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Á bstract. Fưzzy rclation cquations plaỵ an ìmỊTortant rolc in arcas stjch CIS 
fu z z v  system  a n a lysis , dcsÌỊỊn o f  fu z zy  controlỉers, a n d  f u z z V p a tte rn  rccognition  
hì th is  paper, ICC dcfinc thc fuzzy  rclation cquation ivith constraints and  proposc 
an cvo lu tio n a ry  a lg o r ith m  for d e tcrm in in g  an  a p p ro x im a tc  so lu tio n  of th is  
cquatỉon

1. In troduc t ion

The notion of fuzzy re la t ion  equation w as íìrst studied by S a n ch ez  (1976). 
S in ce  then, m any íu rth er  s tu d ie s  have been do ne by o th er  resea rch ers  (sec  [õ, 6 , 7, 
8 ]). Fuzzv re la tion  e q u a t io n s  play an im portant role in a rea s  such  as  fuzzy system  
a n a ly s is ,  d es ign  o f  fuzzy contro llers , decision m ak in g  processes , and fuzzv pattern  
recognition.

The notion o f  fuzzy  re la tion  equations is a s so c ia ted  w ith  th e  concept of
c.omposition o f fuzzy re la tions . Let A be a fuzzy s e t  in th e  in p u t sp ace  ư  and R be a
fuzzy relation in th e  inp ut -o u t p u t  product sp ace  UxV. T he com p osit ion  o f fuzzy set  
A and fuzzv re lation  R, d en oted  by AoR, is defined  a s  a fuzzy  s e t  B in th e  output  
space  V.

AoR = B, (1)

w hose m em bersh ip  function  is

HH(y) = max|iA( x ) * n R(x ,y ) ,  (2 )
x«- u

w here * is th e  t-norm  operator. B ecause  the t-norm  ca n  ta k e  a va r ie ty  o f ĩorm ulas,  
for each t-norm w e obtain  a particu lar  ccm position . T he tw o  m ost com m only  usecỉ 
com positions in n u m erou s  app lica tions  are the so-ca lled  m ax-m in  com position  and  
m ax-product  comỊ)osition, which a re  defined as  follows:

T he m ax-m in com position

Ị. iB ( y )  =  m a x  m in |n A ( \ ) . ^ K ( x . y ) l
Xk V

T he m ax-product com position
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Htì (y) = max (x )n R (*. y) •
X € Ư

The eq u ation  A o R = B is a so-called fuzzy re la t io n s  eq u ation . I f  we view  R 
as a fuzzy sy stem , th en  g iven  a fuzzy set  A to a fuzzy system  R, we can compute the 
systerrTs output B by (2). T he tw o  basis problems concern in g  th e  fu zzy  relation
eq uation  are as follows:

Problem Pl: Given the input fuzzy set A in u  and the output fuzzy set B in
V, determine the fuzzy relation R such that A o R = B.

Problem P2: Given the fuzzy relation R and the output B, determine the
input A such  th a t  A o R = B.

Thereíore, so lv in g  th e  fuzzy  relation equation  A  o R = B m e a n s  so lv ing  the  

above tvvo problem s. In th is  paper we are only in terested  in th e  problem  P l .  Since  
th e  so lu tion s  for th e  problem  P l  m ay not exist, w e í ìr s t  need  to check th e  solvability  
of th e se  equations  or th e  e x is ten ce  of their  so lutions.

T heorem  1.1. Problem P l has solutions if and only if the height of the fuzzy 
set A is greater than or equal to the height of the fuzzy set B, tha t is

The proof o f  th is  th eorem  can  see  in [2].

In order to so lv e  problem  P l ,  one introduces the cp-operator. The (p-operator 
is an  operator cp: [0,1] X [0,1] -> [0,1] de íìn ed  by

acpb = sup {: € | 0,1 ||a • c £ b

vvhere * denotes t-norm  operator.

If th e  t-norm  operator  is specified as m in im um , the (p-operator becomes the
so-ca lled  a-operator:

For fuzzy s e t s  A in u  and B in V, using  th e  cp-operator we can  define the
fuzzy relation R* in U xV  w hich  is  defined as

Hr (x*y) = ^ A( x ) W B(y) -

supnA(x) ^ ^B(x) for all y eB.

if a < b 

if a > b

We denote  th is  fuzzy  re la tion  by A(pB.

The íbllovving th eorem  is dem onstrated  (see  [2,3]).
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T heoren i 1.2. If the solution of problem Pl exists, then the largest R (in the 
sense of fuzzy set theoretic inclusion) that satisĩies the fuzzy relation equation AoR 
= B is R* = AọB.

Hovvever, in m any c a se s ,  an exact so lu tion  o f problem P l  may not ex ist .  
T hereíore, R* = A(pB m ay not bc solution . If an exact  so lution  does not ex ist , w h at  
we can do is to d e term in e  approxim ate  so lutions. W ang  L. X. proposed th e  m ethod  
of d eterm in in g  approxim ate  so lution  through neural netvvork tra in in g  (see  [ 1 0 ]).

