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REMARKS ON THE NEWTON-KANTOROVIC’S METHO:!
FOR NONLINEAR EQUATIONS
INVOLVING M- DERIVATIVES

Nguyen Van Nght

Hanot University of Ciwil engineering

A Newton- Kantorovic’s process for solving nonlinear equations with an emphasis or
nonlinearity of M - derivatives has been investigated.

1. INTRODUCTION

In {1], A. Donescu has introduced concepts of M - linearity, M- differentiability of mapj
and studied the following modified Newton - Kantorovic’s method:

ITn4l = Tn — FtnF(mnll

where T';,, are right inverses of the M - derivatives F'(z,,). A convergence theorem for process
under a severe restriction that there exits an uniformly bounded inverse I'; for almost every
some neighbourhood of the initial approximation zo has been proved.

Since F'(zy,), and therefore I',,, are nonlinear, it will be more justified to consider the pro

In4l = Zn + Fzr:["'F(zn)]-

Clearly that the Donescu’s convergence theorems remain valid for the last method. How
in this note, we are particularly interested in the scalar case X = Y = R' for process (1.2), w
to some extend, the convergence results are stronger and the conditions are easier to verify.

We begin by recalling some concepts and results which will be frequently used in this
The reader should be refered to the work [1] for details.

Let X, Y, Z be real linear normed spaces. A mapping T : X — Y is M -linear, if T is Lips
continuous and positively homogeneous. The set ML(X, ¥) of all M-linear mappings, end
with a standard linear structure and a norm defined by ||T|| = sup ||T(z1) — T(=z2)|l/|l

Z1FZ3
z3|| becomes a linear normed space. Moreover, ML(X,Y) is a Banach space if Y iz a Ba

space. f T} e ML(X,Y), T3 € ML(Y, Z), then T, T, € ML(X, Z) and | T2Th || < ||T2)| | T4 ).
Ty, T e ML(X,Y) and suppose that T has an inverse 7! € ML(Y, X). Further, assume that
T-Ty|| € k < 1, where I denotes the identity operator in X. then there exists Ty ' € ML(!
and [|T7H < IT7H1/(1 - k).

A mapping F : X — Y is M-differentiable at 5 € X if there exists a M -linear maj
T e ML(X,Y) such that ||F(zo + h) — F(z0) — T(h)|| = O(||h|)) for all h h € X. The mappi
is called a M -derivative of F' at X; and is denoted as T := F'(z;) Note that M - derivative,
exists, is unique.
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et F be M-differentiable and the mapping z =+ F'(z)h is continuous on the segment [zo, zo+

(z=g20+th:0<t <1} with the possible exception of a countable set, then there holds a
-value formula:

1
Flzo+ h) = Flzo) =fﬂ F'(zo + th) (h)dt.

2. THE NEWTON- KANTOROVIC’S METHOD

“onsider an operator equation:
F(z) =0 (2.1)

s F.: X — X 18 a M-differentiable mapping and X is a real Banach space. Suppose that
-th approximate solution z, is found (z; is given). Due to the M - differentiability of F at
e have F(z) = F(z,.) + F'(z.)(z — z,.) + O(||z — z.||). Neglecting the infinitesimal term, we
» the next approximation z,.; from a M- linear equation: F(z,,) + F'(z,)(Zn4+1 — Z) = 0.
z,,) processes an inverse [F'(z,)|"* € ML(X), then:

In4l = Tp T Fn[_Fn]: (2'2]
+ for simplifying notation, we put ML(X) := ML(X, X),
Fim Plza); Fli=Flza): TR0,
\ simple Newton’s method is defined by:
In+l = Tn + PD(_Fn) .

senerally speaking I';, and I'y are not homogeneous, therefore T'y(—F,,) # —I', F,, To(=F,) #
r

wem 2.1. Let F be M - differentiadle on a closed ball B := B(zo, r) and its M - derivative be
hitz-continuous on B with the possible ezception of a countable set: || F'(z)—F'(y)| < L||lz—y||
EE B). Further, suppose that Fy possesses an inverse To € ML(X) such that:

Vu, v € ~F(B) [[To(u) = Tolv) — Tolu — v)|| < eju—v||. (2.4)
f there hold the follow relations:

IToll < M; [|Foll < N ||Foll < m; h:=M2Ln/2 < 1/4.  (25)

Mn(1-vV1-4h)/2<r. (2.6)

O<e<MVI-4h/(MN+1-vI—4h). (2.7)

there exits a solution z* € By = B(zo, Mnto) of (2.1), where to is the smallest positive
m of the equation ht?> —t + 1= 0. Moreover, the simple Newton’s method (2.8) is convergent
ere holds an error estimate: ||z, —2*|| < cq™, where g = q1 +e(N+¢; /M), g1 := 1—/1 — 4h,
nst > 0.

