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GIAI BAI TOAN BIEN CUA PHUONG TRINH
VI-TICH PHAN VOI NHAN NUA SUY BIEN

Pham Ky Anh, Bui Dic Tién
Khoa Todn - Co - Tin Hoc PHTH Hd Nos

$0. MG DAU

bi b&o ndy ta nghién ctu viéc gidi gin ddng bai todn bién cda phwong trinh vi-tich
nhin nda suy bi€n bing céch dwa bii todn ndy vé dang bai todn bién di dwegc nghién
va &p dung phwong phép “Seidel-Newton khdng chinh x&c®. Vé&i § nghia d6 bai bdo ndy

nhur 13 tiép tuc cda bai [2).

uén khé bdi bdo c6 han. Chéing t3i chi dwra ra nhimg két qua chinh ma bd qua nhisu
48 trung gian.

§1. BAI TOAN BIEN PHI TUYEN
bai todn bién cda phwong trinh vi-tfch phan véi nhin nia suy bién (xem [3]) sau:

= A(t)a+ / K(t, o)/ (2,2, 2)do + olt, ,3), .
0

Iz =0,
Mi(t)Ni(s) 0<s<tg1
Mi(t)Na(s) O0<t<s<y

i € C([0,1), R**") (i = 1,2); T : C([0,1),R") — R" 12 ton ti tuyén tinh lién tuc;
ivée to f(t,€,¢), 9(t,€,¢) € R™ (t€[0,1];¢,¢ € R") lién tuc theo t kha vi theo £, ¢.
nghi¢m trong khéng gian C*([0,1),R").

trong dé K(t,s) = {

1. Dang phrong'trinh todn t& cda bai todn bién
p dung phuong phép Seidel-Newton khong chinh x4c, ta dwa (1) v& ding phwong trinh
b mot &6 quy uéc sau: ky higu AT 13 chuyén vi cda ma tran (hay véc to) 4; (z,u,0)t =

T)T (2, u, v IA che vée to cdt); (o, .., 0n) 12 khéng gian con sinh bdi céc véc to
ni Wi x W3 x Wy = {(wy,ws,ws)" :w; €W,,i=1,3). o, y € C([0,1),R")

1

(o, ¢) ::/p’(w(:)m; X :=c'(j0,1,R"), Y :=c(o,1].R"),

5
X:=c'([o,1,R*), V:=C(j0,1,R*), Z:=V xR

ng gian Banach véi chuin sau:




ze X, [zl = izl + Il yeY : vl = maxly(t)l;
2 X Izl = U=+ 15l eV 5l =maxii0) )
€=(€h..., )T €B el =max|€; E=(,..., E )T ER"

F=(@A €Z ye¥, FeR™ |5 =3l + 7.

Dyt u(t)=/N,(a)f(a,z,:i:)da, u(:)=/N,(a);(.,:,¢)d,.

RS rang u, v € X, u(0) = 0, v(1) = 0, u(t) = Ny(t)f(t, =(¢t), £(¢)), 0(t) = —Na(t)f(
Thay vdo (1) ta cé:
i= Az + Myu+ My +g(t, 7, 2),

rz=0.

Pit Z =(z,u,9)",
F(6,%,3) = (slt, 7, 2), M(8) (¢, 2, 2), ~ Na(t)f (¢, 2, 2))
T : X3z~ (Iz,u(0),¢( l))‘ €R>™ 1A todn t¥ tuyén tinh.

Khi 6, bai todn (1) dwa dugc vé dang:

trong 46

1d ma trgn kh6i, m8i khdi 1A mét ma trén vubng cdp n x n.
Hay dwéi dang todn ti: _ _
Az =F(z),

2. Toén t& vi phan tuyén tinh
Céc bai toka (5), (8), (7) 1o m& rong cda bii toén di dwge nghidn céu & [2):

= A(t)z+ f(t,z,%),
rz=0,

hay dwéi dang toén té: Az = F(z), trong d6 Az = (z — Az,T'z)t, F(z) = (f(t, z,%),0

Ta 8& s0 sinh bai todn (6), (7) v&i bai toén (8).
Xét hai bai todn thuin nhét:

{i:Az N =A%
rz=o0 Fz=o.