The íurther  d e ta ils  o f  fuzzy relation e q u a t io n s  can  be found in  [2, 3].

2. F u zzy  r e la t io n  e q u a t io n s  w ith  c o n s tr a in ts

T he ap p rox im ate  reason in g  in  fuzzy sy s te m s  is  based on th e  rule  of  
generalized  M odus Ponens. T his  inference rule  s ta te s  th a t  g iven  tvvo fuzzy  
propositions “if X is A th en  y is B” and “x is  A ”’ w e sh ou ld  infer a new  proposition  “y 
is  Bm such th a t  th e  c loser  th e  A' to A, th e  c loser  th e  B* to  B, vvhere A and A ’ are  
fuzzy se ts  in space  u ,  B and B ’ are fuzzy sets  in  space  V. T h e  fuzzy proposition  “if X 
is  A th en  y is  B” is in terpreted  as a fuzzy re lation  R in  UxV. The fuzzy se t  B ’ in  th e  
conclusion  o f gen era lized  M odus Ponens rule is  d e term in ed  as B’ = A ’ o R. In th e  
l itera tu re , m any d ifferent in terp reta tion s  of fuzzy if- th en  rules are proposed, for 
exam p le , L u k as iew icz  im plication , Zadeh im p lica tion , M am dani im p lication , etc. 
W e w ish  d eterm ine  th e  fuzz relation R in terpreting  fuzzy proposition  “if X is A th en  
y is  B" such th a t  th e  c loser  th e  A ’ to A, th e  c loser th e  B’ = A ’ o K to B.

T he notion o f fuzzy re lation  equation  vvith c o n stra in ts  is  s ta te d  as follows.  
G iven  th e  fuzzy se t s  A and A, (i = 1, . . . ,k ) in  space  ư  and th e  fuzzy s e t  B in  space  V, 
w e shou ld  d eterm in e  a fuzzy relation  R* in product U xV  such th a t  th e  fo llowing  
req u irem en ts  are satisfied:

A o R* = B. (3)

If we denote  A, o R* = B, (i = 1 ,... ,  k) th en

d(Bif B) = a  d(A„ A), (4)

w h ere  a  is co n sta n t,  a > 0 ,  and d(.,.) is th e  d is tan ce  b e tw e en  fuzzy se ts .  The d istan ce  

d(C, D) b etw een  th e  fuzzy  set c  and the fuzzy s e t  D 19 d e ĩ in ed  as follows

d(C, D) = (f ||IC (x) -  1̂ D (y)|r dx ) p , p ỉ l .

For p = 1  one h a s  th e  H am m in g  d istan ce  and p = 2 y ie ld s  th e  E uclidean  
distance . In th e  ca se s  th e  space  u  is fin ite  we can  s im p ly  de íìn e

d ( C , D) =  i V c ( x ) -  n D(x) | .
X  t  u
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Hence, our problem is to determine the fuzzy relation R* which sa tis íìe s  (3) and  
(4), gi ven the fuzzy se ts  A, A, (i = 1, ...,k) in space u  and th e  fuzzy se t  in space V.

3. An e v o l u t i o n a r y  a p p r o a c h  to  fuzzy r e l a t i o n  e q ư a t i o n s  vvith c o n s t r a i n t s

It is very d ifficult to determ ine  the exact so lu tion  o f fuzzy  relation equations  
w ith  co n stra in ts .  In th is  section, we propose an evo lu tion ary  sch em e  for 
d eterm in in g  th e  app roxim ate  solution of fuzzy re lat ion  eq u ation  vvith constra in ts  by 
u sin g  an  evo lu tion  s tra tegy . Evolution stra teg ies  are a lgor ith m s which im ita te  the  
princip les  of n a tu ra l  evo lu tion  as method to solve param eter  optim ization  problems  
(see  [1, 4, 9]). W e reform ulate  our problem in form of an optim ization  problem. 
Ciiven th e  fuzzy se t s  A and A, (i = 1, k) in u  and th e  fuzzy set B in V. A ssu m e  
th a t  R is  a fuzzy  relation  in UxV. D enote

A o R = B\

A,o R = B/ (i = 1 , k).

For each fuzzy  relation  R, we define a rea] va lu e  f(R) as  follows

r ( R )  = d ( B ' . B )  + £ | d ( B , \ B ) - a d ( A , . A ) | .
1 = 1

Our problem  now is to determ ine the fuzzv re lat ion  R such th a t  f(R) is 
m inim um .

To apply th e  evo lu tion  strategy  to th e  above problem , w e íìrst need  to have  
su ita b le  r ep resen ta t io n s  for fuzzy sets  and fuzzy re lat ions. A ssu m e  th at the spaces  
u  and V co n s is t  C)f fin ite  nu m ber of e lem ents , u  = {Uj, u rn}, V = {Vj, vn}. Then, 
each fuzzy s e t  A in  u  is represented  as a vector A = ( a lf a m), vvhere a, is 
m em b ersh ip  d egree  of u, to th e  fuzzy set  A, that is a, = nA(a >)* Analogically , th e  fuzzy
set B in V has the representation B = (bj.......  bn). Each fuzzy relation R is
rep resen ted  as  a m atrix  of order mxn R = (r,j), w here  r„ = hk(uì,v,). Ưnder th ese  
a ssu m p tiơn s, w h e n  g iven  th e  fuzzy sets A, A, (i = 1, k), B and the fuzzy re], on
R we can  easily  comp^lte th e  fuzzy sets  B’ = A o R and B /  = A, o R (i = 1 . k),
w here  w e ca n  em ploy  th e  max- min com position  or the m ax-product composition.  
Hence, w e can  com p u te  th e  va lue  of cbjective íunction  f(K).

