
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; - 3latB
18, %0 Kyp= R&iltl) - g
mp. K np

where K| = 2(1 +m) +
The proof of Theorem 2 1s completed.

Remarks: The right hand side of (10), i.e the expression K e® — Kye.lne
- tends to 0 when € — 0,
- is the same degree as ¢ if 0 < a < 1,
- is the same degree as e¢lne, if @ > 1
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TAP CHI KHOA HOC DHQGHN, KHTN, t.XV, n’5 - 1999

VE TINH ON DINH CUA MOT PAC TRUNG PHAN PHOI MU
BOT VIEC PHUC HOP HINH HOC

Tran Kim Thanh
Khoa Toan Pai hoe Hné

Gia s X, X3, ... la cdc bién ngau nhien khong am, doc lap, ciing phan phdi, ¢6 kv
vong hiru han va gia sir V' 1a bién ngau nhien 1oc lap vai tat cd cac bien X, Xo, ... va ¢
phan phéi hinh hoc tham s6 P

Bién Z = X, + ... + Xy duoc goi 1 bién phirc hop hinh hoc cia céc bién X, X5, ...

Renyi ([4]) da chi ra phan phéi mi cda pZ la d4c trung cho viéc cde X; c¢é phan
phoi m1.

Trong (2] tinh 6n dinh cia két qud trén da duoc xét khi X; c¢é phan phdi € - mii
vdi cac metric A va p.

Trong bai bao nay ching t6i da xét tinh 6n dinh cia két qua trén cda Renyi khi
p.Z ¢6 phan phoi € - ma véi metric p.