va U 1A chc ma trin nghigm co bin cda phwong trinh thulin nhat

{ U =AU =40 ©)
vE)=£ T(0) = E,
v E 12 chc ma trdn dom vj trong R™*" v R®™3" twrong ng.
kiém tra céc tinh ch(t_un:_l
chét 1. Ma trin khéi U va U~ c6 céu triic sau:
U U U Ut -U-WU, U,
U=|o0o E o, U'=| o E 0 ; (10)
0o 0 E 0 0 E
¢
trong dé Ui(t) = U(t)/U"(a)M;(a)da (i=1,2) (11)
L

dinh 1 Riess v& dang tong quét cda phiém ham tuyén tinh trong C[0,1], ton tai cic
ran c6 bién phin gidi néi n € BV ([0,1],R"*"), n € BV ([0, 1], R3*3") q&

1

I‘::/dr,(t)z(t), TE:/dﬁ(t)E(t) (12)
0 0

chét 2. C6 thé chon 7 nhu sau:

n(t) o0 [1]

0
0 0 nalt)

(¢)7{~E khi t=0 - 0 khi 0<t<1
o o whio<e<t "OT{p i e 9
'ma trin x4c dinh” D v D dwoc dinh nghia nhur sau:

1

1
D- /dq(e)[l(t) eR™", D= /dﬁ(t)ﬁ(t) € RIOn,

0 0

ch&t 8. Ma trin khdi D c6 ciu tric:

(D D D
D= (o E o ) i (15)
0o 0 E
1 1
trong d6 By = / dn(OUL(e), Ds= / dn()Ua(e). (16)
0 0

hg néu rankD = n — v thl rankD = 3n — v.
{=i}{ 14 co s& cda N(D). Dit

% = (2,00 €R™ (i=T (17)
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Tinh chét 4. {%}} 12 mjt co s& cda ¥(D).
Gik st @ = (wy,wg,ws)', w€R® (i=13).
Tinh chét 5. @€ N(D") khi va chi khi
wy € N(DT), wa=-DTw, ws=-DJuw,.

Dic bigt:
Tinh chit 8. Néu {w,;}{ I co s& cda N(DT) thl

(wi, - DY wi, -DJ w)'}y

1A co 84 cda N(ﬁr).

Bing phép tryc chudn héa, ta luén coi B} @; = &; (5,5 = L,v).

By gi¥ ta x3y dyng co s& cda R(D). Ta tim 3n — v véc to dc l4p tuy@n tini
nhw sau: gid st {y;}2,, 13 co s& tryc chuin cda R(R) vd {z;}2,, thda min:

Dzj=y; (j=v+1n).

Ky higu {¢; :=(0,...,0,1,0,...,0)T}} i co s& cda R".
Tinb chit 7. Hé véc to

{5,000 241, {(D1ei, 0, O}, {(Daes,0,e) )7}

14 mét co s& cda R(D).
Ch¥ng minh (t6m tdt). Trong R®", hé véc to

{Zj =(2;,0,00 (j=v+1L,n); Ensi :=(0,6;,0), Tangs = (0,0,e)* (=1

13 nghich 4nh cda he (21) qua D.
Bing phép trwc chudn héa Gram-Smith hé (21) ta dwgc h§ co 8¢ trye chudn o
{715,
#y;=6; (,5=vF13n).
Nhén xét. V1 {g; = (y;,0,0)'}],, 45 A n — v véc to tryc chusln, nén chi cor
chufin héa 2n véc to cdn lai cda hé (21).
K¢ higu {;}27 C R 1 che véc to thda man :

Dz, =y,

Dt pilt) =U(t)z: ((=Tv), $(t) = (pa(t)y---r 0 (t))i
&) =UWz (=12), &)= @(t)....5 ().
Tinh chit 8.
Bilt) = (e:(t),0,0)" (i=T);
() = (40),0,00% 37 (9(1) = 67 () (0).
Trd lai xét céc todn t A va 4.




we N(DT), age

@ = (v, - D] w, - D] w)"; (28)

S
V) =" [,
0

7 = (V.70 + o7 [ dn(o)0i6) - oDy [ dni(e),
o o

; ;
=0 + 7 [ an()0(0) - wT D [ dna(a), 29)
o 0

4], d& chémg minh c&c khing dinh sau:
ds 1.1

(A) = {Z=(=,0,0)" |z € N(A)} = N(4)z(0}={0}.

id st (B, T)' €2, (h,6)" € R(A) khi vA chi khi (§,h) +BTa=0Vw e N(DT), v6i §
dinh t (28) va (29).

céc phép chi€u:

X 1
s 5 X imes ¢(e)(/3’(e)$(.))"/V(.)z(.)da ex; (30)

(31)

N(A) = R(Qo) = [e1(t), _,pu(t)], nén N(A) = R(Qo) = [B4(2),---, B, (t))]-
X; = .V(A)‘: X, =1N(1),WX1 =n)7(‘au). X = »/(%o). M ;‘r = ;7(%“} ® R(Qo) =

h chit 9.
N(Qo) = N(Qo) x X x X, R(TQy) = R(Qo) x {0} x {0}.