The idea C)f evo lu tion  strategy  for our problem is as  fo llow s. Each individual  
is rep resen ted  as  a pair (R, Z)» vvhere R = (r,,) is a m atrix  o f  order mxn with rtJ e 
[0,1] (i = 1, m ; j = 1, n),  y  =  ( n tJ) is a (m x n )-  m a t r i x  o f  S t a n d a r d  d e v ia t io n s  a,j

Each population  co n s is ts  of N indiv iduals , all in d iv id u a ls  in the population  
have th e  sa m e  m a tin g  probabilities. In each iterative  s tep , tvvo randomly selected  
parents:
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a nđ

produce an  offspring

(R ,E ) = ((r„ ) . ( o „ ) ) ,

w here  r,, = r 1tJ ar rtJ = r2 i, w ith  equal probability and if ru = rk,j then  ơ tỊ = a k,j (k = 1 ,2 ).

T h e  m utation  operator is períbrmed on th e  offspring (R, £ )  vvhich as 
gen erated  by the above crossover  operator. Applying th e  m u tation  to  th e  offspring  
(H, £)» w e obtain  th e  n ew  offspring (R \ X):

R' = (r’ti),

r’„ = r(J + N(0, CT„ ), (i = 1 , m; j = 1 , n),

vvhere N(0, n l() is a norm ally  distributed random va lu e  w ith ex p ec ta t io n  zero and  
Standard deviation C7,r

W e now rep resen t  th e  sch em e of evolutionary algorithm  for d e term in in g  the  
app rox im ate  so lution  o f  fuzzy relation  equation  with constra in ts .

Algorithm

1. G enerate  a population  o f  N individuals  (R, Z), w here R = (rtJ) is a m atrix  of 
order mxn, each r,j is random ly tak en  from the interval [0 , 1 ], ỵ  = (a lf) is a m xn -  
matrix o f  S t a n d a r d  d e v i a t i o n s .

2. (Iterative step)

Randomly se le c t  two p aren ts  from N individuals

(R 1 , Z |) = ((r1,,), ( a 1,,)) and

(Hi. I 2) = ((r2.,). (ơ2,,)).

T h ese  parents  produce an offspring

(R, I )  = ((r,,), (ơ,,)),

where r,j = r l,j or rtJ = r2(J w ith  equal probability and if r,} = r 1,, then  cTif a CTlij if  rtỊ = r2tJ 
th en  Gtj = ơ 2,,.

Applying the mutation to the oíĩspring (R, Z), we obtain the new oíĩspring (R\ Z)

R’ = (r\ị),

r ’„ = rẽ, + N(0, Ơ(J), (i = 1 ......m; j = 1 , n),
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w here N (0 t o tJ) is a norm ally  distributed  random va lue  with expecta tion  zero  and  
S ta n d a rd  deviation ơ,,. If all r ’,j s tay  w ith in  the  in te rva l  [0, 1], th e  nevv ind iv idua l  
(R \  Z) is added to th e  population.

E lim in ate  th e  vveakest individual from N + l  indivicỉuals (original N 
ind iv idu a ls  p lus one offspring).

C onclusion

We have  defined the notion of fuzzy relation  equation  vvith co n stra in ts ,  and 
proposed th e  evolutionary algorithm  for determ in in g  an app roxim ate  so lu tion  of 
th is  equation . This  evolutionary algorithm  can be applied to d eterm in e  the  
app rox im ate  so lution  of th e  problem P l  in case  an exact solution  of problem P l  does  
not ex ist .
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\1ỘT GIẢI P H Á P  T IÊ N  HOẢ CHO PH Ư ƠNG T R ÌN H  QUAN HỆ MỜ 
VỚI CÁC RÀNG BUỘC

D inh M ạnh Tường

K hoa Công nghệ, Đ H Q G  H à N ội

Khái n iệm  phương trình quan hệ lần đầu tiên  được đê xuất và ngh iên  cứu bcii 
S an ch ez  (xem [7]). Phương trình quan hệ mò đóng vai trò quan trọng trong nhiều  
lĩnh vực, chang h ạ n  p h ân  tích các hệ mờ, th iế t  kê các hệ đ iểu  khiển mờ, n h ận  dạng  
m ẫu mờ. Trong bài báo n ày  ch ú n g  tôi xác định khái n iệm  phương trình quan hệ mò 
vỏi các ràng buộc và đê xuất một th u ật toán tiến  hoá để tìm ngh iệm  xấp xỉ của  
phương trình này.


