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ON ALGEBRAIC CHARACTERIZATIONS OF
GENERALIZED RIGHT INVERTIBLE OPERATORS
IN LINEAR SPACES

Nguyen Minh Tuan
College of Natural Sciences — VNU

In this paper we introduce a class of generalized right invertible operators. This class cox
all right invertible operators and some well-known operators in Analysis as Projection, Diffe
ation, Difference and some classes of algebraic operators. We demonstrate that many fundam
properties from the theory of right invertible operators can be extended to generalized rigl
vertible operators as Taylor’s and Taylor-Gontcharov’s formulae and the we apply these resu
solve some corresponding equations in generalized right invertible operators.

1. FUNDAMENTAL PROPERTIES OF GENERALIZED RIGHT INVERTIBLE OPERAT

Let X be a linear space over a field of scalars F. Denote by L(X) the set of all linear oper
with domains and ranges in X and write: Lo(X) = {A € L(X) : domA = X}. The set of all
invertible operators in L(X) will be denoted by R[X). For a D € R[X) we.denote, respec
by Rp and Fp the set of all right inverses and the set of all initial operators for D, i.e.

Rp ={R€ Ly(X): DR =1},

Fp={F€LyX): F?=F FX=kerD}.

Definition 1. An operator V € L(X) is said to be generalised invertible (G I-operator) if th
a W € Ly(X) such that
VWV =V ondomV.

The set of all GI-operators in L{X) will be denoted by W(X). For a V € W(X) we d
by Wy the set of all generalized inverses in Lo(X) of V.

Deflnition 2. An operator V € W(X) is said to be possessing a right invertibility of deg
(r € N) (shortly: V is right invertible of degree r) it there is a W € Wy such that

Im(VW —I) C ker V",

where we admit VO = [ for the case r = 0.

The set of all right invertible operators (in L{X)) of degree r will be denoted by R,(X). B
by Definitions 1 and 2, it follows

R(X) = Ro(X) C Ri(X) C - C Ry(X) S W(X); n=0,1,2,..
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tion 8. Every V € R (X) is called a generalized right invertible operator (shortly: GR-
ble operator). For a V € R;(X) we denote by R}, the set of all generalized right inverses
y: GR-inverses) of V. Moreover, if there is W € R}, such that InW C ker (VW — I) then

alled an almost right inverse of V. In that case, we write: W € R},

sition 1. Let D € R(X), R € Rp and etV = R™ D", where n > m, n,m € N. Then
L. Moreover if n > 2m, then there 1s an almost right inverse of V.

Write: Wy = R"™™, where we admit R” = [ for the case n = m. Since R € Lo(X) we
le that Wy € Ly(X). Using equalities D*F RF = I, we find

V‘z Wl] = ﬁm Dn Rm Dn Rn—m s Rm Dnvm Dm - Rm Dn - V (1]

VoV =R"D"R"™R™"D"=R"D"=V. (2)
(1) we get Im (V W, = I) C kerV. This and (2) together imply that V € R),.

n the other hand, for the case n > 2m we have
v wg =R™ DO RP™M Rn-™m _ pm D™ RR-™ - R™ D™ pm Rn—ﬂm =—W{),
\Wo C ker (V Wy — I). Hence W, € R},
d
ple 1. Let X = C([0, 1], F) and let D = ' (Rz)(t) = f:u z(s)ds and (Fz)(t) = z(to)
€ [0, 1]. Write: V = FD, then V # 0 and V2 = 0. It is easy to see that V € W(X).
er, V. & R.(X) for r € {0, 1}. Indeed, V ¢ R(X), ie. V ¢ Ry(X). Suppose that there

W € Lo(X) such that Im(VW — I) C kerV. We find V = V2W = 0, which contradicts the
ion V # 0.

ssition 2. Let V € Ry(X) and let W € R},. Then
el ifn>m>1,
VW™ = ¢ VW tfn=m,
VWm—r+l fm>n2>1.
Ifn=m2>2 we find
yowme prd(yviggywesiayrrlpgesl e i VIS (VAW =V W,
m > 1, we have the equalities
VRW™ = Y (Ym Ty = YR (VW) = VR (VW) = YR
inally, for m > n > 1, we get
VW™ = (VW™ = (VW)W s Y menel,
roof is complete.
psition 8. LetV € R (X) and W € R},. Then V" € R\(X) forallne N* and W™ € R),..