Xi=X,xXxX, X2 = X3 x {0} x {0}.

i (1) = w.’/dv:(a)U(a)U"(t), W) = W.T/dﬁ(a)l/(a)u“(l) (i=T0). (33)
b chat 10. §; = (47,7, ¢7), trong d6

w_T[—/dﬂ(s)U(s)U"(t)U.(!) +/dv,(s)u.(:) - Dk/qu(s)], (i=1v),(k=1,2).
o B - 0 [ (34)
hép chidu Q trén Z:

Q:Z3(Ru) = (0 cuw)eZ (35)
1
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a6
rons - @Ry +ETE (=T

Dit R T _
V=(,0), W=(@...5),
dé& thay .
Q<& &= |@ilmax {max[¥(e)], [W}.
T
Goi P =T-Q, trong d6 T 13 4nh xa dong nhit trong Z, thl
IPl<1+é
Tirmenhdellhcb}l(q_) R(A
Ky hitu Z, = R(A)-N(Q)J:—R(O) Ta cé
Z=2,02,.

Goi 4 = Alg,, thh A ¢6 nghich ddo giéi ndi (xem [2]):

v(ha)eZ : 1“1( E) = U(t) / }(s)h(s)ds} ,

0

v 3n
trong 46 Fo = Yo%+ > Bz
1 v+l
1
=57 / 0T / T ()h(s)ds) (=T 13%)
5

0

va
a= (a,,...,ay)r = H_lp-n
& asy
M= [Tas0a, Pos (P, (BB
:
véi

an £
P =0, (TO(X A5 + [T R(s)4s)).
vri 4
Ta c6 thé dénh gid
JA | €@ (@ - hingsd) nhw & [2].
Sau diy ta & nghién ctu v& phdi cda (7).
3. Téan tir tuyén tinh

Tinh kha vi cda F va tinh lién tuc Lipsit cda F lién h§ véi céc him f vi g quan
Ménh @@ 1.2. Gid st trong mién



t,€,¢)t €[0,1];€,¢ € R™; ¢, ]| < R}, chc ham g(t, €,¢) vd f(t, € <) lién tyc theo t,
€ vA ¢. Hom nira, gid st
i/ Mgt &) Sory NIt 66 < ary
et &)l Saa Nfe( &) S a2, VIt €ig) €A (47)
W/ gt €0 61) - ge(t 2, 0)ll < by (161 = &l + Is1 — sal)s
16, (8, €1, 61) = g5 (t, €2, 6211 < ba (162 = €2l + I61 — al),
Ife(t, €1, 1) = felt, €2, a)ll < ba(l€1 — &al + Is1 — gal),
[1££ (8, €3, 61) = £t €2, 02)ll < ba(|€r = €2l + I — aal)s
Y(t, €ua), (662 0a) €A (48)
ham F(%) kha vi lién tuc trong mitn 1 = {Z = (z,u,v)* | [|z]l < R, ||z]l < R} va
a n6 théa min céc bit ding thic sau:
IF(z)<a, IF(z)-F(@I<tiz-3ll, ¥z5en, (49)
= max(ay, Nag), b = max(by, Nb3), N = max(|| Ny[|, || Nall).
ng minh (t6m tdt). Ky hiéu
= {(6E Doy €= (6,60,6) €R*, T=(c,50,0) €R™, (1 66) € A).

thidu x : x(€) = £, tacé [|n] = 1.
) ta cé:

Telt, 59 = (b6, €, )m, M(O)2(t,6,c)m, —Na()felt,€,)m)"

(6. &)1 < max (g (&, &), Nlfelt, €9)l) o, ¥(6,E3) €.

I &I <a V(EF)ER
Am F v6iVZ €], h€ X tacé:

F(2)h = (Felt,,5)F + T5(t. % 5)h,0)". Suyra
IF(2)R] < a(I Bl + K] = allall = [F(2) <, vzel

k tw ta chémg minh dwoc tinh Lipsit cda F'.
57"(4]?' 14 han ché cda Q F'(Z) trén X;. Bidu difn cda né dwoc phat biéu nhw sau:

- — - . .
h d& 1.3. Gik st F kh vi tai 7 = (z,u,0)' € X, Vh = Y. dxy € X3 ta cb:
T
v

[@F(2)]g,h= 0.3 awm)', (50)

1

ng d6 o= i:s.kdk (i=Tv), (51)

s = [V Olotle 53 + gl A on (e
]

1

[T OM0 - ST R0] il 5)+ 1l 2) A (e

o

minh ménh d& ndy blng c&ch thay F'(z)h vdo (36) v6i cht § ring h € X3 nén h=14h
ja trin S = S(Z) = (sie)ix (4, k = 1,v). T¥ (2] d& chérng minh ménh d8 sau. .