The proof is proceeded as in [2- 4] with some obvious modifications. First note that from
it follows By C B.

et A(z) := 2+ [o(-F(z)). Using the M-linearity of 'y, the Lipschits-continuity of F'(z) on
formula (1.3), we find:
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Vz € By, || A(z) — zo|| = ||z — o + To[—F(2)}
= ||To[=F(z)] —~ ToFo(zo — 2)|| < M || - F(z) - Fy(z0 — =)
S M{n+|F - F(z) - Fy(zo - 1)}

=M{n+ ||_/n [F'(z + t(zo — 7)) — Fo)(zo — z)dt||}
< M{n+ Lz — z||*/2} < M {n+ L(Mnty)?/2} = Mnt, .

Thus a maps By into itself.
Further, for all z, y € By we have:

A(z) — A(y)ll < Il - ToFo(y — 2) + To[F(y) — F(z)]l
+ [|ITo[~F(z)! — To[-F(y)] - To[Fly) - F(2)]|| -

Again, using (1.3) and taking into account the M- linearity of I'y and the Lipschits-con!
of F'(z) we get:

| = ToFi(y - 2) + To[F(y) - Fz)]]| < M [ |F'(z +t(y - 2)) = Fol| ly - = dt,
< ML(Mnto) |ly - z|.

From (2.4) it follows that

Il F(2)] - Tol~F(s)] ~ ol Fly) ~ Fla)]
<elP(y) - Pl < [ 1P (et tly =Dy - =l

1
<e fo IF'(z + t1y — 2)) = F (o)l lly — =l dt + € | F2)| Jly — =]

Thus,
|To[~F(2)] = To[~F(v)] - To[F(y) - F(a)l| < elL(Mnto) + N] ||y - = .
Combining inequalities (2.8)- (2.10) we arrive at:

IA(z) — Al < [(M + )MLnto +eN) [}y - =] = qlly — =]

Condition (2.7) ensures that g € (0, 1). The conclusion of Theorem 2.1 now follows in
ately from the Banach fixed-point theorem.

Remark 2.1. If F(xz) is Frechet - differentiable at zo and F'(zo) has a bounded inverse T
conditions (2.4) and (2.7) are automatically fulfilled.

Example 2.1. [l] Consider a mapping F : (z), z3) € R? — (Fy(z), F2(z)) € R? defir
Fﬂ(z) - |zﬂtl

4z ~242, ifz; <1

rp—1-— Ig if ;=21

Fi(z) = {
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Clearly that £* = (1; 0) is a unique solution of (2.1). Further, F is not Frechet - differentiable
iy neighbourhood of z*. On the other hand, F is Frechet - differentiable at zo = (1.5; 0.5).
ying (2.3), we get z; = 20+ [y (= Fp) = (1; 0) = z*.

In the remainder of this section we consider the Banach space X with the so-called (a)-
erty, i.e:

(@} VA, B, Ce ML(X) |AB - AC| < ||A|||B -C]|.

position 2.1.
(i) T € ML(R') iff T is of the form:

T(z) = {
e a, f € R are constants. Moreover,

I7|| = max{|al, 5]} -

ar z20

fz z<0 (111}

(i) T has an snverse T-' € ML(R') sff af > 0.

f. (i) Let T € ML(R?) then for all z > 0 T'(z) = 2T(1) = az, where a = T(1); similarly,
i < 0, T(z) = (—z)T(-1) = Pz with g := —T(—1). Now suppose that T is defined by (2.11).
rly that T is positively homegenous, moreover, |T(z) — T(y)| < M|z — y| for all z, y € R?,
« M = max(lal, |8))

Thus T € ML(R') and ||T|| £ M. Since [T(1)-T(0)|/[1~0| = |a|, |T(-1)-T(0)|/|-1-0| =
t follows that |T)| = M.

(ii) Assume for the definiteness that a, §# > 0. Then the equation T(z) = y has a unique
ion:

>0
o= 71 ={y/u y2
(v) 4
Simillarly, if &, # < 0, then
. ‘y/B y20
a (y)ﬁ{y/a y<0,

position 2.2. (R, |.|) possesses the (a) - property.

f. Suppose that T € ML(R') and |Tz| < Alz| for all z € R! then it is easy to show that
< X. Now let A, B, C € ML(R") then for any z € R' |(AB — AC)z| = |ABz — ACz| <
Bz~ Ca| = |Al|(B - C)z| < | Al[|B — C| |z, there fore || AB — AC|| < ||A]|||B - CI|.

