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ON A CLASS OF MONOGENIC FUNCTIONS
IN CLIFFORD ALGEBRA
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1. INTRODUCTION

Let A be an universal algebra induced by a m-dimensional real linear space with a
{ey, e2,..., em}. Let Ay be a linear subspace of 4 spanned by the (r:) products eq, #A =p

have showed that L; = lin{eo, €1,..., €mn, €4,, €44,..., €4,} is invertible if and only if m = 4,

(p€N)and s =1, eq, = €12...m (see [7]). Based on these results for the case m = 4p+ 2 (p
m+1

the generalized Cauchy-Rieman operator D = ) ¢;3;,, ém+1 = €12..m can be construct
=0
R™*2, Furthermore we get the fundamental results for the monogenic functions induced D.

2. MONOGENIC FUNCTIONS
Let {e1, €2,..., €m} be a basis of R™. Consider universal Clifford algebra 4 with basis
DG Hy oy By i csas B Limyorsi Elcam P
The multiplication in A is given by the rule
ese; + ese; =0 fori # 7 ef ==1(1 =1 2,..., m).

So that the multiplication on basis vectors is defined by formula

- (rl}#{AnB]{_l)Plﬂ. B)

€ACRB CAAB

where
P(A, B) =) _P(A,j), P(A j)=#{i€ A:i>j}.

JEB
Every element a = ) ase4 (a4 € R) is called a Clifford number. A product of two Cli
A

numbers a = Y a4se4, b= ) bpep is defined by the formula
A B

ab = Zzaﬁbﬂcﬂcﬂ'
A B

The involution for basic vectors is given by

s (ST

€A = € k.. ks Ck kg ky -
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;ty a= %:-‘.‘l,qi‘.’g we Write @ = ). asey
f A

()& poitaau? odT  ® confdiceE,
ition 1. Let m = 4p 4 2 (p € N). Consider the differential operator

m1

d
= E ey, where €,,41 = €12..m
I

he conjugate operator of D
m+1

i - -
D=Z‘g‘§;'

i=()

ns of D and D on functions from the left and from the right are governed by the rules (see
irall f(z) = 5. eafalz), fa(z) are real-valued, we have
A

a d
Df=zﬂiﬂ,473{fa fD=ZfAfi fA
1. A

ma 1. DD = DD = A,, 260, where A, o denotes Laplacien in R™+2,

. Since em4; = €12.m and m = 4p+ 2 (p € N), we find 2,,4) = —€pmy4y. For every
[, 2,..., m}, we have

Eilmal FEm+18 = —€ilmyt — Em+1bi
= ~([-1)'*erz i-tittm + (F1)™ P era o tivtm)
=P Y e it =0

at
=~ —~ 3 3 “~_ 3 ]
DD = g R S + ma.
(?:ﬂe aI‘ e axrrl-#i](z‘eja 512 a-":m+1

L e

~ _ 43 8 3 a2
Zl 8"835‘- 61:3 +L[£ €12.mE12.. m.ei)axi + €12, m.c].? ma_T_'_

dzx
¥, =0 1= m+l Tinsl

Ll

3‘2 32
s § fleié';'f + el2_._mE]2...m P 3 = anH—? L

=0 ' Ton+1

larly, one can check the equality DD = A, 42 €.

nition 2. Let be given open 1 ¢ R™%2 A function f € C'(1, A) ds:said to be left (right)
ogenic in 0 if and only if Df = 0 (fD = 0) in 0.

qark. If p = 0, then D = —a-e“ + 3 —e; + 4 —ep + iflg. In this case, from Df = 0 one
dz dz dz, Oz

the generalized Cauchy - Rieman 0 system in 4-dimensional space (see [6]).
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. 1 T ; ;
Definition 8. The function E(z) = T, ;"TI;E (z # 0), where w,, 43 is the area of unit ba
’ m+2

m+1
" BRm™*?and r= [ ) 27, is called the Cauchy kernel.
V=

Lemma 2. DE =FED = 0.

Proof. We find the following equalities:

RN _1 8 1 Ty 5 oy
DE = e Tye5 = 7 S (Wi |
Z; J.=Zo Wm+2 0T 4 Fm+2 &2 ',IJZ___:G Wiasy 3:,-(:*'“‘"2)
a m
+2
+1 Ty ——T
_-mz - C'Ej( 5 0% )
o '
G2 Wmea ped y2m+4
‘o
"i":l 1 By (m + 2)z; rmHt =
i =0 Wm+2 P pamA
1
o "i - c*E-( N .. ('"”)I:"'"‘“Ii)
= i
i j=0 Um+2 R e yam+5
__"il( 1 .-:-'E-( iy _(m+2)z,-::,-)
- i€
i j'=0 wm+2 rl'l'l"‘” rm +4
m+1 2
1 1 m + 2)z: 1 s _ . (m+ 2 T T
= 5 "“( mtz { m+¢) ') i (e:8; + =:'=;)L_nﬂlrl“l
i,j=0 Wm+2 T 4 < Wm+2 r
o T 1 1 [m+2]:?)
- i-Zo Wm+2 : (r"‘"" rmtd
LA (m+2 (m+2]r2)_0
T Wty VP ym+4 !

which was to be proved.