T




Ménh db 1.4. Gik st ma trgn 5(z) 1o khong suy bién vi [S~(z)| < 10 Vz €
['6)‘(:)];. 6 nghich ddo gi6i ndi ddu:

IRF(=)Nzil <

trong 46
7= o(1+ max| |A(t)| + |My(t)] + |Ma(e) ) 7| 3 llesll

4. Day nghiém gan ding
Ta s& xiy dyng diy nghiém gin ding cda bai todn (7) bing phwong phép Sei
khéng chinh x4c.
Gid thid ring cdc ham f(t,£,¢), g(t, £,¢) cda bdi todn (1) trén midn A thda m;
1.2. Khi d6 céc d4nh gid sau suy tir c4c cong thire (38), (39) va (50): VZ,j € I
IQF ()< B=éa, |PF(Z)<a=(1+8)a,
IRF'(2)-QF (9)l < Lllz-3ll, L=2b.
Gik s c6 xfp i ban diu 7 € @, [[5°]| < R. Ky higu 7”(¢) = 7(t, 2
ri=R~[|2]],
§ = Brw{ max [5V(1) - A=) - TO(0)] + [F2® = 55O |} +4] 3w,
T T
trong 46 { = (7°,%,) (i =T,p).
Gid stk di biét x&p xi thir k: (¥, ta tim x8p xi th& k + 1 nhw sau:
Dt
oM =gz,
0 = 1P F(z),
EUEES LGNS LN
Ky higu
(k)

TR =T 2,55, 0 =Tl 2,3, 90 = Tie 2. a0)

“Lugng di¢u chinh” * cho thanh phin 3% dwgc tim tir didu kién:

IQF (2"))%, 5% + QF(zM)|| < r|g F(2W)],

trong 46 7 € (0, 1) 1A mét 83 ¢3 dinh.
vi
_ v v
B e Xy g = i, = (3 dMpi,0,0)".
1 1
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d® = (@Y,...,dM) a¢ 5™ thda min (60). DYt

.
= (F,5), 80 = (@, )T, =Y dE, W= 5,
1

sa0 cho:
v

[ 1 29| < o[ |/( 3 | wil)-
;

) tnh theo (61) thda min (60).
\
‘ g+ =gk 4 gk (62)
thée k +1
FhH1) o k1) ke (©3)

If v& ditu kién dd (xem [2]) 42 day Z(¥) xiy dumg theo cc cdng thic (56)-(63) hdi tu
 biéu trong trwdmg hop ndy nhu sau.

Iy 1.5. Gil st digu kién cda cdc ménh d& 1.2 v3 1.4 thda mén. Hom nira, gid thiét
2afyw + LPy26/2 < 1 va 26(1 — q)~! < r. Khi d6 tbn tai r € (0,1) d¢ day {z(¥)} hsi
¢ nghiém Z* cda bai toén (7) véi téc dd: ||[Z(¥ — Z°||| < rqf, trong d6 g; € (0,1) 1a mét

j2 sau ddy sé 13 vf du 4p dung: giki bai to4n bién cda phwong trinh vi-tich phan bac 2
jy bién.

§2. PHUONG TRINH VI-T{CH PHAN BAC HAI

i todn bién tuin hodn sau:

1

i =g (¢, 2" 2") +/k.(:,.)/,(e,:‘.i‘)d:, ' (1)
o

o) =3(1),  #(0) ='(1), (2)

h(“)={n,(,) 0<s<t<1
? nafs) 0<t<s<1,

iq,n) (5 = 1,2); che ham fy(t,6,¢), gu(t, € ¢) lién tuc theo ¢ € [0,1], kha vi theo ¢,

[ghiém trong khong gian C2([0, 1], R).
li bai toén nay, trwée hét ta dwa né v& bai todn (1) & §1 véin =

= &), 2= (21, 2%)7; g(t,z,2) = (0, ai(t, 24, )T, f(t,2,2) :
- z(0);

= (0 0) M= (3 2). o= (3 L5) ¢

9

(0, f1(t, 24, Y))T;




M(t)Ny(s) 0<s<t<1
Kt = { M;(:)N:(a) o<t<s<l;
vA b ton (1), (2) cé dang:

i
i= A(t)z + / K(t,5)f (s, 2, 2)ds + g(t, z, 2)
o

Tz=0.