49



Proof. The assumptions and Propesition 2 together imply the following equalities
Vr=(VWV)Vr = VWV = VWWV =VWiW" =... =V W V",
ie. V™* € W(X). On the other hand, also by Proposition 2, we have
Ve=Vr VW =V (VW) =V (VEWW) =V "VWi=.. .=V V"W,
Hence V™ (V* W™ — I) = 0, which shows that V" € R;(X) and W" € R} ..

Theorem 1. Let V € R (X) and let Wy € R},. Then W € Lo(X) 1s an GR-inverse of V if
only if there is an A € Lo(X) such that ImA C kerV? and

W=Wy+A-WoVAVW,.

Proof. Let W is of the form (1), where Im A C kerV? and W, € R.. We have
VWV =V +VAV VW, VAVW V=V +VAV -VAV =V,

VEW =V2W, + V2A-V W VAVW, =V - VZAVAW, = V.
Equalities (5) and (8) together imply W € R].

Conversely, let Wy, W € RL. Write: A = W —W,. We find V24 = VZW - V2W
V-V =0. ie, ImA C kerV2 The equalities VWV =V and VW,V = V together in
V (W — W,)V = 0. Hence, we have

Wot+ A=WoV AV W, =Wy + (W —Wo) =WoV (W - W) VWo =W,
which gives the representation (1).

Theorem 2. Let A, B € Lo(X) be given. Then I + AB € Ry(X) if and only sf I + BA € Ry|
Moreover, if Wap € R}, 4, then

W=I-BW,gA€R} p,.

Proof. Let I+ AB € Ry (X) and Wap € R}, ,p. Then (I + AB)?Wup = (I + AB) and W def
by the formula (1) are well-defined on X. We have the following equalities.

(I + BA)W (I + BA) = (I + BA) (I — BW4p A) (I + BA)
= (I+ BA)? ~ (I + BA) BW,p A(I+ BA)
=(I+BA)? ~B(I+ AB)Wup (I + AB) A
=(I+ AB)®~B(I+ AB)A=1I+ BA,

which show that ] + BA € W(X).
On the other hand

(I+ BA)*Wpas = (I+ BA)?(I - BW,pA) = (I+BA)? — (I + BA)) BW,p A
=(I+BA?-B(I+AB)*W,pA=(I+BA)?-B(I+AB)A=1+B.
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iply that W € R} ;. , and I + BA € R (X). The proof is complete.

tion 4. Let V € Ry(X) and Wy € R),. Write: W, = W,V W,. Then W, € R, and
= W,.

he assumptions V2W, =V and V W,V =V together imply the following equalities

VEW, = VEW, VW=V (VW V)W =V2Wo =V,

WiVW, =WoVW VW VW, =W (VW V)W VW,
=W0VWUVW|1=W0VW{)=V,
ve W, € R, and W, VW, =W,,
he sequel, we write: R‘[,I'm ={WeR, WVW=W}

2. RIGHT AND LEFT INITIAL OPERATORS FOR GENERALIZED RIGHT
INVERTIBLE OPERATORS

V € Ry(X), W € R}" and let dimker V # 0.

on 4. Let Ve R (X)andlet W € R,E,n‘l}. An operator F, = ,l";} € Lo(X) is said to be a
tial operator (shortly: RI operator) for V corresponding to W if F? = F,, Im F, = kerV
’ =0 on X. The set of all RI-operators for V € R, (X} will be denoted by .F'i-r}.

