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Abstract. Fuzzy relation equations play an important rolc tn arcas such as
fuzzy system analysis, design of fuzzy controllers, and fuzzy pattern recognition
In this paper, we define the fuzzy relation equation with constraints and propose
an cvolutionary algorithm for determining an approximate solution of this

cquation

1. Introduction

The notion of fuzzyv relation equation was first studied by Sanchez (1976).
Since then. many further studies have been done by other researchers (see [5, 6, 7,
8]). Fuzzv relation equations play an important role in areas such as fuzzy system
analvsis, design of fuzzy controllers, decision making processes, and fuzzyv pattern

recognition.

The notion of fuzzy relation equations 1s associated with the concept of
composition of fuzzv relations. Let A be a fuzzy set in the input space U and R be a
fuzzy relation in the input -output product space UxV. The composition of fuzzy set
A and fuzzy relation R, denoted by AoR, 1s defined as a fuzzy set B in the output
space V.

AoR = B, ()
whose membership function is
p”(_\)nn1z:xp\(x')*uk(x.}'). (2)
X
where * is the t-norm operator. Because the t-norm can take a variety of formulas,
for each t-norm we obtain a particular composition. The two most commonly used

compositions in numerous applications are the so-called max-min composition and

max-product composition, which are defined as follows:

- The max-min composition

p (V)= max muafp, (N (X0V)]
xe |

- The max-product composition

n

] ]
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Hu(y) = Tuxu,\(X)-uR(X.y)-

The equation A o R = B 1s a so-called fuzzy relations equation. If we view R
as a fuzzy system, then given a fuzzy set A to a fuzzy system R, we can compute the
system’s output B by (2). The two basis problems concerning the fuzzy relation

equation are as follows:

- Problem P1: Given the input fuzzy set A in U and the output fuzzy set B in
V., determine the fuzzy relation R such that A o R = B.

- Problem P2: Given the fuzzy relation R and the output B, determine the
input A such that Ao R =B.

Therefore, solving the fuzzy relation equation A o R = B means solving the
above two problems. In this paper we are only interested in the problem P1. Since
the solutions for the problem P1 may not exist, we first need to check the solvability
of these equations or the existence of their solutions.

Theorem 1.1. Problem P1 has solutions if and only if the height of the fuzzy
set A is greater than or equal to the height of the fuzzy set B, that is

SUp p (X) 2y (x) for all y €B.
x¢U

The proof of this theorem can see 1n [2].

I1. order to solve problem P1, one introduces the ¢-operator. The ¢-operator
1s an operator ¢: [0,1] x [0,1] = [0,1] defined by

agb = sup {ce [Od]aecsb

where * denotes t-norm operator.

If the t-norm operator is specified as minimum, the ¢-operator becomes the

so-called a-operator:

1 af a<b
ag b =
b if a>b»hb

For fuzzy sets A in U and B in V, using the ¢-operator we can define the
fuzzy relation R* in UxV which 1s defined as

Hep{x.¥y)=pu,(X)pup(y).

We denote this fuzzy relation by AgB.

The following theorem 1s demonstrated (see (2,3]).
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Theorem 1.2. [f the solution of problem P1 exists, then the largest R (in the
sense of fuzzy set theoretic inclusion) that satisfies the fuzzy relation equation AoR
= Bis R* = A¢gB.

However, in many cases, an exact solution of problem Pl may not exist.
Therefore, R* = A¢B may not be solution. If an exact solution does not exist, what

we can do 1s to determine approximate solutions. Wang L. X. proposed the method
of determining approximate solution through neural network training (see [10]).

The further details of fuzzy relation equations can be found in [2, 3].

2. Fuzzy relation equations with constraints

The approximate reasoning in fuzzy systems 1s based on the rule of
generalized Modus Ponens. This inference rule states that given two fuzazy
propositions “if x i1s A then y i1s B” and “x 1s A™ we should infer a new proposition “y
is B such that the closer the A’ to A, the closer the B’ to B, where A and A’ are
fuzzy sets in space U, B and B’ are fuzzy sets in space V. The fuzzy proposition “if x
1s A then y i1s B” is interpreted as a fuzzy relation R in UxV. The fuzzy set B’ in the
conclusion of generalized Modus Ponens rule is determined as B' = A’ o R. In the
literature, many different interpretations of fuzzy if-then rules are proposed, for
example, Lukasiewicz implication, Zadeh implication, Mamdani implication, etc.
We wish determine the fuzz relation R interpreting fuzzy proposition “if x is A then
y i1s B" such that the closer the A’ to A, the closer the B = A’ o R to B.

The notion of fuzzy relation equation with constraints is stated as follows.
Given the fuzzy sets A and A, (1= 1, ...,k) in space U and the fuzzy set B in space V,
we should determine a fuzzy relation R* in product UxV such that the following
requirements are satisfied:

Ao R*=B. (3)
If we denote A, o R* =B, (1= 1,..., k) then
d(B,, B) = a d(A,, A), (4)

where a is constant, >0, and d(.,.) is the distance between fuzzy sets. The distance
d(C, D) between the fuzzy set C and the fuzzy set I 1s defined as follows

d(C.D)=(Huc(x)—up(y)lpdx) " p1l.