Az + F(t.5,9),

TIm c4c ma trin nghiém co bin U vd U~! nhw sau:

st (31 e

T d6 tinh dwoc U (¢), Uz(t) va cudi cing 13 U(t) va T*(¢).
Chon

1
E t=01
= » t).
n(t) {0 - € BV([0,1] thl Tz o/dr)(z)z( )

Céc ma trin xéc dinlll tinh dwgc nhir sau:

_(0 1 o _f(0 12
D‘(o o)' D‘“D"(o 1 )
tir (1.15) tinh dwge D. Rank D = 5, dé kiém tra céc ditu kién sau:
NDT)=(0,1)7] =t [wa], N(D) =[(1,0)7] =: =),
N(D) = [&1] = [(%1,0,0)*] = (1,0,0,0,0,0)7],
N(D") = [w],
trong 46 @y = (0, J5 10,54 ,0, 54) 13 chutn héa cda véc to (wy,~Df wy, ~Df w)".
R(D) = [(1,0)7] := [sa], R(D) = (95,73 ¥a, s, o] trong d6 §, = (1,0,0,0,0,0
(0,0,1,0,0,07, 7 = (0,000,107, 7 = (1,4 ,0.% 0,07, %= (0.% .0, %
13 cc vée to trc chulin héa tir cic véc to: (y2,0,0)%, (Dyeq, €1,0)T, (Daes,0,¢1)", (Dye
(D3e3,0,¢3)T.
Néu My

%3 = (0,1,0,0,0,0)7, 5;_(001000)’,
05750 75

-1 2\ 7
=0 0 70

10

%=(0,0,0,0,1,0)7, %= ,0,0)7,



(4 = 2,6) théa min D, =7, (7 =2,6).
Pu(t) = (1,0,0,0,0,0)7 = §(t)
két qud trén ta tinh dwgc
oT khi t=0,1
—r
Y179 0,2k 0,550 0, 5) khi o<t<1.
{(0'\/5'0'\/3"\/5) i 0<t<

\
phép chifu @, va Q c6 dang:
1

°
: Z3(hu)w (0,c,)' €Z, trong 46
1

ol

| cl=—%{/[—h’(t)+(t—-1)h‘(t)+¢h°(t)]dt+(u’—u‘—u‘)).

‘ 0
|

gi¥ ta xiy dyng diy nghiém gin ding.
&p xi thr k di bidt: T*) = (¥, ..., 2(¥9), ta tim x8p x} thé k + 1 nhu sau.

1

= r

M = Qo = (/z"‘"(s)ds,o,o,o,o,o) ;
o

1
o = 3 [ = o2 500 = mae) - (e 2 20) at
0

1 t
M = (81, ROT o R, / aR(6)T(t) / T 7 () de.
o o

&
. B =y, gl = gk gl = (s,
| 1

X ) 1 X 2 (k
B = (g2 4y, g %(y“‘” —y® + \/;y‘ L

tinh theo cong thirc:

t
(@,0.00,0,07 = Q[T (83, + |
o

2

i k|
(7™ (e)as) .
h phin diu tién cda xdp xb thi (k + 1) la:
. ;
=T [z + Y Bz, +/v“(,|7“"(,)d,].
2 o
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Tac6 24 1= 3R+ 4 5K,
*“Luwong ditu chinh® #*) c6 thé chon theo b3 d& sau.
B4 az. Dyt d*) = —(yy, f¥)/5(2*), trong d6
1
1

=__\/_§0

{Ghelts 28, 3 4 [(1 = Oma(0) + tmale)) S 6,247, 5™

_g(;m)
Khi d6 g% = d®yp, = (d(¥,0,0,0,0,0)7 thda min ditu kién (1.60).
Sau 46 5lk+1) .= 5% 4+ 5% va xdp xd thr k+ 1: TR+ = 5k+1) 4 glk+ 1),
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ON NONLINEAR BOUNDARY-VALUE PROBLEMS FOR
INTEGRO-DIFFERENTIAL EQUATIONS WITH SEMI-DEGENERATED KEI

Pham Ky Anh, Bui Duc Tien
Faculty of Mathematic - Mechanic - Informatics Hanos University
i

This report is concerned with the solvability and approximate solution of the fol
linear boundary-value problem:

1
= A()z+ /K(.,a)/(:, z,i)ds + g(,.z,2); Tz =0,

where
Mi()Ni(s)  0<s<e<t

Hltie)= { Ma(t)Nals)  O<t<s<1

A, M;, N; € C(|0,1,R"*") (i =1,2); z,f,g€ R" and T : c([0,g],R") = R" is
linear operator.