on 5. Let V € R (X) and W € R\"®). Then the operator F\) = I — V W is said to be
tial operator for V corresponding to W.

e that, if V € R(X) then Fg’ =0 forall W € Ry.
ition 5. Let V € Ry(X) and Let W € RL. Then

domV =WV (dom V) @ kerV .

lote that for every z € domV we have WV s € WV (domV) and (I —WV)z € kerV

WVz+ (I—WV)z. On the other hand, if z € WV (dom V) NkerV, then there is
V such that z = WV v and V z = 0, simultaneously. Hence 0=V z=V(WV)v=Vv
W (Vwv)=0.

ition 8. Let F' be a RI-operator for V € Ri(X) corresponding to W € R‘{,l'ol. Then
Fuv=uv for allv € kerV.

VF=0.

X =ker FpkerV.

Eor every v € kerV, by Definition 4, there is z € domV such that v = V z. Hence
z=Vz=uw
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(ii) Also by Definition 4, for every z € X, we have Fz € kerV. Hence V F z = 0, i.e.
on X.

(iii) It is easy to see that F € Ry(X) and F € Rp. Hence, by Proposition 5,
X=F(FX)®@kerF=kerV @kerF.

Theorem 8. Let V € Ry(X) and [et W € RLI.U}_ Then F € Ly(X) 1s an RI-operato
corresponding to W tf and only of ImF C kerV and F=T-WYV ondomV.

Proof. Let F € FJ.']' be an RI-operator for V corresponding to W € h’.:,l‘m. For any z €
we find Vz=VWVz=Vu, where u= WV s. Hence 2~ u € kerV and by Propositio
get (/-WV)z=z—u=F(z-u)-Fz—-Fu=Fz-FWVz=Fzfor FW =0.

Conversely, if F € Lg(X) such that ImF C kerV and F = I - WV on domV, t
any z € kerV weget Fz= (I -WV)z=2z-WVz=2 Hence FX = kerV and fc
z € X, we find Fz = F(Fz), ie. F? = F. On the other hand, since InW < domV, 1
FW=(I-WV)W=W -WVW =0. Thus, F € F.

Theorem 4 (Taylor- Gontcharov's formula), Let V € Ry(X) and let {F,},er be a fc
RI-operator for V corresponding to a family {W,},er of GB-inverses of V. Then

- N-1
I=Fpo+ Y Wy Wy B VE+W, - W, VY ondomV"Y.

k=0

Proof.. By induction, for N = 1 we have
I=F,, -W, V+W, V=F, +W,V.

Suppose that (1) in valid for every n < N. Then for n = N + 1, we find

Wi

']

'W'I‘N P e W‘Tu al 'W"m-; (I - F,N]VN
=Ws Wy, v - Wio o Wano, Fyon vr

=1

N-1
=I—F‘In_Zwﬁn"'wﬁk-lf“rkvk_w‘ro"'w':w F'TNVN
k=0

N
=f—-F.,a--EW.TQ-“W“_IF.“V&,
k=0

which proves (1).
3. ON GENERALIZED RIGHT INVERTIBILITY OF ALGEBRAIC ELEMENTS

Let F = C. we say that A € Lo(X) is algebraic if there exists a non-zero normed pol;
P(t) = t" + a;t"~! + --- + a, with coefficients in F such that P(A) = Oon X. An a
operator A is called of order n if there does not exist a normed polynomial Q(t) of degree
such that Q(A) =0 on X. Such a minimal polynomial P(t) is called the characteristic pol:

of A and is denoted by P4(t). The set of all algebraic operators in Lg(X) will be denoted b;

Let F' = C and let S be an algebraic operator in Lo(X) with the characteristic polyn
the form
Po(t)=tN +p NPt py it + e,
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em b. Let S be an algebraic operator of order N in L (X) with the characteristic polynomaal
of the form (9). Then S € Ri(X) if and only of p§,_, + p}; #0.