Similarly one can check the equality ED = 0.

3. CAUCHY’S INTEGRAL AND ITS APPLICATIONS

Let M be a (m + 2)-dimensional differentiable and oriented manifold contained in some
subset 2 of R™*2. By means of the (m + 1)-forms:

di;, =dzgAdzy A - Adz;_y Adzigi A Adxpe1=0, 1., m+ L.

An A-valued (m + 1)-forms is introduced by putting

m+1

do= Y (~1)e;ds;.

=0

and the volume-element by dz = dzg Adz; A Adzpy i1
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wem 1. If f, g€ C{ﬂ, A) then for and (m + 2)-chain C on M C {1 we have

f fdag=/;(fD.g+j.Dg)da:.

ac A

" Let f =13 faea, then by Stokes’s Theorem for real-valued functional we have
A

fdcrg:f > (1) eaeien fagp di;
8

ac C AsB

Y (-1 exeien f (-1 2=/ 95)d

AnB

./; zuﬂaeﬂ( fﬂ ) z

“ AnB

= [ (fD.g + f.Dg)dz .
[
lary 1. If f 1s a left monogenic function and g i3 a right monogensc function in {} for the
1) chain C on M C Q, we have [, fdog=0.

\ark. Putting f = 1, for any g € C*(0, A), we have
/ dog=0if Dg=0
ac
result is nothing else but Cauchy’s theorem.

ma. 8. If f € CY{Q, 4), then for any x € N we have

lim f fly)de E(y - z) = f(z)
an

z=+41)

lim [ E(y - z)do f(y) = f(2),
z—-+0 BB
» B 1s the ball having the center z and radius ¢ being sufficiency small.

f. Let f(y) =3 fa(y)es. Then by Stokes’s theorem one gets
A

Il

fa e Bly=5) = e i Y easid [ (1) (45 - 25) Faly) dti

Wm+2 € A
1 a
= —— 1 g 3 d
e PIDLLY I CRE AL
- } 3fa
= l!m-|~‘2‘ = JgA € CJ f (‘SUI-‘ + (yJ ) ay‘ )dy‘

3
f —= dy. By the average value’s theorem one gets Iy = (y; — a:,] (y Vs,

fp (y; -

ey € B and VB is the volume of B. Then
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I : (y: s ‘”‘J) (y ]V

lim ——
e—0+ €(m+2) =0+ e"‘”

(y,—z;] 3v: (b‘)“

= lim ¢ is a constant
e—0+ em+2 l )

0 o a L] L]
= Jim, e(4; = %)) GA(47) = 0 (5 ~ = when < = 0*).

Put [ = IB iy fady. If s # 7 then I; = 0.
If+ =3 then

_Jptady
Em+32 €m+32 :
By the average value’s theorem one gets

I3
£m+2 m+2

falyi) Ve (where y} € B, Vg is the volum of B)

T em+3’A Va m+2 m+2

fa(yi) (wm+2 is the area of B).
Hence

Jim f(y) do E(y - z) =

Z’A Sma? 5 /a(va)

¢—o0+ Wy

m=+1 1

e Z m+ 2”3) f(z) (Because if ¢ — 0% then y} — z).

i=0

Similarly, one can check the equality

e—=0+F

lim E(y - z)do f(y) = f(z).
8B

Theorem 2. Let S C 01 be a (m + 2)-dimensional differentiable and oriented compact mans
with-boundary. IF f € C*(Q, A) then

f(z) fze8°

LSE(u-z)wf{y)-j;E(v-ﬂ-Dfly"‘!f:{o fzen\s

Proof. If z € 1\ § then by Theorem 1 and Lemma 2, it follows

[ E(y — z)do f(y) = [ (E(y — z)D.f(y) + E(y — z).Df(y))dy = f E(y - z).Df(y) dy
as F. 1 s

Hence

[ Bty-2)do 1) - [ Bly-2).D1(w)dy=o.
as 5

Now take z € S° to be fixed and choose R > 0 such that B(z, R) c S°. LetV =S c B. '
by Thecrem 1 we have
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/  Ely-2)da f(s) = [ (Bly=2)D.1ls) + E(y - 2).Df (s)}dy
= [V E(y — z).Df (y) dy.
nown that

| Bu-adost)- [ Bu-aaost)= [ Blu- 2o fl0).
as a8 av

fasE"" et f By oD i) dj = fw By~ £)do f{y).