For p = 1 one has the Hamming distance and p = 2 yields the Euclidean
distance. In the cases the space U is finite we can simply define

d(C,D)= X |uc(x) - up(x)].

xe U
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Hence, our problem is to determine the fuzzy relation R* which satisfies (3) and
(1), given the fuzzy sets A, A, 1 = 1, ... k) in space U and the fuzzy set in space V.

3. An evolutionary approach to fuzzy relation equations with constraints

It 1s very difficult to determine the exact solution of fuzzy relation equations
with constraints. In this section, we propose an evolutionary scheme for
determining the approximate solution of fuzzy relation equation with constraints by
using an evolution strategy. Evolution strategies are algorithms which imitate the
principles of natural evolution as method to solve parameter optumization problems
(see [1, 4, 9]). We reformulate our problem in form of an optimization problem.
Given the fuzzy sets A and A, 1 =1, ..., k) in U and the fuzzy set B in V. Assume
that R is a fuzzy relation in UxV. Denote

AoR=PD,
AoR=DB’ (1=1, ..., k).
For each fuzzv relation R, we define a real value f(R) as follows

k
f(R)=d(B".B)+ 3 |d(B "B)-ad(A,  A).
e

Our problem now i1s to determine the fuzzy relation R such that f(R) is
minimum.

To apply the evolution strategy to the above problem, we first need to have
suitable representations for fuzzy sets and fuzzy relations. Assume that the spaces
U and V consist of finite number of elements, U = {u,, ..., u,}, V.= {v,, ..., v,}. Then,
each fuzzy set A in U 1s represented as a vector A = (a,, ..., a,), where a, is

membership degree of u, to the fuzzy set A, that is a, = y,(a,). Analogically, the fuzzy

set B in V has the representation B = (b, ..., b)). Each fuzzv relation R is
represented as a matrix of order mxn R = (r ), where r;, = n(u,,v)) Under these
assumptions, when given the fuzzy sets A, A, (1 = 1, ..., k), B and the fuzzyv rel. on
R we can easilv comptte the fuzzy sets B= Ao Rand B'= A o R G =1, ..., k),

where we can emplov the max- min composition or the max-product composition.

Hence, we can compute the value of ebjective function f(R).

The 1dea of evolution strategy for our problem is as follows. Each individual
1s represented as a pawr (R, X), where R = (r ) 1s a matrix of order mxn with r €

[0,1JG=1,...,m;j=1,..,n),X=(c)1s a(mxn)- matrix of standard deviations o,

Each population consists of N individuals, all individuals in the population
have the same mating probabilities. In cach iterative step, two randomly selected

parents:
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(R,.2,) = )("))
and (R...25) ('r"}.(-"'-"l)

produce an offspring

(R.2) = ((r,, ).(0,.)).

)

where r, =r' arr, =’ with equal probability and if r, = r* then a,=c*, (k= 1,2).

The mutation operator is performed on the offspring (R, %) which as
generated by the above crossover operator. Applying the mutation to the offspring

(R, Y), we obtain the new offspring (R’, X):
R'=(@"),

r,=r, +NOo )}, 0=1...,m;)=1, .., nj

where N(0O, 6,) 1s a normally distributed random value with expectation zero and
standard deviation o,.

\We now represent the scheme of evolutionary algorithm for determining the

approximate solution of fuzzy relation equation with constraints.
Algorithm

1. Generate a population of N individuals (R, Z), where R = (r,) is a matrix of
order mxn, each r, is randomly taken from the interval [0, 1], £ = (o,,1s a mxn -
matrix of standard deviations.

2. (Iterative step)

- Randomly select two parents from N individuals

(R, Z)= ((r].,). (01.,)) and
(R2v Z_') = ((rza))v (G2l)))v

These parents produce an offspring
(R, 2) = (r,), (o)),

where r, = r', orr, = r* with equal probability and if r, = r' then o, .c' ifr, =1%
2

theno, = o’ .

- Applying the mutation to the offspring (R, %), we obtain the new offspring (R', ¥)
R’ = (1))

', =r,+NO,0),0=1,...,m;)=1, ..., n),
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where N(0, 6,) is a normally distributed random value with expectation zero and
standard deviation o,. If all ', stay within the interval [0, 1], the new individual
(R’, 2)) 1s added to the population.

Eliminate the weakest individual from N+1 individuals (original N

individuals plus one offspring).

Conclusion

We have defined the notion of fuzzy relation equation with constraints, and
proposed the evolutionary algorithm for determining an approximate solution of
this equation. This evolutionary algorithm can be applied to determine the
approximate solution of the problem P1 in case an exact solution of problem P1 does

not exist.
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TAP CHI KHOA HOC DHQGHN, KHTN & CN, t XIX, Nyt 2003

MOT GIAI PHAP TIEN HOA CHO PHUONG TRINH QUAN HE MO
V(1 CAC RANG BUOC

Dinh Manh Tuong

Khoa Cong nghé, DHQG Ha Nét

Khai niém phuong trinh quan hé lan diu tién dude dé xuat va nghién citu ba
Sanchez (xem [7]). Phuong trinh quan hé md déng vai trd quan trong trong nhiéu
linh vuc, chang han phan tich cac hé md, thiét ké cac hé diéu khién md, nhan dang
mau md. Trong bai bao nay ching téi xac dinh khai niém phudng trinh quan hé mda
vdi cac rang budc va dé xuit mét thuat toan tién hoa dé tim nghiém xap xi cua
phuong trinh nay.