Let S € R (X) and let W € R.. Suppose that py_ = 0 and Py = 0. Since P:(S)=0
!W = S, we have the following equalities

0=Ps(S)W = (SN2 45,5V 34 . 4 pn_a]) S?W
=S¥ 24+p SV 3+ 4 pn2l)S
=SV g SNt pya S,

contradicts the assumptions that S is of order N.

E‘onversely, if Pn # 0, then S is invertible and it is right invertible and G R-invertible, simul-
sly. We deal with the case when py =0 and py ., # 0, simultaneously.

rite:
N-2 N-3
= N—k-1 g
W =pyZ, ( > pn-_2pk S - pn-1pSNK 2).
k=0 k=0

pw check that W € .RL. We have the following equalities

N-=2 N-3
T By ( 2 P2 SVTE = 3w -S'N_k)
k=0 k=1
-2 N-3
N o
k=0 k=0
N-3
=py-1 (Pv-2 5 (Ps(S) = pv-1 §) — pw- E T
k=0
N=3
= P.;Jﬂ-l( — PN-1PN-28% - PN-1 z Pk .S'N"‘)
k=0

= —pyoy (Ps{S) —pn-18) =8,

€ W(X) and W € We. On the other hand, we also have SW = W S, which gives S?W = §.

roof is complete.

rem 6. Let S € :1.(}{') NR(X). . Then there 1s a uniqgue W € qu”.

Let S be of the form (9). By Theorem 5, form the assumptions, we have p% +p% _, # 0
here is W € RL”. If py # 0, then S is invertible. Let W € qu” be arbitrary. Since
= 8, wefind W = §"38?W = §728 = §~!. 8o that W = §~, i.e. § is uniquely
nined. We now deal with the case py = 0 and py_, # 0, simultaneously. Write: P(t) =
+pitN"% 4. 4 py_y Then S = —p3', P(S)S% Let W& R be arbitrary. We find

N

=SW?=—py! | P(S)S*W?=—p'  (S" 240, S P4 4 DpN-3S +pN-2SW).

n the other hand, the equality S?W = S follows SW = "Pf_vl-x P(S) S, which gives W
of the form

W=—ppt (S" ?+p8" 2+ - +py_2S+pn-2P(5)S).



Thus, W is uniquely determined.

Corollary 2. Let § € Ry(X) and let W € R\, Then § € A(X) if and oniy f W € A(X).

Proof. Let S € A(X). Then by Theorem 6, W is uniquely determined as a polynomial in £

coefficients in F. So that W € .:I(X} ([4]). Conversely, suppose that W & ;i[X) and Py
tM + a)tM=1 4+ ... 4+ a,,. Then we find SM¥*! Py (W) =0and S +a; S?+ - + ap SM*

which gives § € :i(X]

8.
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TAP CHI KHOA HQC PHQGHN, KHTN, t.XII, n°1, 1996

DAC TRUNG PAI SO CUA TOAN TU KHA NGHICH PHAI SUY RONG
TRONG KHONG GIAN TUYEN TiNH

Nguyén Minh Tudn
Dais hoc Khoa hoc tw nhién - DHQGHN

Bai bdo d& cdp dé€n mdt 1ép cdc todn ti khd nghich phdi suy rong. Lép cdc todn tir ni

gdm tit cd cdc todn td khd nghich phdi, mét s8 16p todn ti quen biét trong gidi tich nht
t& chiéu, todn ti vi phin, sai phin vi mét s8 dang todn ti dai s8. Céc két qui thu dworc
td ring rit nhitu tinh chit co bin cda Iy thuyét cdc todn i dai s8 c¢6 thé m& rong cho t
hop khd nghich suy réng nhuw céc ¢dng thirc khai tri€n Taylor, Taylor- Goncharow, ¢éng thir
dién nghiém, ..,
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