R — 0% then V tends to .S and Lemma 3 follows

[ Blu==)do 1t5) - [ Bly—=).01(s) dy = fta).
as s

lary 2. Let § C (1 be as in Theorem 2. If f ss a left monogenic function, then

flz) forze S°

[ B-=e s ={] i

llary 8. If f 18 left monogenic function in 1 and a € O then

; /
—_— u) du
R™*2Vpi2 JB(a, R) /)

ch R > 0 such that B(a, R) C 0, where V,, ;7 13 the volume of unit ball in R™132,

fla) =

Take R > 0 such, that B(a, R) C (1. Applying Corollary 2 for the ball B(a, R), we have

2 =
a) = ———-—-——-nd = s d uj.
fla) Wm+2 JaB(a, r) |4~ a|™t? @ flu) r"*t2wms2 JoB(a, m(u i i)

teorem 1 one gets

m+ 2 1

... i g e f 2
fla) Rt 3 4[3{11.!{] Hohe R™+2V,v2 JB(a, R) Il

ition 4. If u = Y paeys, then |ulo = 2"‘[2(2#1)1!2-
A A

na 4. Suppose that there exists a point a € 0 such |f(z)|op < |f(a)|o for all z € 0. Put
{ze:[f(z)lo = [f(a)lo = A}. Then ), =1

First, we show that (1, is closed in {). Indeed {1 # @, because a € {1,. If 2, = N, then
oof is termined. So let y € 0\ ;. Hence |f(y)|o < A. As |f(:)|o is continuous in (1, it is
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possible to find an R > 0, such that |f(u)|o < X for all u € B(y, R) i.e. such By, R} c 01
This means that {1, is closed in f1.

To prove that {1, is open in (1, take z € 1) and R > 0 such that B{z, R) c 1. By Core

8 one gets
16) = s [ fw)d
e U
R™+%V,. 42 Jp(2. R

It follows that i 2
=R = prrr— 2 ([ falu)du)”
| ( } (4] Rz’"““:‘:.,_; XA: ( B{xR) A )

Using Holder's inequality one gets

21'11
ML e f du f 2 (u) du
Rz"‘HVfﬂzzA:( B(z, R) )( B(s.R) fate) )
1
€ e 2 du.
= B2V fs(;rm 1wl du

Hence

1
05————-f fuz—lzduﬁﬁ.
Rm+2V, .2 B(x. R) (| (o ]

Which yields that |f(u)}o = A for all u € B(z, R). This means that B°(z, R} c 11, which fc
that {2, is open in {].

Theorem 3. Let {1 be open, connected and f be a left monogenic function sn (1. If there ez
point a € 0 such that |f(z)|o < |f(a)lo for all z € (1 then f must be a constant function on !

Proof. Put |f(a)|o = A, and Oy = {z: |f(z)|o = A}. By Lemma 4, it follows {2y = Q2 or | f(z)|
for all z € (1.

If A = 0 then clearly f(z) = 0 for all z € (1.
For A > 0 and z € {1, we have

™Y i@ =2 (4)
A

Differentiating twice times both sides of (#), one gets
Z(““""‘fﬂ($] +Zfa(z} f,.;[z] 0i=0,12,..,m+1.
A

Summing up over1 =0, 1, 2,..., m + 1 yields

Z(— fa :c) +Zf.4( Bmy2falz) =

1, A
Or
Z( ) =0 forallzen.
‘A |
So tha ) = 0in 0 for all i = 0,1,2,.., m+ 1 and for all A, which means that
|

%
constant in {I. 1
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' CHf KHOA HQC DHQGHN, KHTN, t.XII, n°1, 1996

vE MOT LOP CAC HAM CHINH HINH TRONG DAI SO CLIFFORD

Nguyén Cdnh Luong
Das hoc Khoa hoc ty nhién - DHQGHN

P2 nghién ciu tfnh chit chinh hinh cda ham f : R™*! — A véi A 1A dai 8 Clifford 2™ chidu,
ri ta xét todn ti vi phin Dy = ) e; ([1]). Trong bai ndy khi m = 4p + 2 (p € N) ching
y=0

m+1
& rong todn t Do béitodn tk D = 3 e, trong d6 e,n4; = €13, téc d6ng 1én 16p him
=0
} ¢ R™*2 — A. Trong trudng hop ndy, d6i véi todn ti D ching ta ciing nhin dwgc nhirng
jud twong tw nhw d8i véi todn t& Dy.
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