Note that the (a)- property has been used for proving the ocal and semilocal convergence
rems for process (2.2). .

Since these convergence theorems can be stated and proved as those given in [2- 4], they will
mitted.

3. SCALAR CASE X = R!
Buppose that f is M- differentiable on [a, b] € R!. Then

23



o B a(z)h; >0
rem={ 3 s <o,
where afz), f(z) € R!.
We say that f'(z) does not change sign on |a, b] if Sgn a(z) = Sgn f(z) = const Yz € [q,

Proposition 3.1. If f'(z) < 0 (f'(z) > 0) on [a, b] then f(z) 32 decreasing (increaring).

Proof. Suppose f'(z) < 0, then for any = < y, from the mean-value formula (1.3), we li

f(2) = f1(¥) = fo f'(y +t{z — ¥))(z — y)dt = [; Bly + t{z — y))(z — y)dt > 0. Thus f(z) >
hence f(z) is decreasing.

Proposition 3.2. Let f be convez and differentiable on [a, b|, then:

flz) = fly) = f'(y)(z — y) Yz, y € [a, }] !

Proof. Using the convexity and M -differentiability of f, for fixed z, y € [a, b] and any t € (
we have t(z) + (1= 1)/ (y) 2 [{tz+ (1~ 1)) = fly+2(z—v)) = F(3) + F'()(t(z— ) + (|
= £{g) +t1'(8)(@ ~ v) + olt). Tt follows that £(z) — £(s) > £'(s)(z — ) +o(t)/¢. Letting ¢ —
we come to (3.1).

Now we consider equation (2.1), where the scalar function f(z) is convex or concave
its M -derivative does not change the sign. We assume that f(z) is convex and f'(z) < O
remaining cases can be considered similarly.

Theorem 8.1. Let f(z) be convez and M - differentiable on [a, b]. Suppoac that | f'(z)| < M
f'(z) <0 Vz € [a, b].

Further assume that z* is solution of (2.1). Then the Newton- Kantorovic’s method
starting from any zq € [a, b] such that f(zo) > 0, is convergent.

Proof. We prove by induction the following relations

f(za) 20
Tn ..<. Zn+1

T, <z,

First we note that (3.3), (3.4) are implied from (3.2). Indeed z,4; = z, + f,"“[—f
— fa/an = z,. Further, if z, > z* then by proposition 3.1, 0 £ f(zs) < f(z°) = 0 whi

lmpoaalble Therefore z, < z*

Now suppose that for all 0 < k < n, f(zk) 2 0. Using proposition 3.2, we get foi1 —
fi(zns1r — 25) = fLfi = fa), oF fasy = 0. Thus all relations (3.2)-(3.4) are satisfied. |
(3.3), (3.4) it follows t.ha.l: the sequence z, is convergent. Let lim z, = £ < z*. Since | — |
174 (Za+1 = Za)| € M|Zns1 — Zn| we get f(€) = 0. Suppose £ < z* then 0 = f(£) > f(z")
This contradiction shows that £ = z*. If for all z € [a, b], | f(z)| = m > 0 then we have an
estimate 0 < z* — z, < f(zn)/m.

The following simple example shows that method (2.2) is more rational than the “traditi
Newton - Kantorovic’s method.

Tp4l = Tn — .f:a_lfu
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 case of M- differentiable mappings.

iple §.1. Let [—15”2 if ~1<z<0
~10z+2 #0<z<0.1
flz) = ¢ .
-bz+15 if01<z<02
-25z+4+1 if02<z<1,

Clearly that f is convex and M -differentiable on [—1, 1].

Vote that f(0)f(1) < O then f(z) has a solution z* € (0, 1). Further, f'(z) < 0 for all
-1, 1]. Starting from zo = 0 (f(zo) = 2 > 0) we need 5 iterations (3.5) or only 3 iterations
to achieve z* = 0.4. :
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cHI KHOA HQOC DHQGHN, KHTN, t.X11, n°2, 1996

VAI NHAN XET VE PHUONG PHAP NEWTON- KANTOROVICH
GIAI PHUONG TRINH VOT M-DAO HAM
Nguyén Vin Nghy
B mdn Todn - Dai hoc Xdy dyng

340 cdo trinh bidy mét cdi bién cﬁalphl.rcmg phép Newton - Kantorovich gidi phwong trinh véi
t& khong trom. Thuit todn cdi bién ndy td ra hop Iy hon phuong phdp Newton - Kantorovich
bi€t, vi né d3 tinh d€n tinh khong thuin nhit cda M-dao him.
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